Journal of
Heat Transfer

Published Monthly by ASME

VOLUME 131 « NUMBER 10 « OCTOBER 2009

Special Issue on Recent Advances in Porous Media Transport

GUEST EDITORIAL

100301 Recent Advances in Porous Media Transport
Kambiz Vafai

RESEARCH PAPERS

101001 Analysis of the Wicking and Thin-Film Evaporation Characteristics of
Microstructures
Ram Ranjan, Jayathi Y. Murthy, and Suresh V. Garimella

101002 Thermodynamically Constrained Averaging Theory Approach for Heat
Transport in Single-Fluid-Phase Porous Medium Systems
William G. Gray and Cass T. Miller

101003 Effect of Boundary Conditions on the Onset of Thermomagnetic
Convection in a Ferrofluid Saturated Porous Medium
I. S. Shivakumara, C. E. Nanjundappa, and M. Ravisha

101004 How Good Is Open-Cell Metal Foam as Heat Transfer Surface?
Indranil Ghosh

101005 Forced Convection With Laminar Pulsating Counterflow in a Saturated
Porous Channel
D. A. Nield and A. V. Kuznetsov

101006 On the Characterization of Lifting Forces During the Rapid Compaction
of Deformable Porous Media
Banafsheh Barabadi, Rungun Nathan, Kei-peng Jen, and
Qianhong Wu

101007 Upscaling of the Geological Models of Large-Scale Porous Media
Using Multiresolution Wavelet Transformations
M. Reza Rasaei and Muhammad Sahimi

101008 A Depletion Strategy for an Active Bottom-Water Drive Reservoir
Using Analytical and Numerical Models—Field Case Study
Ibrahim Sami Nashawi, Ealian H. Al-Anzi, and Yousef S. Hashem

101009 Effect of Thermal Modulation on the Onset of Electrothermoconvection
in a Dielectric Fluid Saturated Porous Medium
N. Rudraiah and M. S. Gayathri

101010 The Use of a Nano- and Microporous Surface Layer to Enhance
Boiling in a Plate Heat Exchanger
Richard Furberg, Bjorn Palm, Shanghua Li, Muhammet Toprak,
and Mamoun Muhammed

101011 Therporaoustic Convection: Modeling and Analysis of Flow, Thermal,
and Energy Fields
Shohel Mahmud and Roydon Andrew Fraser

101012 Dual-Permeability Modeling of Capillary Diversion and Drift Shadow
Effects in Unsaturated Fractured Rock
Clifford K. Ho, Bill W. Arnold, and Susan J. Altman

101013 A Porous Media Approach for Bifurcating Flow and Mass Transfer in
a Human Lung
Fujio Kuwahara, Yoshihiko Sano, Jianjun Liu, and Akira Nakayama

(Contents continued on inside back cover)

This journal is printed on acid-free paper, which exceeds the ANSI Z39.48-
1992 specification for permanence of paper and library materials. @™
@ 85% recycled content, including 10% post-consumer fibers.



http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010100301000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010100301000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101001000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101001000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101001000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101002000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101002000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101002000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101003000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101003000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101003000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101004000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101004000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101005000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101005000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101005000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101006000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101006000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101006000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101006000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101007000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101007000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101007000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101008000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101008000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101008000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101009000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101009000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101009000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101010000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101010000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101010000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101010000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101011000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101011000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101011000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101012000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101012000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101012000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101013000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101013000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101013000001&idtype=cvips

(Contents continued)

Journal of Heat Transfer Volume 131, Number 10

101014 A Robust Asymptotically Based Modeling Approach for Two-Phase Flow in Porous Media
M. M. Awad and S. D. Butt

TECHNICAL BRIEFS

104501

The Modeling of Form Drag in a Porous Medium Saturated by a Power-Law Fluid
D. A. Nield

The ASME Journal of Heat Transfer is abstracted and indexed in the
following:

Applied Science and Technology Index, Chemical Abstracts, Chemical Engineering and
Biotechnology Abstracts (Electronic equivalent of Process and Chemical Engineering),
Civil Engineering Abstracts, Compendex (The electronic equivalent of Engineering
Index), Corrosion Abstracts, Current Contents, E & P Health, Safety, and Environment,
Ei EncompassLit, Engineered Materials Abstracts, Engineering Index, Enviroline (The
electronic equivalent of Environment Abstracts), Environment Abstracts, Environmental
Engineering Abstracts, Environmental Science and Pollution Management, Fluidex,
Fuel and Energy Abstracts, Index to Scientific Reviews, INSPEC, International Building
Services Abstracts, Mechanical & Transportation Engineering Abstracts, Mechanical
Engineering Abstracts, METADEX (The electronic equivalent of Metals Abstracts and
Alloys Index), Petroleum Abstracts, Process and Chemical Engineering, Referativnyi
Zhurnal, Science Citation Index, SciSearch (The electronic equivalent of Science
Citation Index), Theoretical Chemical Engineering

OCTOBER 2009


http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101014000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010101014000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010104501000001&idtype=cvips
http://scitation.aip.org/getpdf/servlet/GetPDFServlet?filetype=pdf&id=JHTRAO000131000010104501000001&idtype=cvips

Journal of

Heat Transfer

Recent Advances in Porous Media Transport

This specia issue of Journal of Heat Transfer focuses on the
recent advances in Porous Media Transport as related to applica
tions in industry and biology. Transport phenomena through po-
rous media have been the subject of various studies due to the
wide range of applicability of these research areas in contempo-
rary technology, for example, biological, electronics cooling, ther-
mal insulation engineering, geothermal and environmental engi-
neering, heat pipes, underground spreading of chemical waste,
nuclear waste repository, grain storage and enhanced recovery of
petroleum reservoirs. This interest is further driven by practical
applications that can be modeled as transport through porous me-
dia such as packed bed heat exchangers, drying technology, cata-
lytic reactors, petroleum industries, geothermal systems, tissue en-
gineering, drug delivery, and advanced medical imaging as related
to brain stroke.

The Porous Media theory has been involved in cutting-edge
basic and applied research in Thermal and Fluid sciences, with a
particular emphasis in developing systems that are compact in size
and volume. Some examples include electronics and avionics,
heat pipes, miniature refrigerators, nanoparticles added to dielec-
tric coolants for enhanced heat transfer in nanofluids, microtex-
tured surfaces for enhanced boiling, base stations in cellular com-
munications, power electronics, automotive electronics, wearable
electronics, etc. In the area of natural and forced convection,
forced convection in a paralel plate channel occupied by a lay-
ered saturated porous medium with laminar pulsating flow is ana-
lyzed analyticaly in thisissue. It is found from this study that the
fluctuating part of the Nusselt number changes in magnitude and
phase as the dimensionless frequency increases. An aternative
way of modeling form-drag in a porous medium saturated by a
power-law fluid is also discussed in thisissue. In the area of phase
change flow, a simple semi-theoretical method for calculating
two-phase frictional pressure gradient in porous media is pre-
sented. The proposed model can be transformed into either a two-
phase frictional multiplier for liquid flowing alone or two-phase
frictional multiplier for gas flowing aone as a function of the
Lockhart—Martinelli parameter. Another investigation includes the
use of a nano- and micro-porous surface layer to enhance boiling
heat transfer mechanism in a plate heat exchanger. The plate heat
exchanger with the enhancement structure appears to have dis-
played a substantially enhanced heat transfer coefficient in the
refrigerant channel. In an associated study, the topology and ge-
ometry of microstructures, which play a significant role in deter-
mining the heat transfer, performance in passive cooling devices
such as heat pipes has been studied. Hexagonally packed spheres
on a surface are identified to be the most efficient microstructure
geometry for wicking and thin-film evaporation.

Porous media modeling has been applied in many biomedical
applications. Examples include macromolecular transport in arte-
rial walls, biofilms, characterization of heat transport through bio-
logical media, drug delivery, hyperthermia treatment, tissue re-
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placement production, diffusion-weighted magnetic resonance
imaging, biodegradable porous drug delivery devices, porous
scaffolds for tissue engineering, polymerase chain reaction nucleic
acid amplification applications, computational biology, and ad-
vanced medical imaging. The onset of electrothermoconvection in
a dielectric porous medium, which is favorable for the design of
artificial organs, and the onset of thermo-magnetic convection in a
ferrofluid porous medium are covered in this issue. Decrease in
magnetic field as well as Darcy number isfound to delay the onset
of ferrconvection. The application of porous media in a human
lung is also addressed here. A porous media approach is proposed
to investigate the bifurcating airflow and mass transfer within a
lung.

In the geologica applications, water coning is a serious prob-
lem encountered in active bottom-water drive reservoirs. A deple-
tion strategy is developed in this issue for an active bottom-water
drive reservoir to improve oil recovery and to reduce water pro-
duction due to coning. In arelated study, porous medium'’s geo-
logical model is developed to model fluid flow and energy trans-
port in a large-scale porous medium such as oil and geothermal
reservoirs. In another study, dual-permeability modeling of capil-
lary diversion and drift shadow effects in unsaturated fractural
rock is analyzed numerically. The drift-shadow effects describe
capillary diversion of water flow around a drift or cavity in porous
or fractured rock resulting in lower water flux directly beneath the
cavity.

In thisissue we cite Professor Adrian Bejan's accomﬁ)lishments
in the porous media area on the occasion of his 60" birthday.
Adrian has worked in the field of designed porous media more
recently as a branch of constructal theory and design, which he
exudes. He introduced convection in porous media for the first
time as a chapter in a course on convective heat transfer (in the
book Convection Heat Transfer, Wiley, 1984, 1995, 2004). Adrian
Bejan's contributions are best summarized by his methods of fun-
damental research on transport in porous media (e.g., scale analy-
sis, constructal design of porous media, heatlines and masslines,
intersection of asymptotes), and his books, Convection in Porous
Media which is the most cited book in the field, and Porous and
Complex Flow Structures in Modern Technologies, both published
by Springer.

In conclusion, | would like to thank many reviewers that had
helped us a lot with their careful and detailed critical reviews of
the papers that were considered in thisissue. | am thankful for all
their helpful comments in improving the quality of the presenta-
tions in this issue.

Kambiz Vafai

Department of Mechanical Engineering,
University of California, Riverside
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Analysis of the Wicking and
Thin-Film Evaporation
Characteristics of Microstructures

The topology and geometry of microstructures play a crucial role in determining their
heat transfer performance in passive cooling devices such as heat pipes. It is therefore
important to characterize microstructures based on their wicking performance, the ther-
mal conduction resistance of the liquid filling the microstructure, and the thin-film char-
acteristics of the liquid meniscus. In the present study, the free-surface shapes of the
static liquid meniscus in common microstructures are modeled using SURFACE EVOLVER for
zero Bond number. Four well-defined topologies, viz., surfaces with parallel rectangular
ribs, horizontal parallel cylinders, vertically aligned cylinders, and spheres (the latter
two in both square and hexagonal packing arrangements), are considered. Nondimen-
sional capillary pressure, average distance of the liquid free-surface from solid walls (a
measure of the conduction resistance of the liquid), total exposed area, and thin-film area
are computed. These performance parameters are presented as functions of the nondi-
mensional geometrical parameters characterizing the microstructures, the volume of the
liquid filling the structure, and the contact angle between the liquid and solid. Based on
these performance parameters, hexagonally-packed spheres on a surface are identified to
be the most efficient microstructure geometry for wicking and thin-film evaporation. The
solid-liquid contact angle and the nondimensional liquid volume that yield the best per-
formance are also identified. The optimum liquid level in the wick pore that yields the
highest capillary pressure and heat transfer is obtained by analyzing the variation in
capillary pressure and heat transfer with liquid level and using an effective thermal

resistance model for the wick. [DOI: 10.1115/1.3160538]

1 Introduction

Heat pipes have proven to be one of the most efficient passive
cooling devices for electronics cooling and other applications.
Heat pipes use porous media for wicking fluid from the condenser
to the evaporator section. Wicking is caused by capillary forces
acting at the solid-liquid-vapor contact line in the fluid-filled in-
terstices in a porous medium. Wicking action, combined with
evaporation in the evaporator section, causes fluid to move from
the condenser to the evaporator; the amount of fluid flow that
results depends on the permeability of the wicking medium. Fur-
thermore, the effective thermal conductivity of the porous medium
determines the effectiveness with which the heat is transferred to
the evaporating fluid. With the increasing power density of critical
electronic components, there is a need to optimize heat pipe mi-
crostructures to maximize the heat transfer rate and to minimize
thermal resistance.

Avoiding dryout and overheating in heat pipes is a critical con-
sideration and has been the focus of much research over the past
few years. Many studies have proposed methods to develop per-
meability measurement techniques, to characterize wick porosity,
and to quantify the overall performance of heat pipes. Most have
focused on determining dryout heat fluxes and the limits of opera-
tion for a given wicking mechanism. Iverson et al. [1] quantified
wick performance, including evaporation rates, for sintered-
copper powder wicks under conditions of operation in heat pipes.
They compared the performance of four different sintered wicks
of varying porosity. The evaporative thermal resistance across thin
layers of sintered-copper wicks of varying porosity was experi-
mentally measured under saturated conditions by Davis and Ga-
rimella [2]. Numerical models for the effective thermal conduc-

lCorresponding author.
Manuscript received September 5, 2008; final manuscript received February 19,
2009; published online July 28, 2009. Review conducted by Kambiz Vafai.
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tivity for various types of wicks have also been developed [3,4].
Garimella and Sobhan [5] reviewed the state of the art in the
understanding and analysis of a large variety of heat pipes, and
also identified the respective limitations. Maximum heat transfer
rates for wrapped wire screen, square axial grooves, and sintered
metal powder wicks were reported by Gupta and Upadhya [6].
They found sintered metal powder wicks to be the most effective
for heat transfer. Abhat and Seban [7] performed experiments to
study boiling and evaporation from heat pipe wicks with water
and acetone. They postulated that the evaporative performance of
a wick can be limited as much by a failure of capillary suction as
due to fluid friction in the wick.

Thin-film evaporation, which takes place near a solid-liquid-
vapor junction, is believed to be the dominant mode of heat trans-
fer in such systems. Thin-film evaporation has been reported to
affect the overall heat transfer capability in sintered porous media
[8]. A theoretical model for thin-film evaporation was developed
by Wang et al. [9,10]. The model predicts that more than 50% of
the total heat transfer from the evaporating meniscus occurs in the
microregion of the meniscus.

Numerical and theoretical models have also been developed for
the operation of heat pipes [11] and to delineate the role of thin-
film evaporation in such systems [8]. Kim et al. [12] proposed a
one-dimensional mathematical model for a miniature heat pipe
with a grooved wick structure to predict its thermal performance
characteristics. Do et al. [13] presented a mathematical model to
analyze the thermal characteristics of a flat microheat pipe with a
grooved wick. Axial variations in wall temperature and the evapo-
ration and condensation rates were also included in the model.
Mwaba et al. [14] studied the influence of wick characteristics on
heat pipe performance using numerical methods. They considered
screen-mesh and sintered-copper wicks as the porous medium in
heat pipes and pointed out that a heat pipe with a composite wick
structure gives the best performance. Hanlon and Ma [8] pre-
sented a two-dimensional model to predict the overall heat trans-

OCTOBER 2009, Vol. 131 / 101001-1



fer capability of a sintered wick structure. They concluded that
thin-film evaporation from the top surface of the sintered wick
plays a major role in enhancing heat transfer. Failure to establish
an adequate thin-film evaporation condition on the top surface of
the wicks was shown to result in a significant decrease in the rate
of evaporation.

Evaporation from liquid menisci in complex geometries has
also been studied [15,16]. Morris [17] developed a theoretical
model to predict apparent contact angles for evaporating liquids.
Another study by Morris [18] provided a relationship between
heat flow, apparent contact angle, interface curvature, superheat,
and material properties for a perfectly wetting system; a conduc-
tion model with a fixed liquid-vapor interface was considered for
estimating heat flow across the interface for small capillary num-
ber flows with thermocapillary and bulk flow effects being ig-
nored. Transport from a volatile meniscus inside an open micro-
tube was modeled by Wang et al. [19]. This work delineated the
structure of fluid flow near an evaporating meniscus, including
Marangoni and  buoyancy-driven instabilities.  Recently,
Dhavaleswarapu et al. [20] visualized flow patterns near an evapo-
rating meniscus using uPIV techniques and compared the influ-
ence of buoyancy and thermocapillarity on the overall flow struc-
ture. These studies have led to a better understanding of an
evaporating liquid meniscus and are useful in providing guidelines
for the design of efficient microstructures for passive cooling de-
vices.

We seek to develop the basis for reverse-engineering the
porous-medium microstructure to yield the optimum combination
of capillary pressure, permeability, and thermal conductivity. In
this paper, we address the issue of which microstructure geom-
etries yield the maximum wicking action, as well as optimal thin-
film heat transfer characteristics. We use SURFACE EVOLVER [21]
for computing the static liquid meniscus shapes in different mi-
crostructures. This program has been used in the literature [22,23]
to compute liquid capillary surfaces in packed beds of uniform
spheres. Although the present work addresses only static free-
surface shapes, the results are likely to yield important insights
into optimal wick structures under dynamic conditions. In steady
operation, liquid is fed to the evaporator section of the heat pipe
from the adiabatic section with a constant mass flow rate, and
constant time-independent free-surface shape results. The free-
surface shape determines the capillary pressure generated, as well
as important heat transfer parameters, such as the extent of the
thin-film region, the total exposed area for evaporation heat trans-
fer, and the conduction resistance of the liquid. These perfor-
mance parameters are computed as functions of the microstructure
geometry, the solid-liquid contact angle, and the liquid volume. A
comparative study of four different well-defined microstructured
surfaces is performed. The microstructure with the best perfor-
mance for the evaporator section is determined from these com-
putations. An effective thermal resistance model for the evapora-
tor section is used to study the variation in the wick thermal
resistance with changing liquid level in the pores. Based on this
model, the optimum liquid level in the wick pore, which provides
the greatest wicking action, as well as low thermal resistance, is
identified.

2 Microstructure Topologies

Some of the common microstructured wicks used in cooling
devices are made of wire meshes, sintered powders, grooves, and
felts/fibers. These microstructures are generally multilayered. In
this paper, the free-surface shape of the liquid filling these micro-
structures is assumed to be little-affected by the number of layers,
and only one layer of the microstructure is considered for the four
geometries studied. The porosity, defined as the ratio of void vol-
ume to the total volume, is taken to be same in all four cases. The
unit cells for the four surfaces are shown in Fig. 1 and are de-
scribed below.

Topology 1. Uniform spheres on a surface in both hexagonal

101001-2 / Vol. 131, OCTOBER 2009
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Fig. 1 Side views of surface with (a) spheres (hexagonally
packed), (c) spheres (square packed) and horizontal cylinders,
(e) vertical cylinders, and parallel rectangular ribs. Plan views
of surface with (b) spheres and cylinders (both hexagonally
packed), (d) spheres and cylinders (both square packed), and
(f) horizontal cylinders and rectangular ribs. The correspond-
ing unit cell is also shown in each case.

packing (HP) (Figs. 1(a) and 1(b)) and square packing (SP) ar-
rangements (Figs. 1(c) and 1(d)).

Topology 2. Surface with vertical cylinders in both hexagonal
(Fig. 1(b)) and square packing arrangements (Figs. 1(e) and 1(d)).

Topology 3. Surface with parallel horizontal cylinders (Figs.
1(c) and 1(f)).

Topology 4. Surface with parallel horizontal rectangular ribs
(Figs. 1(e) and 1(f)).

In Fig. 1(a), h is the initial height of the filling liquid measured
from the substrate, and r is the radius of the cylinder or sphere. In
Fig. 1(f), the length, I, of the cylinders and ribs is not significant,
as the meniscus shape is independent of I. We choose | such that
the base area of the unit cell in these cases matches the base area
in Topology 1 (SP). The pitch, p, is defined as the distance be-
tween centers of adjacent spheres/cylinders/ribs. In the square-
packed spheres case, we assume that the pitch is the same in both
the longitudinal and transverse directions and that p=2.4r. This
leads to a porosity of 0.64. The same porosity is maintained for all
other topologies. Geometrical parameters for all topologies are
shown in Table 1.

3 Problem Formulation

3.1 Wicking. The capillary pressure developed in a wick is
governed by the Young-Laplace equation

Transactions of the ASME



Table 1 Geometrical parameters chosen for different topolo-
gies with a porosity=0.64. The base area is the area of the flat
surface containing the unit cell.

Topology L P(p/L) (base area)/L?
1. Spheres a. HP r 2.56 2.83
b. SP 24 5.75
2. Vertical cylinders a. HP r 3.16 4.32
b. SP 2.94 8.64
3.Horizontal cylinders r 4.32 5.75
4. Rectangular ribs d 2.75 5.75
1 1
APZYLV<_+_> =2H"yy €y
rp n

where Ap is the capillary pressure defined as (pjiq—Pvap), YLv IS
the surface tension between liquid and vapor phases, rq and r, are
any two orthogonal radii of curvature at a point on the meniscus,
and H’ is the mean curvature at any point.

For a static liquid free surface in equilibrium with the vapor
phase, in the absence of external forces (e.g., gravity), the mean
curvature at any point of the free surface is constant. The mean
curvature is defined by the liquid free-surface shape, which de-
pends on the solid-liquid contact angle, the geometry of the mi-
crostructure, and the volume of liquid filling the microstructure.
The capillary pressure Ap is nondimensionalized as AP
=ApL/y_y. Other dimensionless parameters are

2
S0 o= 222 P ot
L YLv L L L

in which V is the nondimensional volume of the liquid filling the
unit cell of the microstructure, as shown in Fig. 1. The Bond
number, Bo, is the ratio of gravitational to surface tension forces,
while the nondimensional height at any point on the meniscus in
its equilibrium position is denoted by Z, and H is the nondimen-
sional height of the liquid meniscus measured from the substrate
when the meniscus is horizontal (i.e., in the nonequilibrium initial
condition). The characteristic length L is taken to be the radius r
of the spheres/cylinders for Topologies 1, 2, and 3, and as the
width of the ribs d for Topology 4. The contact angle, 6, along
with the parameters described in Eq. (2), determines the shape of
the equilibrium liquid meniscus. Furthermore, the nondimensional
capillary pressure AP is given by

\

A
AP=2H'L=L=" +Bo Z 3)

Vv
Thus, AP can be computed at any point of the meniscus for a
given @ and V if Bo and Z are known.

3.2 Heat Transfer Characteristics. The most important pa-
rameters, which affect evaporation heat transfer in a wicking mi-
crostructure, are the conduction resistance offered by the filling
liquid, the total exposed free-surface area for evaporation, and the
extent of the liquid meniscus that is in the thin-film region. These
parameters are computed from the free-surface shape of the liquid
meniscus, as described in Secs. 3.2.1-3.2.3.

3.2.1 Conduction Resistance of Liquid. Heat is transferred
from the solid walls (the substrate wall, as well as the microstruc-
ture surface) to the surroundings through the shortest path from
the walls to the liquid free surface. This distance is indicative of
the conduction resistance of the liquid. We compute the area-
averaged minimum distance of the liquid free-surface from the
solid walls. For each point on the meniscus, the shortest distance
from the solid walls is computed and averaged over the liquid
free-surface area. This quantity signifies the conduction resistance

Journal of Heat Transfer

Thin-film region
(6<0.1*r)

imetry plane

Fig. 2 Schematic illustration and definition of the thin-film re-
gion of a liquid meniscus formed over a sphere

of the liquid and is computed as a function of V and 6. It is
nondimensionalized by the characteristic length L of the micro-
structure.

3.2.2 Total Exposed Free-Surface Area. The total free-surface
area of the liquid meniscus is the exposed area through which
evaporation occurs and hence it is a crucial parameter for heat
transfer. We compute the total free-surface area of the liquid me-
niscus as a function of V and # and nondimensionalize it by the
base area of the unit cell of a microstructure.

3.2.3 Thin-Film Percentage Area. The thin-film region of a
liquid meniscus has been defined variously in different studies in
the literature, with the width of the film ranging from 30 nm to
20 wm [24,9,15]. In the present work, we define the thin-film
region based on a nondimensional thickness of §=0.1*L (see Fig.
2). We note that the exact definition of the thin-film region is in
itself not significant, since the aim of the present work is to con-
duct a comparative study of different microstructures. However, a
range of nondimensional thin-film thickness values (defined as
0.05*L, 0.1*L, and 0.15:L) are also considered in order to dem-
onstrate the effect of this definition on the conclusions drawn here.
The most common wick microstructures used in cooling devices
have a characteristic length of the order of 100 um [1]. Accord-
ing to our definition, therefore, the thickness of the thin-film re-
gion is on the order of 10 wm; such a region has been identified
as a microregion in other studies [9]. A schematic representation
of an evaporating meniscus is shown in Fig. 2. We compute the
thin-film percentage area, which is defined as the percentage of
the total exposed area that satisfies our thin-film definition.

The porosity is fixed at 0.64 for all the microstructures consid-
ered here. A unit cell, which defines the microstructure, is used in
SURFACE EVOLVER and is explained in Sec. 4. Unit cells for differ-
ent geometries are shown in Fig. 1. Only wetting liquids are con-
sidered, with wetting angles ranging from 15 deg to 90 deg. Non-
wetting liquids produce unfavorable capillary pressure for
evaporation and do not give rise to thin-film regions, which makes
them unsuitable for evaporative heat transfer applications. The
bottom wall is assumed to be perfectly wetting in all cases. Also,
gravity is taken to be zero in all computations. For microstructure
length scales of the order 100 um [1], a Bond number (Bo) of the
order of 1072 results for a copper-water combination. This indi-
cates that capillary forces are far greater than gravitational forces
in these geometries, and that the Bond number may be assumed to
be zero at such scales.

4 Numerical Approach

In the present work, we model the liquid meniscus using the
program SURFACE EVOLVER [21]. SURFACE EVOLVER works on the
principle of surface-energy minimization. It calculates surface en-
ergy and volume as functions of the liquid meniscus and solid
configurations and evolves the free surface toward the minimum
energy configuration by a gradient-descent method. SURFACE
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Fig. 3 Final liquid meniscus shape (dark gray) in (a) Topology
3,r=1,V=3.54(H=0.6), P=2.8, and #=30 deg, and (b) Topology
1(SP), r=1,V=3.6 (H=0.5), P=2.8, and #=45 deg

EVOLVER is a powerful and computationally efficient tool for in-
vestigating liquid free surfaces in static equilibrium in compli-
cated capillary structures. However, it should be noted that SUR-
FACE EVOLVER cannot be used to simulate dynamic problems, that
is, problems in which fluid flow occurs.

In the program, a surface is implemented as a simplical com-
plex, i.e., a union of triangles. The energy can be due to surface
tension and/or gravity or in the form of any other user-defined
surface integral. SURFACE EVOLVER admits arbitrary topologies and
geometrical constraints on vertex positions, as well as constraints
on integral quantities, such as volume. We use the volume and
level-set constraints in our modeling. The unit cell of the micro-
structure geometry, along with a prescribed liquid volume, is
specified as the initial geometry for SURFACE EVOLVER. The free-
surface shape is iterated upon, tuning the surface mesh using pro-
cedures, such as equi-angulation, vertex averaging, and mesh re-
finement, to obtain the final equilibrium free surface. During
every iteration, SURFACE EVOLVER adjusts the vertex positions to
minimize the faceted meniscus area. An equilibrium free surface
is considered obtained when the surface area of the meniscus
changes by less than 0.01% over 10 iterations. Figures 3(a) and
3(b) show the final surface shapes for parallel horizontal cylinders
and square-packed spheres, respectively.

5 Results and Discussion

The liquid meniscus shapes for four microstructured surface
topologies have been modeled using SURFACE EVOLVER. In the
calculations, V is varied for the unit cell such that H varies from
0.2 to 1.8 for Topologies 1 and 3. For Topologies 2 and 4, capil-
lary pressure and heat transfer parameters are not a strong func-
tion of V (except for very low values of V), so V is varied until
volume independence of output parameters is achieved. The con-
tact angle @ is varied from 15 deg to 90 deg. Efficient wicking
surfaces with the highest thin-film percentage area are determined
for a fixed porosity (0.64). We then present the behavior of these
performance parameters with varying V and 6 in the most efficient
microstructures. Porosity is also varied for the most efficient ge-
ometry in order to understand its effect on wicking and heat trans-
fer characteristics. A special case of low liquid volumes, which
leads to a dryout condition on a part of the flat surface, is dis-
cussed. The effect of the number of layers and liquid level on
wicking and heat transfer characteristics are analyzed and dis-
cussed for the case of hexagonally-packed spheres.

5.1 Free-Surface Shapes. In general, the liquid meniscus
shape in any microstructure is a function of liquid volume, solid-
liquid contact angle, and the surface tension between the liquid
and vapor phases; the specific shape is achieved by minimizing
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Fig. 4 (a) |AP|hax and (b) maximum percentage thin-film area
achieved in different topologies at any liquid volume for
porosity=0.64 and =15 deg

the surface-energy subject to these constraints.

In Fig. 3, we show the final liquid meniscus shapes in two
topologies (3 and 1). The meniscus shape is a strong function of
liquid volume in these cases. In contrast, V does not affect the
meniscus shape in Topologies 2 and 4 except when V is very low
(corresponding to H<0.2), and a dryout condition occurs on the
substrate wall due to wicking action. Pore shapes in Topologies 3
and 4 are uniform in the plane parallel to substrate. Analytical
expressions exist for the meniscus shapes in these topologies [22],
and the meniscus is cylindrical in these cases. Pore shapes in
Topologies 1 and 3 are more complex. In the case of close-packed
(planar) spheres, the pore between spheres has a complex nonaxi-
symmetric convergent-divergent geometry, while the pore shape is
nonaxisymmetric in the case of vertical cylinders. This leads to
the formation of menisci that deviate significantly from spherical/
cylindrical shapes. In these cases, the meniscus is puckered, ex-
hibiting anticlastic curvature in the narrower spaces between two
adjacent spheres/cylinders, while the surface is synclastic (i.e.,
orthogonal radii have the same sign at a point) in the central pore
region. Analytical expressions for the meniscus shapes are not
available in these cases and a numerical approach must be used.

5.2 Maximum Capillary Pressure and Maximum Thin-
Film Percentage Area. The maximum capillary pressure (JAP])
in all topologies is observed to be lowest for the lowest value of
6(=15 deg). Figure 4(a) shows the maximum |AP| attained in all
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topologies for any liquid volume. Though AP is a function of
liquid volume V for Topologies 1 and 3, our concern is to achieve
the maximum |AP| irrespective of the liquid volume. From the
histogram, it can be seen that the highest |AP| is achieved in the
case of hexagonally-packed spheres on a surface. The trigonal
pores formed in the case of hexagonally-packed spheres provide
the smallest pore size among all microstructures for the same
porosity and, hence, generate the highest capillary pressure. A
similar, though somewhat lower, |AP| is achieved with the square-
packed spheres. The highest |AP| achieved is nearly half of the
maximum value for the rest of the microstructures considered.
Thus, a surface with close-packed (planar) spheres appears to be
the best wicking microstructure among all the ones considered
here. Similar to the capillary pressure, the percentage thin-film
area in any topology is found to be maximum for the smallest
contact angle (#=15 deg). Again, the histogram in Fig. 4(b)
shows the maximum attainable percentage thin-film area in differ-
ent topologies irrespective of the liquid volume. The maximum
thin-film area is again achieved by close-packed (planar) spheres
(Topology 1). Use of a lower value of the nondimensional thin-
film thickness (6=0.05%L) to define the thin-film region was
found to result in a decreased thin-film percentage area for all
microstructures; conversely, use of a higher value of 0.15xL for
thin-film thickness resulted in an increased thin-film percentage
area as expected. However, the definition adopted for nondimen-
sional thin-film thickness is not found to affect the conclusions
drawn from this comparative study of microstructures. The maxi-
mum thin-film percentage area is always observed to occur for
hexagonally close-packed spheres on a surface. The maximum
thin-film percentage area for the three cases is 19.02% (0.05xL),
34.39% (0.1+L), and 48.01% (0.15*L).

5.3 Performance Parameters for Packed Spheres on a Sur-
face (HP and SP Configurations). As shown in Fig. 4, packed
spheres on a surface are the best class of microstructures from
wicking and thin-film evaporation points of view. We find that the
values of conduction resistance of the filling liquid and the total
exposed surface area are less sensitive to the choice of microstruc-
ture. Therefore, the best performing microstructure is decided on
the basis of the maximum capillary pressure and maximum thin-
film area condition. We now present in detail the behavior of
wicking and heat transfer parameters with respect to 6 and V for
the packed-sphere topology for a porosity of 0.64. This will lead
to a determination of V for the best wicking and heat transfer
performance.

5.3.1 Capillary Pressure. Figure 5 shows the variation in AP
with V for square- and hexagonally-packed spheres. Each curve
represents a different contact angle 6. A negative value of AP
implies suction, and is desirable for wicking. For each curve and
for each type of packing, we observe that the nondimensional
capillary pressure reaches its minimum value at a certain liquid
volume. AP first decreases with increasing liquid volume (or in-
creasing H) and reaches a minimum near V corresponding to H
=1. For a contact angle of 15 deg, AP decreases from point (a) to
(b) (see Fig. 5), as the liquid meniscus develops increasing net
positive curvature. AP is minimum at point (b), which lies be-
tween a liquid height H of 0.8 and 1. As V increases from 0 to 1.5,
the pore size between spheres continues to decrease and hence the
absolute capillary pressure increases. In the larger pore spaces
between spheres, the meniscus develops synclastic curvature (i.e.,
the curvatures in orthogonal directions at a point have the same
sign) while being saddle-shaped or anticlastic in the narrower
spaces between spheres. The net curvature reaches a maximum at
point (b). With increasing volume (H>1,V>1.5), AP starts to
increase as the pore size continues to increase and hence the me-
niscus curvature decreases. AP reaches its maximum at point (c)
where the meniscus curvature is lowest. It is interesting to note
that positive capillary pressure can be achieved with high wetting
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Fig. 5 Capillary pressure versus nondimensional liquid vol-
ume for square and hexagonally-packed spheres for various
contact angles (15-90 deg)

contact angles (>30 deg) when V is high (corresponding to H
>1.2, in general). A maximum |AP| is attained in the
hexagonally-packed case for #=15 deg near V=1.5 (correspond-
ing to H~ 1), and this is the desired operating condition for maxi-
mum wicking. Dryout on the flat surface is observed for the low-
est contact angle (15 deg) in the square packing arrangement.
Dryout conditions due to wicking will be discussed further in Sec.
5.5.

5.3.2 Thin-Film Percentage Area. The percentage of the total
exposed area defined as a thin film is presented in Figs. 6(a) and
6(b) as a function of V and @ in the HP and SP arrangements,
respectively. A higher thin-film area is obtained for smaller con-
tact angles. Also, the percentage thin-film area is the highest for
the smallest liquid volumes. This is because for low liquid vol-
umes, the liquid meniscus shape is similar to the one shown in
Fig. 2, and the thin-film condition is satisfied both at the sphere
and the unit-cell substrate surface. However, in the hexagonally-
packed case, the thin-film condition is not satisfied at the substrate
surface for higher contact angles (>60 deg) and lower values of
V(<1). As we increase V, the bottom wall stops contributing to
the thin-film area and the percentage thin-film area decreases.
However, it again reaches a maximum at a certain V. It is clear
that if the substrate wall is not taken into consideration for the
meniscus distance computations, we would obtain a perfectly
symmetric curve with a maximum in the middle. Again, we ob-
serve that the maximum percentage thin-film area is achieved in
the hexagonally-packed case near V=1.5. Hence, we conclude
that V=15 and #=15 deg in the hexagonally-packed case pro-
vides the maximum wicking, as well as the maximum thin-film
area.

5.3.3 Area-Averaged Minimum Meniscus Distance. As dis-
cussed before, the area-averaged minimum meniscus distance
from the solid surface is a measure of the heat conduction resis-
tance of the liquid filling the microstructure. Figure 7 shows the
variation in this quantity with V for square- and hexagonally-
packed spheres on a surface. Each curve represents a different
contact angle 6. It can be observed from the curves that the dis-
tance is smaller for lower contact angles and lower liquid vol-
umes. This is again because of the substrate-wall effect for lower
liquid volumes. The wall effect can be observed for H<0.5 in
both packing arrangements. The resistance increases as we further
increase V and reaches a maximum. Once the substrate wall no
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Fig. 6 Percentage thin-film area versus nondimensional liquid
volume for (a) hexagonally packed and (b) square-packed
spheres for various contact angles (15-90 deg)

longer has the shortest path to the liquid free surface, the resis-
tance value is characterized only by the distance between the me-
niscus and the sphere surface. This distance starts decreasing with
increase in V and attains a second minimum at a liquid volume
corresponding to H~ 1. It can be observed that the hexagonally-
packed case gives a very low conduction resistance near V=1.5,
which was also found to be the volume for which the highest
capillary pressure and high thin-film area were obtained.

5.3.4 Exposed Surface Area. The total liquid free-surface area
exposed to evaporation, nondimensionalized by the base area of
the unit cell, is presented in Fig. 8 as a function of V and 6 in the
SP and HP arrangements. The total free-surface area increases
with decreasing 6 and for each 6, it decreases as we increase V,
with a minimum achieved at H~ 1. This is because initially the
effective pore radius decreases as we increase H from 0 to 1.
However, the pore radius increases as we increase H from 1 to 2.
It can be observed that the minimum occurs near V=1.5 for the
hexagonally-packed case. From the variation in capillary pressure,
percentage thin-film area, and conduction resistance of the filling
liquid (Figs. 5-7) for hexagonally-packed spheres on a surface,
the optimum operation point for maximum evaporation appears to
occur at #=15 deg near V=1.5. However, from Fig. 8, we ob-
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serve that the exposed area for evaporation is lowest near V=1.5.
Hence, a trade-off exists, and the optimum value of V can be
obtained by minimizing a formal cost function formulated by as-
signing appropriate weights to the various performance param-
eters.

5.4 Effect of Porosity. We now address wicking and heat
transfer characteristics for hexagonally-packed spheres as a func-
tion of microstructure porosity. lverson et al. [1] used wick
samples with porosities ranging from 0.46 to 0.6. We vary poros-
ity from 0.39 (corresponding to the case of close hexagonally-
packed spheres) to 0.64, with =15 deg held constant for all
cases. Figures 9(a) and 9(b) show, respectively, the maximum
|AP| and the maximum percentage thin-film area achieved at any
porosity, irrespective of the liquid volume. It is observed that, as
would be expected, a lower porosity leads to a higher capillary
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Fig. 8 Total exposed liquid free-surface area versus nondi-
mensional liquid volume for square- and hexagonally-packed
spheres for various contact angles (15-90 deg)
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Fig. 9 (a) Maximum |AP| and (b) maximum percentage thin-
film area versus porosity in hexagonally-packed spheres on a
surface, #=15 deg

pressure and a higher thin-film percentage area. Hence, the closest
packed case is the ideal case for wicking and also provides the
largest thin-film area.

5.5 Special Case of Low Liquid Volumes. When the volume
of the liquid filling the microstructure is very low (corresponding
to H<0.2) and the contact angle is small (=15 deg), a part of the
bottom wall may dry out due to wicking. We show two such cases
in Figs. 10(a) and 10(b). It is observed that the liquid is wicked up
on to the cylinder/sphere surface, and a part of the bottom wall is
depleted of liquid, depending on the contact angle between the
liquid and bottom wall surface. Figure 10(a) shows a case with a
contact angle of #=15 deg between the solid surfaces and the
liquid. Under this condition, the liquid free surface breaks up at
the symmetry plane between adjacent cylinders and moves toward
the cylinder surface. Figure 10(b) shows the case of square-
packed spheres when the bottom surface is perfectly wetting. In
this case, a part of the bottom surface is perfectly wetted and the
liquid recedes from the sphere surface. Since a perfectly wetting
surface is difficult to achieve, dryout situations are expected to be
more common with low liquid volumes. It should be noted that
very low liquid volumes are unfavorable for heat transfer applica-
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Fig. 10 Final liquid meniscus shape (dark gray) for (a) Topol-
ogy 3,r=1,V=1.58(H=0.2), P=2.8; #=15 deg between cylinder
surface and liquid and #=15 deg between bottom surface and
liquid, and (b) Topology 1 (SP), r=1, V=0.75(H=0.1), P=2.8; 0
=15 deg between sphere’s surface and liquid, and =0 deg
between the bottom surface and liquid

tions, as the portions that dry out do not contribute to evaporation
heat transfer, and heat loss in these regions would be due to natu-
ral convection alone.

5.6 Effect of Number of Layers. The number of sphere lay-
ers typically used in sintered-copper wicks is approximately 8-10.
The effect of the number of layers on the static meniscus shapes
and heat transfer parameters must be understood in order to simu-
late heat pipe conditions. Two layers of spheres in the microstruc-
ture (Topology 1, HP) are considered now. Liquid meniscus
shapes in the second layer of spheres are computed and the four
performance parameters (capillary pressure, thin-film percentage
area, area-averaged minimum meniscus distance and total menis-
cus area) are obtained as functions of H (initial liquid level in the
second layer). A hexagonal packing arrangement is assumed for
every layer of spheres since it provides the maximum wicking and
thin-film percentage area. In the vertical direction, a simple-cubic
packing arrangement is assumed. The final meniscus shape for
one such case is shown in Fig. 11.

A porosity of 0.56, corresponding to P=1.28, is chosen, corre-
sponding to the average porosity (range of porosity=0.46-0.6
[1]) of practical wicks (Topology 1, HP). It is observed that the
liquid meniscus shapes formed in the second layer of spheres
remain unaffected by the lower layer of spheres and are only
determined by the second layer’s configuration. This is why the
capillary pressure and exposed meniscus area do not change for
the second layer from those for single layers. However, the area-
averaged minimum meniscus distance and thin-film percentage
area are different for the second layer of spheres when H<0.5

y |

Fig. 11 Final liquid meniscus shape (dark gray) for Topology 1
(HP), r=1, H=1, P=2.8; =15 deg between sphere surface and
liquid
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Fig. 12 (a) Area-averaged meniscus distance from solid walls
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height; #=15 deg, porosity=0.56

(Figs. 12(a) and 12(b)). This is because of the presence of spheres
below the liquid meniscus formed in the second layer of spheres.
This affects the minimum meniscus distance from the solid walls.

5.7 Effective Thermal Resistance of the Wick. As discussed
earlier, liquid meniscus shape is a strong function of the liquid
level (H) in hexagonally-packed spheres (Topology 1, HP). We
observed that V=1.5 corresponds to maximum capillary pressure
for a single layer of spheres and also yields a small conduction
resistance and a high thin-film percentage area. Nevertheless, the
exposed meniscus area is nearly the smallest at this value of V.
Hence, determination of the optimum liquid level for any layer of
spheres requires the formulation of a cost function for wick per-
formance as a function of H. The optimum liquid volume can also
be determined if optimum H and N are known. The two important
parameters for the performance of wick microstructures in cooling
devices are their maximum wicking capability and the thermal
resistance: The optimum liquid level is that which provides maxi-
mum wicking, as well as the lowest thermal resistance for con-
duction and evaporation heat transfer.
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In Fig. 13(a), an approximate thermal resistance model for con-
duction and evaporation through the wick in Topology 1 (HP) is
shown. An octahedral volume around a sphere is chosen as the
representative unit cell. A three-dimensional packing of spheres,
similar to the one discussed in the two-layer configuration, is as-
sumed. Heat flows from the hot bottom wall to the liquid-vapor
interface by conduction. For the present analysis, convection can
be ignored in comparison to conduction through the solid sintered
material. Also, thermocapillary convection is not considered. Heat
transfer from liquid to vapor occurs at the interface by evapora-
tion. The five thermal resistances Ry, Ry, Rs, R4, and Rs, as shown
in Fig. 13(a), result from (i) the conduction resistance due to (N
-1) layers of spheres (solid) and interstitial liquid, (ii) the thermal
resistance offered by the liquid for conduction from the top layer
of spheres to meniscus, and (iii) the evaporation resistance of the
liquid meniscus. Temperature varies along the liquid meniscus
because of the variation in evaporation rate resulting from the
variations in film thickness. In the present model, the liquid me-
niscus is assumed to be at two different temperatures, one corre-
sponding to the thin-film region, and the other to rest of the me-
niscus. Hence, there are two separate paths, viz., the thin-film path
and the intrinsic meniscus path (or the non-thin-film path), for
heat transfer from the top layer of spheres to the vapor. These
resistances can be represented in terms of the three heat transfer
parameters computed from the static meniscus shape. We have
used a functional notation for the three heat transfer parameters,
viz., F1(h) for nondimensional area-averaged minimum meniscus
distance, F,(h) for nondimensional meniscus area, and F3(h) for
percentage thin-film area. The resistance R; is the thermal resis-
tance due to (N-1) layers of spheres and interstitial liquid; R, is
the thermal resistance offered by the liquid between the sphere
wall and the thin-film region; R is the thermal resistance offered
by the liquid between the sphere wall and the intrinsic region of
the meniscus (i.e., the non-thin-film region); R, is the thermal
resistance accounting for evaporation from the intrinsic meniscus
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region; and Rs is the thermal resistance accounting for evapora-
tion from the thin-film region of the meniscus. The definitions of
these resistances are given below

(N=1)2r _ 0.1r
" Keff@@ngagont> - 2Ky(0.01F,F3)r
F,F, = 0.001F,F3)r
Ry= (F1F, 22 3) . @)
(F2 - OOleFg) szr
R = 1
! hmeniscus(FZ - 0-01F2F3)(2r2)
1
R5 =

hmeniscus(o-01F2F3) (2r2)

The values used in the above expressions are now discussed. The
number of sphere layers is taken to be N=10, the radius of spheres
is assumed to be r=100 wm, and the porosity is assumed to be
0.56. aréapexagon is the base area of the octahedral volume shown
in Fig. 13(a). The effective thermal conductivity ke of a sphere-
liquid layer is obtained using FLUENT [25] and is found to be 42.8
W/m K for a copper-water combination (k,=0.6 W/m K, kg,
=387.6 W/m K). It should be noted that the analysis presented
later using this resistance model is independent of R; and so the
details of the computation of ke are not included here. hpeniscus 1S
the convective heat transfer coefficient accounting for evaporation
from the meniscus and is taken to be 10° W/m? K [9]. We note
that the present model does not account for contact resistance
between the spheres.

Figure 13(b) shows the thermal resistance network for heat
transfer in the wick. The total or effective thermal resistance of the
wick is calculated using

Rye=R, + (Ry+Re)(Rg+Ry) )
(Ry+R3+ Ry +Rs)

The effective thermal resistance (Rqg) of the wick for conduction
and evaporation can now be represented in terms of F;(h), F,(h),
and F3(h). Optimization of the liquid level, h, is performed by
creating a cost function and assigning equal weights to capillary
pressure and heat transfer. This cost function is minimized to
achieve maximum |AP| and minimum thermal resistance, R

5.8 Optimum Liquid Level in the Wick Pore. Figure 14(a)
shows the variation of resistances with nondimensional liquid
level, H. Variations are shown for a solid-liquid contact angle of
45 deg. It is observed that Ry is independent of the liquid level.
Also, it is smaller than R, and R3. R, and R are quite large due to
the very small meniscus area. At H=1, R, is lowest because of
highest thin-film area at this H value. R3 is highest at H=1 be-
cause of lowest total meniscus area at this liquid level. R4 and Rs
(evaporative resistances) are very small compared with other re-
sistances. R, (due to evaporation from intrinsic meniscus) is
smaller than Rs (due to thin-film evaporation) because the thin-
film area is much smaller than the intrinsic meniscus area.

Figure 14(b) shows the variation in the thermal resistances in
the thin-film and non-thin-film paths with changing H. It is ob-
served that the thin-film path resistance is lowest at H=1 because
the thin-film percentage area reaches a maximum at this meniscus
position (Figs. 6(a) and 12(b)). However, the non-thin-film path
resistance attains a maximum at H=1 because the exposed menis-
cus area is minimum at this H value. The latter leads to the maxi-
mum in Reg Seen at H=1. When H is in the range of 0.8-1.2, the
thin-film path gives a lower resistance to heat flow than the intrin-
sic meniscus or non-thin-film path, indicating that more than 50%
of heat transfer occurs through the thin-film portion of liquid me-
niscus. At other values of H, more than 30-40% of heat transfer
occurs from the thin-film region. Thin-film evaporation is sup-
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Fig. 14 (a) Thermal resistance variation with nondimensional
liquid level (H) in the wick pore, and (b) thermal resistances in
thin-film and non-thin-film (extrinsic meniscus) paths for heat
transfer versus nondimensional liquid level; 6#=45 deg,
porosity=0.56

pressed at H values other than those in the range of 0.8-1.2.
However, the total heat transfer is governed by the total resistance,
Refy-

The variation of Re with H is shown in Fig. 15 for a porosity
of 0.56 and for #=15, 30, and 45 deg. It is observed that effective
resistance to heat transfer is lowest for the lowest contact angle.
Also, the effective thermal resistance at any contact angle is high-
est when liquid fills the wick pore half-way through, i.e., H=1.
Although the thin-film resistance is lowest at H~ 1, the total re-
sistance is highest here because of the smallest total meniscus
area. The total resistance increases beyond H~ 1.6 as the thin-film
area decreases drastically in the range H=1.6—1.8. R¢ exhibits
two minima for higher values of contact angle as H varies from
0.2 to 1.8 while only one minimum is observed in case of lower
contact angles (<30 deg). Ref is a combination of the resistances
in the thin-film and non-thin-film paths. The variation in Ry de-
pends on how these resistances change with H. The variations in
thin-film and non-thin-film path resistances with H are governed
by the corresponding variations in thin-film area and total menis-
cus area and are presented in Fig. 14(b). As can be observed in
Fig. 14(b), for a contact angle of 45 deg, the thin-film path resis-
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Fig. 15 Total thermal resistance for evaporation and conduc-
tion in the wick versus nondimensional liquid height in the wick
pore for #=15, 30, and 45 deg, porosity=0.56

tance decreases while the non-thin-film path resistance increases
as H varies from 0.2 to 0.5. The decrease in thin-film path resis-
tance compensates and swamps the increase in non-thin-film path
resistance, and leads to an overall decrease in Ryg. Therefore, a
minimum in the R curve is observed near H~0.5. This mini-
mum is not observed in case of the 15 deg contact angle because
the decrease in thin-film path resistance for 15 deg fails to over-
come the increase in non-thin-film path resistance. The second
minimum in R is observed at H~ 1.5 for all contact angles and
is caused by the increase in thin-film path resistance as H in-
creases from 1.5 to 1.8 (Fig. 14(b)).

An important point to note here is that the maximum percentage
change in Rgs with the variation in H is only about 5% at any
contact angle. However, |AP| varies from 0 (minimum) to 3.2
(maximum) with H for #=15 deg and porosity=0.56. Hence, the
variation in liquid level in the wick pore does not affect the total
heat transfer from the wick as much as it affects the capillary
pressure. Therefore, the optimum liquid level should be deter-
mined based on the capillary pressure variation with meniscus
height and is found to be optimum at H~0.8-1 (V ~ 1.5, Topol-
ogy 1, HP).

6 Conclusions

The wicking and heat transfer characteristics of four well-
defined microstructures have been studied by computing the static
liquid free-surface shapes using SURFACE EVOLVER. The wicking
characteristics of the microstructure are characterized by the cap-
illary pressure. The heat transfer characteristics of the static liquid
meniscus are characterized by the percentage of the liquid menis-
cus that is in the thin-film region, the conduction resistance of the
liquid, and the total exposed surface area of the meniscus for
evaporation. The solid-liquid contact angle and the liquid volume
are varied for all microstructures to determine the most efficient
geometry for evaporation. Among all the microstructures consid-
ered, hexagonally-packed uniform spheres on a surface are found
to generate the maximum favorable capillary pressure for evapo-
ration at a contact angle of /=15 deg. The liquid meniscus is also
found to possess the maximum thin-film area for this case. We
have studied the effect of contact angle and liquid volume varia-
tion on wicking and heat transfer performance for packed spheres
on a surface. The effects of porosity and low liquid volumes in the
microstructure are also presented. The effect of the number of
sphere layers in Topology 1 (HP) on wicking, and heat transfer
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performance is investigated. Finally, a thermal resistance model of
the wick is proposed and the optimum liquid level H in the wick
pore is obtained for maximum wicking and heat transfer. The
main conclusions drawn from the study of packed spheres (Topol-
ogy 1) on a surface are as follows.

e Capillary pressure and heat transfer parameters are strong
functions of @ and V. The highest favorable capillary pres-
sure is realized for the hexagonally-packed case.

e For high values of V(H>1.2), positive and hence unfavor-
able capillary pressure for evaporation can be generated
even for wetting contact angles (30 deg<<#<<90 deg). This
condition must be avoided for efficient device operation.

e V=15 is the optimum liquid volume for maximum wicking
(#=15 deg) for the case of hexagonally-packed spheres.
The highest thin-film percentage area and the lowest liquid
conduction resistance are also observed at the same value of
V. However, the exposed surface area of the liquid meniscus
is near its minimum for V=1.5. Hence, an optimum V must
be determined to maximize overall performance.

e Capillary pressure and percentage thin-film area increase
with decreasing porosity. Hence, hexagonal close-packed
spheres on a surface appear to be the most favorable geom-
etry for evaporation. However, this arrangement also offers
the maximum resistance to flow. Permeability is thus an
important factor in determining the optimum wick porosity.
This consideration will be a part of our future investigations.

e The static liquid meniscus shape does not depend on the
number of layers of spheres in the wick but only depends on
the sphere arrangement at the liquid free surface. Hence, the
wick pores at the free surface determine the capillary pres-
sure and thin-film characteristics of the liquid meniscus.

e An approximate effective thermal resistance model devel-
oped for the wick (Topology 1, HP) shows that wick heat
transfer performance is nearly independent of the liquid
level in the wick pore. Hence, the optimum liquid level
should be determined on the basis of capillary pressure
variation with liquid level and is found to be H~0.8-1 at
any porosity.

Nomenclature

arednexagon = base area of octahedral volume used in effec-
tive resistance model
Bo = Bond number (=pgL?/y_y)
d = width of rectangular ribs
D = dimensionless width of rectangular ribs
F = notation for heat transfer parameters associated

with free surface of the liquid meniscus
g = acceleration due to gravity
h = height of liquid free-surface from substrate
hmeniscus = convective heat transfer coefficient of meniscus
accounting for evaporation
H = dimensionless height of liquid free-surface
(=h/L)
mean curvature of meniscus at any point
hexagonally-packed configuration
number of sphere layers for hexagonally-
packed spheres
= thermal conductivity
= length of cylinders/ribs in unit cell
characteristic length
= pitch
= dimensionless pitch (=p/L)
Piiq = liquid pressure
Pyap = vapor pressure
radius of cylinders/spheres
r{,r, = orthogonal radii of curvature at any point on
liquid meniscus

H =
HP =
N =

Vo o —x
Il
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R = notation for thermal resistances in effective
thermal resistance model
SP = square-packed configuration
v = liquid volume filling unit cell measured from
substrate
V = dimensionless liquid volume (=v/L3)
z = height of any point on liquid meniscus from
substrate
Z = dimensionless height of any point on liquid
meniscus (=z/L)

Greek
Ap = capillary pressure
AP = nondimensional capillary pressure (=LAp/yy)
vy = surface tension between liquid and vapor
phases
p = density of liquid
6 = contact angle between liquid and solid surfaces
Subscripts
cu = copper
eff = effective
max = maximum
w = water
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1 Introduction

Modeling of transport phenomena in porous media requires that
governing equations be formulated at a length scale consistent
with the desired resolution and with closure relations that accu-
rately represent subscale processes. Equations can be formulated
at the microscale that describe fluid flow and chemical or thermal
transport within the pore space and in the solid medium. However,
simulation of these processes in natural systems typically requires
that the equations be formulated at a larger scale due to both lack
of detailed information regarding the morphology and topology of
the pore space and computational limitations.

To facilitate this change in scale in a rigorous framework, the
thermodynamically constrained averaging theory (TCAT) ap-
proach has been developed [1]. Making use of this formalism, one
is able to develop closed models at a larger scale that are consis-
tent with microscale conservation equations, a system entropy bal-
ance, and thermodynamics. This formalism overcomes issues of
ambiguity associated with the heuristic definition of quantities
such as temperature and pressure at the larger scale that are in-
consistent with microscale definitions and may not be readily
measurable quantities.

Since the integrity of the equations is preserved across scales,
data collected at a small scale can be used in efforts to obtain
experimental verification for the theoretical models. A series of
papers has appeared, which provides the basic elements of the
TCAT approach and then applies the method to obtain closed flow
and species transport models for a single-fluid-phase system
[1-5]. In these formulations, the examples of closure of the gen-
eral sets of equations were restricted to isothermal systems.

The overall goal of this work is to extend the previously de-
rived TCAT single-phase flow model to include energy transport.
The specific objectives of this work are (1) to outline the steps
involved with the TCAT approach, (2) to summarize the develop-
ment of a simplified entropy inequality that is applicable to
nonisothermal systems, (3) to examine alternative ways in which
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interentity exchange terms can be decomposed, (4) to develop
closure relations for energy transport that are developed from the
entropy inequality, (5) to combine conservation equations and clo-
sure relations to produce closed models for energy transport, and
(6) to summarize additional extensions to this work that warrant
consideration.

2 TCAT Approach

The macroscale system considered in this work is a porous
medium saturated with a single fluid phase. Microscale conserva-
tion equations, the energy balance, and thermodynamic relations
describe the system behavior. These equations are averaged over
representative larger scale domains identified as a macroscale do-
main ) that is centered at each microscale point in the domain
and is invariant with respect to time and location; a subvolume of
() occupied by a solid phase, (); a subvolume of ) occupied by
the fluid phase, ,; and an interfacial region within  between
the solid and fluid phases, €),,s. Microscale conservation and bal-
ance equations are written for each of these regions and averaged
to the macroscale. The explicit inclusion of the interface between
phases allows for more complete modeling of the important
mechanisms of system behavior.

The length scale of the averaging region is considered to be
large enough that all average quantities that appear are essentially
invariant with respect to small changes in the extent of the aver-
aging region. By averaging over such a representative elementary
volume (REV), equations are formulated that do not require de-
tailed knowledge of pore structure but do require macroscale clo-
sure relations that represent the essential features of the micro-
scale processes as a function of some set of averaged macroscale
variables. By basing all elements of the model development pro-
cedure on a rigorous transformation from the microscale to the
macroscale, the TCAT method assures an unambiguous and con-
sistent formulation between scales. This feature is in marked con-
trast to other methods that involve averaging of some quantities
and equations along with heuristic, and sometimes physically in-
defensible, definitions of some symbols directly at the larger scale.
Although conditions for which a well-defined REV does not exist
occur routinely in nature, these conditions are outside the scope of
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this study. Nevertheless, by invoking the existence of an REV, we
are explicitly stating a condition under which the derived equa-
tions will apply.

The TCAT approach for a single-fluid-phase volume in a porous
medium, without consideration of chemical species transport
within phases or the interface, makes use of the following steps

[1].

1. An entropy inequality (EI) for the entire system is generated
by averaging the entropy balances for each phase volume
and the interface and then summing these over these entities
to eliminate the interentity exchange terms.

2. A set of mass, momentum, and total energy conservation
equations is formulated at the microscale for each phase and
the interface and then averaged to the macroscale.

3. A microscale thermodynamic theory is averaged to the mac-
roscale, and differential forms of the macroscale relations
are developed.

4. The EI is constrained using the product of Lagrange multi-
pliers with conservation equations and differential,
consistent-scale thermodynamic equations to produce the
augmented EI (AEI).

5. The set of Lagrange multipliers is determined consistent
with the combination of conservation equations that de-
scribes the physics of interest and to eliminate time deriva-
tives from the AEI to produce the constrained EI (CEl).

6. A simplified entropy inequality (SEI) is produced from the
general CEl by making some approximations appropriate to
the system of interest to provide a form that is useful in
developing closure relations.

7. The resultant SEI is used to guide the formulation of closed
macroscale conservation equations consistent with the sec-
ond law of thermodynamics.

8. The validity and applicability of the macroscale equations
and closure relations are examined in conjunction with mi-
croscale and macroscale modeling and experimentation.

This general approach applied to a single-fluid-phase system
makes use of averaging theorems for phases and the interface as
well as careful definitions of each macroscale quantity in terms of
its microscale precursor and other macroscale quantities. The ma-
nipulations involved in arriving at averaged equations, the CEl,
and finally the SEI are complex and lengthy. The details of these
fundamental manipulations for a general multiphase system are
provided elsewhere [1,4], while the specific application to flow in
a single-fluid-phase porous medium has also been developed [2].

3 Elements of the TCAT Derivation

In this section we will provide the elements of the full TCAT
derivation outlined above that are employed in the analysis of
single-phase flow in porous media.

3.1 Entropy Inequality. The entropy inequality is written at
the microscale for each of the system entities—w phase, s phase,
and ws interface. These equations are then averaged to the mac-
roscale making use of appropriate averaging theorems [4]. As a
result of this process, the exchanges of entropy between entities
appear explicitly in each of the entropy equations. Rather than
modeling each of these exchange processes, the three equations
are summed over all entities such that the exchanges will cancel
thereby producing the system entropy inequality

D¥p® = = =
25“:2( u +77“I:d“—V-(e”<p”)—eab“):AEO
ael Dt

ael
)

where »® is the entropy per volume, d is the rate of strain tensor,

E”‘gaa is the nonadvective entropy flux, e*b® is the entropy source
term, and A is the entropy production rate. The use of superscripts
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with quantities indicates that they are macroscale properties.
Simple integral averages taken over the domain in which a quan-
tity is defined are denoted with an unadorned superscript. The
overbar on a superscript means that the quantity is a mass-
weighted average. Double overbars on a quantity indicate that this
macroscale quantity is specially defined at the macroscale. All the
definitions of macroscale quantities are given in the Nomenclature
with the general meaning of a term being adequate to allow one to
follow the flow of the derivation. Equation (1) provides a con-
straint on the system behavior. However, additional constraints are
provided by the equations of conservation of mass, momentum,
and energy that are not accounted for by the entropy inequality.

3.2 Conservation Equations. The conservation equations are
first stated at the microscale and then integrated, making use of
averaging theorems, to the macroscale. At the macroscale, all the
equations may be represented by the general form

ara _ K—a

DF = = = =
Fr= g HFdT- Y fr - > x=0 (2

kele,

where F* is the macroscale property of entity « per unit volume
that is being conserved, f* is the nonadvective flux, f¢ is the entity

K—a
source term, and X accounts for the transfer of the conserved
quantity from the entity « that bounds entity « into entity «. The
quantities that appear in this equation for the various particular
conservation equations are given in the table. The new terms that
appear in the table are defined such that €* is the extent of entity

a per volume, p® is the mass of entity a per a extent, E“ is the

internal energy associated with « per volume, Kg is the kinetic
energy associated with subscale velocities, ¢“ is the potential en-
ergy associated with entity «, which will here be taken to be due

only to gravitational effects, t* is the macroscale stress tensor,

eaqz’ is the nonadvective heat flux vector, ga is the mass averaged
body force acceleration vector (gravity for this application), and
€*h® is the energy source term. The exchange terms have been
broken down into components for each equation. For the mass
conservation equation, the exchange is due to mass transfer be-
K—a

tween entities and is indicated as M . Part of the momentum and
energy exchange between entities is associated with mass transfer,

K—«
and these are indicated as M , and Mg, respectively. Momentum
exchange due to mechanical interactions between entities is des-

K—a

ignated as T , and the energy exchange that accompanies these

K—a

K—a
interactions is denoted as T, . The exchange of energy due to heat
K—a
transfer is indicated as Q . The components of these exchange
terms will be discussed in more detail subsequently, since the
decomposition of the exchange terms into these various parts is
nonunique.

3.3 Decomposition of Exchange Terms. The exchange terms
that appear in the conservation equations account for the subscale
interactions between entities. These terms are among the most
complex that arise in form; therefore they are decomposed so that
the processes embodied in these interaction terms can be both
represented clearly and separated into components. The decompo-
sition is nonunique, and a slightly different version will be em-
ployed here than has been used previously [2]. For these reasons,
the exchange terms are treated explicitly here.

The exchange terms in the mass conservation equation are rela-
tively straightforward and describe mass transfer from the ws in-
terface to the « phase, where « e {w,s}, as
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WS— K

M=-M = <pKnK ' (VWS - VK)>(2WS,Q for ke {W,S} (3)

K—WS

where the subscripted variables are microscale quantities and n, is
the unit vector normal to the ws interface positive outward from
the « phase.

For the momentum equation, the exchange terms from the in-
terface to the phases are obtained as

WS—K  WS—kK K—WS  K—WS

M, + T ==(M, + T)
= <nK ' [tK + pK(VWS - VK)VK:DQWS,Q for ke {st}
4)

This expression may be decomposed by introducing an arbitrary
macroscale velocity, designated as v, in a way that does not
change the equality, since it is added in and subtracted out

WS— K WS— K K—WS K—WS

Mv + T =_( Mv + T ):<nK.[pK(VWS_VK)VmiD(lWS,S)

+ <nK ' [tK + pK(VWS - VK)(VK - Vﬁ)DQ

e
for x e {w,s} (5)
Then we identify
T — _
M, == M, =(n,- [PK(sz_VK)VarbDQWS,sz for « e {w,s}
(6)
and
WSk kWS _
T == T =(ne [t plVus = VIV = V) Do, 0
for k € {w,s} (7)

Because a macroscale quantity may be removed from the averag-
ing operator, Eq. (6) may be expressed as

WS— K K—WS  _ WS—k

M, == M, =V M for « e {w,s} (8)

The remaining task is to select the value for v@®. The simplest
choice would be to set v=v*. However, this choice does not
provide the best physical decomposition. With reference to Eq. (7)
it can be seen that the best specification would be

V= (VD 0,0, o vyev,)] 9)
WS— K
This choice would cause T to depend only on the average of
n,t;_over the ws interface. Nevertheless, the weighting function
used for the averaging in Eq. (9) is cumbersome and obscures the
physical meaning. Therefore, we select a slightly simpler form
ViD= Ve =V, 0

s ws'Prc

(10)

This expression is the mass average of the phase velocity over the
interface. In most cases, this quantity will be small. With this
selection, the definitions of the exchange terms for the momentum
equation are

WS— K K—WS
T =-T = <nK ' [tK + PK(sz - VK)(VK - Vlvs)]h)ws,ﬂ
for x e {w,s} (11)
along with
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WS— K K—WS

M, =- M

v

WS— K

=™ M (12)

For the total energy equation, the exchange terms from the in-
terface to the phases are

for k € {w,s}

v

WS—K  WS—K WS—kK
Q + TU + M E
K—WS  Kk—WS  K—WS

==(Q + T, + M)

= <nK' qet Ny tK ' VK>£1WS,SZ

E., 1
+<<_K+_VK.VK+¢/K)pK(VWS_VK)‘nK> (13)
Pe 2 Qe

The objective for the decomposition of this expression is to
introduce macroscale quantities such that the mass and momen-
tum exchange terms previously defined emerge within this expres-
sion. This is achieved by adding and subtracting macroscale quan-
tities and then regrouping terms. In working with the momentum
exchange term, we made use of an arbitrary macroscale velocity
that, in the end, was chosen to be the mass-weighted entity veloc-
ity averaged over the interface. For the energy exchange terms, we
additionally introduce an arbitrary macroscale internal energy,
body force potential, and subscale kinetic energy. Then, in order
to associate physical processes with each of the symbols em-
ployed, we select these arbitrary variables to be phase variables
averaged over the interface. With this set of conventions we ob-
tain

— WS
- <nK “Q,tn, tK ' (VK ~ Ve )>ﬂws,(l

E, E¥
+<(_K_ K Ws)pK(VWS_VK)'nK>
P €P; 0,0

Ws*

+ <%(VK - VY(VS) ' (VK - VY(VS)pK(VWS - VK) ' nK>

0,62

‘WS’

(W= P = KEDpVus = Vi) N0 Tor « e {w,s}

(14)
WS— K K—WS WS— K
T, == T, =Vv™. T for « e {w,s} (15)
and
WS— Kk K—WS
ME == ME
— 1 Evﬁ+wswslws WS+Kvﬁ+WSWS,\;K
- Ewsp\:(vs k T € Px 2VK Vi Bt Y
for x e {w,s} (16)

Recall that a different selection of any of the arbitrary macros-
cale quantities that appears in these final three equations may be
made without altering the definition of the sum of the three terms
provided that the different definition is applied in all of the equa-
tions. The selection made here ensures that in considering ex-
WS— K

Q models heat transfer
WS— K
and work associated with changes in entity extents, T, models
WS— K
the work due to frictional effects, and Mg accounts for the ex-
change of energy that accompanies phase change.

Alternatively, one could use the standard decompositions that
have previously been defined [2]. While these earlier decomposi-
tions are less conceptually satisfying, they have the advantage of
being expressed in terms of macroscale quantities that will natu-
rally appear in the final form of TCAT models, which are more

changes between phases and interfaces,
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easily accessible than the alternative forms posed above. Ulti-
mately, approximate closure relations will be posed for the ex-
change quantities regardless of the exact decomposition form that
is written.

3.4 Thermodynamic Relations. The TCAT approach starts
with a microscale thermodynamic description of the phases and
the interfaces. This may be chosen from various proposals for
irreversible formulations [1]. Here we employ the simplest formu-
lation, classical irreversible thermodynamics (CIT). The CIT
forms are averaged to the macroscale. The process of averaging
the thermodynamic relations is one feature that distinguishes
TCAT from other procedures for obtaining macroscale models.
The derived Euler equations for the fluid w and elastic solid s
phases and for the ws interface are, respectively [5-7],

E\T\/= 7]W0W_ EWpW+ EWpW/.LW (17)
- - s

B = o4 S0P (18)

EWS = nvﬁavﬁ_'_ €95 + Ewspwsluws (19)

where 6 is the temperature, p" is the pressure of the wetting fluid

phase, w is the chemical potential, ¢° is the Lagrangian stress
tensor, C® is Green’s deformation tensor, j* is the solid-phase
Jacobian, and "* is the interfacial tension of the ws interface. The
material derivatives of these expressions are also of importance.
Because the Euler expressions involve averages, the dependence
of the macroscale energy on the macroscale variables is more
complex than the corresponding type of dependence at the micro-
scale. The expressions obtained for the w and s phase volumes
and for the interface are, respectively [1,6,7],

Wew CAWW W W W w_w
fzw:DE_a\Tan_MVvD(Ep)+pWDE
Dt Dt Dt Dt
D¥(6y=6")  D"(my=4") D"(py=pY)
\ 7w * Pu -
Dt Dt Dt 0,0
DE Dy D&’ D(0, - ¢
T8 = - 99_77 - MSM + SM
Dt Dt Dt Dt
D¥ (s ~ 1°) (Cs )
+p————= - = -V
Ps Dt 0,0 i 05 | (Vyys = Vg) - Ng 0,0
2 _
- <ns ' |:-_0's:(VXXVXX) (Vs VS):|>
Js Qs 2
2 C _
+ <{V : [_—o-sz(VXxVxx)} - Vas:_—s} A v5)>
Is Is Q,Q
-cs = /2 -
+eot—hd - <_—o-s:(VxxVXx)> Hok
J Js 0,0
2 C <
—V-<[_—¢rs:(VXxVXx)—as:_—sl] -(vs—v5)> =0
Js Js 0,0
(21)
and
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Table 1 Conservation equation variables

Symbol Mass Momentum Energy
~F7H Ma/ 'PO{ ~ ga -
Fa ep® pvE Eag eapa(llvﬂ.va K+ w;)
f?_l _ Eata Eata . V?y+ ana
f?x _ €apag?x e*ha
X M M, + T Mg+ T, + Q
WS WS WS, WS WS( WS WS WS WS
7ws:D E —H‘ﬁD 7 _MWSD (e"p )_ywsD €
Dt Dt Dt Dt
+{ » D,WE(GWS - HV\TS) +p Drws(/-’*ws - Mm)
WS Dt WS Dt QWS N

DrWS — AWS _
+<M> -VE" . (n,n, - (VT
Dt 0,00

~ Viws) ”ws)ﬂws,ﬂ - V:U“WS (Nyny - (Vm - VWS)pWS>QWS,Q

=V, (V- Vus))o, 0 (22)

In these expressions, the primed material derivative involves de-
rivatives within the surface as defined in the Nomenclature. For a
case where the variations of the microscale quantities within the
averaging region are small, the terms in the averaging operators
will also be small and the macroscale derivative expressions be-
come analogous to their microscopic precursors. These equations
may also be subjected to variational analysis [8—10] so that equi-
librium conditions may be developed. These equilibrium relations
have been developed [7] and also employed [11] previously.

3.5 Augmented Entropy Inequality. In the TCAT approach,
the entropy inequality for the system, Eq. (1), is required to also
satisfy the conservation and thermodynamic equations. This con-
dition is imposed by adding these relations to Eq. (1) as con-
straints. The conservation equations expressed as Eq. (2)—
particularized for mass, momentum, and energy of each phase
volume and interface using the definitions in Table 1, and the
thermodynamic relations in Egs. (20)—(22) are added to the El as
products of Lagrange multipliers. The addition of these equations
does not alter the inequality since each term being added is, itself,
equal to zero. The AEI may be written as

D (STHNLME+ NG PO+ NEE +NST) = A =0 (23)

ael

where the sub- and superscripted As are the Lagrange multipliers
of the corresponding conservation equations M, P¢, and £* and
the thermodynamic expressions 7.

3.6 Specify Lagrange Multipliers. The Lagrange multipliers
are selected with the intent of having the terms that survive on the
left side of the El be in the form of products of forces and fluxes
such that the equation has the appearance

E\]iFi"‘EJj'Fj"'EJk:Fk:A
i j k

where J;, J;, and J are the thermodynamic fluxes corresponding
to scalar, vector, and tensor types, respectively; and F;, F;, and Fy
are the thermodynamic forces of the scalar, vector, and tensor
types, respectively. The reduction to this form is achieved by
eliminating time derivatives to the degree possible through astute
selection of values of the Lagrange multipliers. The values of the
Lagrange multipliers employed are [11]

(24)
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NG = i_[KE+ e g - VQ)] (25) Ap= (28)
0*

3.7 Constrained Entropy Inequality. The values of the

Lagrange multipliers are substituted into Eq. (23) and the summa-

v tions are expanded to yield the CEI. Some manipulations are re-
= (26) quired for this step, which involve grouping terms in force-flux
4 form and arranging groupings of terms that correspond to given
physical processes. The CEI does not depend on any approxima-

tions in addition to those mentioned previously. The resulting

equation serves as a starting point for closure of any single-fluid-

i (27) phase system when species transport is not a consideration. The
9 resulting CEI is

o o8| v [ )] v fev- (o) om0 ]
6" 6" ¢ i o
- wa+ilEWhW+<”WD(0W_9N)> :|+i<pWD(/~LW+l//w_lu _KE_$)>
0" Dt a0 o Dt 0.0
*(6; ~ g LS
—65b5+_|:65hs < D*(6s 0S)> 1+i<P5D (s + ths — p° — Kg ‘/’S)>
& Dt Q.0 & Dt 0,0

1 Dlg( Ows — '9\,?) 1 Drg(,“'ws S D K\I,Eﬁ - ™) e W
— Qs 4 | gwspws 4 Z Vw7 ) + — + ="+ p"D):d¥
P |:6 < Mws Dt o, P Pws Dt oo 97\’( p*l)

Ws*

e = = s _ = _ 1
+ _:(ts _ tS):dS + —=(tWS _ wsl):dws _ EWqW V= - ewsqws V| =
& 0" 6" 6"

. éq§—<<t o). (v—v)> .v(i>+i_s{[Kva—s+,mem_<vWS—vw>é<vWS—vw>]

= _ _ — _ ws—w _ WS _ WS\ . (\W5 _ WS
- | KE+ u+ - V- Vip) (V Vi }M +_ [Kgs+ﬂws+¢ws_(v s)Z(V s):|

[ = _ _ (V - sz) (V Ws—$ C
- KSE+/‘LS+¢S - = 'ts'ns_o's:~_S Ng + (Vs = Vi)
L Js Qe
WS—W WS—W B W _ WS W _ WS _ _ _ [ws—w
){ Q +(WIF-v9). T +[ L0y (v Vw)+¢;vW5+K|VEV§v—¢W—K,VEV] M}

WS WS 2
1 Ws—s _ ws—s E R _VWS v WS _ _ |ws—s
o —){ Q +( -V T Lu Vo & )+¢ZV‘+K”E“§-W-KE]M}
S

+
—

Tl = %”l =
Q%||| -

2

WS—W — — — Ws—W WSs—$S

_E{ T+ MgV + "V (" + " + KE) - V(") + 7"V ew}-(vw—v§>+ﬁ:s{ T + T - g™
— o 1 - 1

— €™V (U™ + KE 4 ) = VO - V(Y (V- V) = =(ng e 1 (v = V), Q+—-<[V'ts
& " I

C < 1 <
- V‘7'5:._S:| (v = Vs)> = =[Py + Ng ts Ng+ %V Ng = pysGus * NsJ (Vs = V°) - ns>$2w5,() = (PuVuss
Is a0 6"

- 1 1 - 1 1 1 -
—Vv9) . - - — —V9) . —-—=|+—=[V - . -V
Vo) ns)QWS,Q< b HWS> (Ng + tg - Ng(Vys = V°) ns)QWS,Q< 05 0W5> HNS[ (NgNg (Vs = V) Yusda, 0

- 1 _ _ 1 _ _
+ <n3nsyws>ﬂws,ﬂ:ds] + ﬁ V" NNy - (Vys = v9) 77W3>QWS,Q + ﬁ v (/-l“Ws + KVEVs + QZ’WS) NNy - (Vs = VS)pWS>QWS,Q =A=0

(29)

Journal of Heat Transfer OCTOBER 2009, Vol. 131 / 101002-5



3.8 Simplified Entropy Inequality. The SEI is produced
from the CEI by making restrictions and approximations about the
system behavior. A more detailed example is presented elsewhere
[2], and here the elements are merely stated.

The system is defined to be a simple system [12] so that the
relations between the nonadvective entropy and energy fluxes are
proportional to the temperature as are the relations between the
entropy and energy source terms. For the simple system we
specify the relations between the entropy and energy fluxes as

= qW

¢"'-—==0 (30)
o
= 1 C

esqa —_[esq <<t -0y ) (VS—V5)> ]20 (31)

& s Q.0

4

- i 0 (32)

and the relations between the entropy and entropy sources as

D%(6,, - 6")

_ wa+i: €WhW+<1]W w >
HN Dt Qva
E

+i<p DS(M+¢W_”W_KW_‘!’W)> =0 (33)
e\ Dt 0,0

W, WS

S P (6 - )+ y G
& ¢

WSI):dWS -

- [esqg - <<ts - 05:3I> N\ v§)> } : V(i-) + (i - —S)EWSSW M-V T
Js .0 & g 0"

WS—S

1 1\ ws—s B
+<;_W—S>[Q +(VZV5_VS)' T —(ng g Ng(Vys =
WS—W WSS

VR T (T e T

V) - gt 1 (v - V) ,9+5<[v t—V(rS(_:] (vs—v5)>
& Ws & is

1
- —=([pw + Ng L Ny + %, V' N Ng](Vis —

P s~ PwsOws -

1 _
+ ﬁ V" <nwnw ' (sz HWS

To further develop this analysis, we define the geometric orien-
tation tensor for the ws interface, G"S, as

€°G" =(Gyea, 0= (Mg, 0 =(NNa 0 (39)
For the current system consisting of a single fluid and solid, when
the orientation of the surface of the solid grains is random, G"*
=1/3. When the principal directions of solid grain orientation are
aligned with the coordinate system, G*S is a diagonal tensor. The
trace of G"S is invariant and equal to 1. Knowledge of the micro-

scale geometry is sufficient to compute G%$ without error and
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quV" -V

WS WS

- p"g™

V¥ g, ot

\ )77WS>Q o Q +—=V (M + KWS + QZ’WS) NNy - (Vs =

—éb5+i_léh8+< D*(6, - ‘96)> }
& Q0,0
+l<ps ( +171/S ,LL KE > =0 (34)
&
1_S|: €VShWs + <77w ,(HWS 6W)>
Q, n

" L=S<P ,S(/‘«ws + l!fws - KWS > -0
0" 0,0

(35)

Since species transport is not being considered, we will also
neglect phase change that could be important if a melting, freez-
ing, or evaporation process is occurring. This stipulation is applied
by requiring

WS—W WS—S

M =M =0 (36)

and also the fact that when no phase change is occurring the
microscale condition that applies is

N+ (Vs = Vis) = Ng (Vi = Vye) =0 (37)

Thus the SEI under consideration is

i _ stﬁ_v(i)
o) ST

WS—W

— (PuVis = V) - n9o, 0]

WS—W

V) ndq, ol - E{ T+ g7+ Y V(g 4 i+ KY)

— € spws Y (MWS"' K\IIEV:S+ ¢m) _ 7,/\/\?V avﬁ_ V(EWS,)/WS)}

0,0

S

1 _ -
ﬁ[v “(NgNs - (Vs = Vo) 7ws>QWS,Q + <nsns'}’ws>ﬂws,ﬂ:ds]

Vpusha,0 = A =0 (38)

thereby test the macroscale models derived from this theory. This
tensor is a useful indicator of the isotropy of the system for both
flow and transport processes.

In general, G, appears within averaging operators as a product
involving other terms. An approximation will be used here that
assumes the product terms are independent, such that the orienta-
tion of the interface does not depend on interfacial tension or
velocities. This allows us to estimate the integral of the product as
being equal to a product of the integrals of the terms. Applying
these approximations and similar product-splitting integral ap-
proximations, and relating changes in € to changes in €5, we
reduce Eq. (38) to
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+—=

= = & = = — —
Hw(tw + le):dW+ ;(ts _ tS):dS + jF:s[tws _ ,yw5(| _ GWS)]:dWS -V

@Vi_wsvﬁv<i>
q H\ﬁ’ €eq 6‘\%
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= C _ 1 11\ o . .
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Js 0,0 & ¢ 0"

WS—S

Ws—W

1 1 WS—S _ _ - — — =
+( )[ Q + (=) T (et v =V Mg ] = T+ g T (4 K - V(Y

P

WS—W  WS—S

+ T]VZVV GVZV}.(VW_VE)_'_W:S{ T + 7T _éwspwsgws_ EWSpWS(| _GWS)_V(MWS_'_ K\é/=s+ lﬁm)— n\zﬁ(l_GWS).vH\ﬁ_vl[Ews,yWS(l
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1
- ﬁmw +Ng b N+ Yus V' Ng — Pss * ns>(2WS,()WS Dt

€
=A=0

S

(40)

We will use this SEI by relating it to Eq. (24) and linearizing with respect to the force variables. If we therefore eliminate the higher
order terms from Eq. (40) (i.e., those involving products of force variables that go to zero at equilibrium) we obtain the linearized SEI

that we will employ to obtain closure relations as

W - WS

= = = = _ _ = _ - WS—W
+ S (4 pUy:d + i(tS 1) + [t - (1 - G')]:d - g ¥ )- CEE V(é) -eq°-V 1), Q 11
6" & 0" 6" 6" &

Ws—W

WS—S 1 l _ _ _ — —
+Q (—- - —> ——=[ T +ep"g"+ "V (" + u") - V()] (v - V)

¢ )

WS—W  WS—S

+ W:S{ T + T - ewspwsgws_ ewspws“ -G"). V(MWS+ wW'S) -Vv. [Ews,yws“ _ GWS)]} . (VWS_ VE)

1 , D¢
- ﬁ(pw gt Ns+ VsV - N = PuusOus * ns>QWS,QWS Dt =

A=0

In this equation, each term consists of a flux followed by its conjugate force.

4 Closed Equations

An objective of this work is to produce closed TCAT models
for heat transport in a porous medium system. One aspect of the
problem is to make use of coupling between processes in forming

Onsager-like closure relations. For example, €'q" could be ex-
pressed as a linear function of each of the temperature gradients
and of the relative velocities. This coupling can be important in
instances when the gradients or velocities are large. Here, the
simpler case will be considered where the coupling between pro-
cesses can be neglected. Thus, the linearization will assume that
only the conjugate flux-force relation need be considered. One
WS— K
exception to this choice is that the term designated Q accounts
for heat transfer plus work. This must be accounted for in the
closure process. We will consider two different cases. In the first
case, the temperatures of the phases and interface will be allowed
to be different. In the second case, a single temperature will be
assumed to characterize the system at all macroscale locations in
space. In the heat transfer literature, these two cases are often
termed the two equation or local thermal nonequilibrium model
and the single equation or local thermal equilibrium model, re-
spectively.

4.1 Linearized Closure Relations Without Coupling. At the
microscale, the stress is modeled as being related to the rate of
strain (e.g., for a Newtonian fluid). At the macroscale, the length
scale of the viscous effects is small enough that the stress tensors
may be considered to be independent of these strains. In this case,

the multipliers of each of the rate of strain tensors, de, in Eqg. (41)
must be zero; and we obtain the closure relations

£+ p¥ =0 (42)
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(41)
té -t°=0 (43)
% - yS(1-G") =0 (44)
The linearized heat fluxes are all of the same form
= ~ 1
qé=- Kak . V(—) for a e {w,s,ws} (45)
0

where Kf; are symmetric, positive, semidefinite, second-rank ef-
fective heat conduction tensors that also account for tortuosity and
dispersive effects due to velocity fluctuations.

The two expressions for energy exchange between the phases
and the interface account for heat transfer and the work of volume

WS— K

change. Therefore, Q will be linearized in terms of both its
conjugate force and the force associated with work of volume
change to obtain

WEK_RK i i &K D§€K
T\ g ) VDt

for k e {w,s} (46)

where the scalars k(’]‘ are non-negative heat transfer coefficients
and the fact that €"=1-¢€ has been employed.

For momentum transfer involving the w phase, the linearized
exchange term is

WS—W _ _ _ N _ _
T+ el e eV (¢ + ) - V(') = - R (- V)
(47)

while for the exchange due to interface movement the closed ex-
pression is
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WS—W  WS—S$S

T + T - EwspwngS_ EwspWS(l _ GWS) . V(,LLWS"' I/IWS)

-v. [EWS,yWS(l -G™)]= ﬁws ) (VWS _ VE) (48)
In these last two equations, R" and R" are symmetric, positive
semidefinite, second-rank flow resistance tensors that simplify to
scaled unit tensors under conditions of entity isotropy. The final
closure relation involves the balance of forces on the surface of
the solid and is linearized to

D¢

=C——

WS’ “ws Dt
(49)

= (Puwt Ng to Ny + %V’ Ng = PysGus * Ns)y

where € is a non-negative compressibility parameter.

4.2 Momentum Equation Closure. Closure relations (42)
- WS—W
and (47) are employed to eliminate t* and T from the momen-
tum equation for the w phase to obtain [2]
DW(&V oMW - o B _
% + EWpWVWIZdW+ RW' (VW_VS) + EWPWV (¢W+ IuW) =0

(50)

When the local and advective acceleration terms are negligible,
this equation simplifies to a Darcy-like equation

RY- (V"= v) + €"p" V (" + u¥) =0 (51)
Further manipulations with this equation for use in analyzing flow
in porous media, including the solid matrix compression, the form
of the stress tensor for the elastic solid, and the use of this fluid
phase momentum equation with the mass conservation equations,
have been presented [2]. Since the goal of the present exposition
is to focus on the energy equation, these issues relating to flow

will not be considered further. Instead, we turn our attention to
closure conditions for total energy.

4.3 Energy Equation Closure: Entity-Based
Temperatures. From the general conservation equation expres-
sion in Eq. (2) and with the specific information in the table and
for the exchange terms, the total energy conservation equations
for the w and s phases are

o e v ke )]
Dt

= 1 - _ = _ =
+ [E“+ e“p“(gva-v% Kg + W)]I:d“

-Vv. (Eata . V51+ ana)
1 WS, _ws WS 1 WS\ ,WS WS WS .
GWSpWS Ea teTp, Eva Vo +KEa+¢af M

(23

— *h® -

Ws—a WS—a

-v®. T - Q =0 for ae{w,s} (52)

For simplicity, we will consider the case where the energy trans-
port in the interface between phases is small so that the ws energy
equation need not be included in the analysis. We note in passing
that it may be convenient to work with the internal energy equa-
tion in a particular application. This equation, denoted /¢, is ob-
tained from the energy, momentum, and mass equations of a phase
as

US=EX= v P+ IV vEME-GE =0 for @ e {w,s}
(53)

where G is the identity that applies when the body force potential
is due to gravitational effects and the correlation between gravita-
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tional potential on the interface with the phase velocities at the
interfaces is negligible such that
DH a_a P

(€ pt) v .,

WS—a

ga: Gapagalvt_x_'_ E“p“tﬂ‘_xlidz— wzs M =0

D
(54)
Thus, the internal energy equation may be expanded out to
Da E<:x+ €< aKz - - -
yo= DEEPKD | T gk
Dt
- &t d -V - (e2q%) - e*h®
WS B _ _ |ws—a
a a WS a WS WS
- Ewsp\;vs +E(V =Vy) (v _Va)+K‘I,EV¢sy M
_ WS—a WS—a
+(v*=Vv®. T - Q =0 for ae{w,s} (55

The velocities of the phases averaged over the solid-fluid inter-
face surface, vy’ and vi°, are small and will be assumed to be
equal to the macroscale solid-phase velocity itself, vS. Addition-
ally, we will assume that mass transfer between phases is negli-
gible and that the subscale kinetic energy term Kg is negligible.
With these simplifications, Eq. (55) becomes

DB‘EE - - = -
U= = + (EY - €*t*):d“ -V - (e*q?) — €*h®

B _ Ws—a  Ws—a

+(v¥=Vv%). T - Q =0 for ae{w,s} (56)
With the interface properties not being considered, Egs. (47) and
(48) may be combined to write

Ws—a _ _ _
T =ewd= €'p"g" = €"p" V (" + 1) + V(€"p")

—RY- (V'=v9)] for a e {w,s} (57)
where e,,=1 when «=w and e, ,=-1 when a=s. Elimination of
WS—a WS—a

T and Q from Eq. (56) using Egs. (46) and (57) and also
employing the flow model of Eq. (51) give

U= 2 (B - etd - V- () - ehe
Dt
(=) - T V(Y] - &3(1_ - i—)
g 0"
~ gea
+kiy Dt =0 for ae{w,s} (58)

The Appendix indicates that the parameter ﬁ\‘,f, can be specified as

kg =-(Ny ta Mo o (59)

Ws'™"ws

With this condition and a rearrangement of (v®-v5)-[V(e"p")] to
a difference in material derivatives yields the internal energy
equation

DEEE N D:)z(epr) _ DE(EWpW) _

U=
Dt Dt Dt

(N, t, N

+ (Eil _ EatZ)Id‘:)‘ -Vv. (ani) — *he - Ewpwng. (VB _ VE)

— 60

o (60)

We make use of Egs. (42) and (45) in Eqg. (60) with a=w to
obtain the internal energy equation for the w phase

~ (1 1
—kg’(—— )zo for a e {w,s}
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W ' W AW WAW S _W
= EEER) B sty a0,
+(EW+8WNdeW+V-{ewkg~v(ig>]
0"
— VW 4 €W(pr_pwgVV) ) (VW_VE) _ ﬁg(i _ i=) -
¢ 0"
(61)

The term involving V"=V is second order in velocity and thus can
be eliminated. Additionally, the macroscale enthalpy of w phase
per total volume is defined as

HY = EW + epW (62)

Finally, let us assume that the microscale stress tensor is repre-
sented as

(63)

where =, accounts for the frictional forces. Then Eq. (61) may be
written conveniently as

ty=—pul + 7

wpw

- = pr
u'= +H":dY - € Dt - -py
DE W N 1
+(Ny Ty w>QWS QWS) = +V. |:EWK;V : V(;):| - e'h"

- qu(i - é) - (64)
¢ 0"

Usually, the term involving the material derivative of €” is absent.
This may often be a reasonable approximation since the w phase
pressure averaged over the solid surface, p,°, may approximately
equal the w phase pressure averaged over the phase, p*, and the
component of the frictional stress indicated is also typically small.
However, without averaging the equations, the presence of this
term and its possible importance is easily overlooked.

For the solid phase, the internal energy equation provided by
Eq. (60) with the restrictions mentioned becomes

Sgs s
= (N5t N9a, 0, Dt

= + (E¥I - €6):dF

Dt

v [ak;v(i)] —éhS—kgC—%) 0 (65)

The enthalpy of a solid is defined as

S S

= CS
Ly
Iy
Thus the solid-phase thermal energy equation may be written in
terms of enthalpy as

(66)

Spps - — DE _ CS) Dges
=— +HLd*+ —| €0 ng-ts- N
Z/[S Dt Dt( js < S s>ﬂws Ds Dt

+ [(eso-s:(j:—s)l —asts]:dS+V- [ékg : V(i_)} —&he
&

~(1 1
-kKl=-—=]=0
%)

An identity for the material derivative of sso-é:CS/jS can be found
in Appendix A of Ref. [7]. With some rearrangement of this iden-
tity, we obtain

(67)
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DS - s DS& s N
D—t<éo-5:(j:s) (Ng-t, N9l 0 +[<eso-5:(j:—s)I—ests}:dS

ws™ “ws Dt
c D'¢* [ C, D¥(0,-0°
= +\ = (- ) +((n- ts- ng
y Dt Js Dt 0,0

- <ns ' ts ' ns)QWS,QWS)ns ' (Vs - Vg»ﬂws,ﬂ + <ns ' ts s

‘(Vs‘Vg»uws,n‘ <{V t,-Vog— S } (Vs —v5)>
Js Q0,0
+V'<|: U'sc-: ] (Vs_VS)>
Is Q0

The last four terms in this identity will be neglected for the
present case because, in the first two terms, the multipliers of the
velocity difference in the averages over the ws interface are neg-
ligible; and, in the last two terms, the average of the velocity
difference over the solid phase will also be small. With these
terms eliminated, substitution of Eq. (68) into Eq. (67) yields

DSHS cs DSO'S C, Do, - o
U= +HOLOE + es — _—5:—(0.S )
Dt ] Dt Js Dt Q.0

“ 1 ~ (1 1
V. {éKZ-V(—)} —éhs—k§<———)=o
¢ ¢ "

Equations (64) and (69) can be solved together when thermo-
dynamic information is available for the two phases. Additionally,
since the interface properties are being neglected, the heat trans-
ferred between phases must be preserved with

(68)

(69)

WS—W  WS—S

Q +Q =0

This condition may be used to solve for 6" by making use of the
closure conditions of Eq. (46) subject to Eq. (59) and the fact that
e¥+ e =1. Substitution of the closure conditions into Eq. (70)
gives

(70)

(11 (1 1
kg E_W:s +kq E_H‘”s +({(Ns 5 N9a, 0

Dges
w Nwa, 0 ) =0

WS’ WS’

- <nw (71)

such that the solution for 1/ 6 is

l 1 kw kS Dsfs
— = |:Ji" + =2+ (ng- (- t,) ns)ﬂws s Dt :|
" & bt

(72)

We will assume that any discontinuity in the normal stress multi-
plied by the rate of change in porosity makes a negligibly small
contribution to 6" so that the last term in this equation may be
neglected. We will also ignore the body source term for energy
(e.g., radiation effects) so that h" and h® are eliminated. Finally,
we introduce a thermal conductivity scaled by the square of the
temperature such that

. Ke

K§=—= (73)
o«

Thus the equations of interest for modeling the thermal behavior

of the w and s phases independently are, respectively,
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DWHW vaw

D - -
= HY): W — -V (K} -V
u" o " d Y V- (e"K} - VoY)

(1 1)'1(1 1)
-\ =+ —-—=|=0
ky kS & ¢

q

(74)

and

SHS - s DSo° (o — o
U= oH = HLd+ eSC. 0§+<%:D(0’S—0§)>
Dt t 0,0

ji° Dt is D
-1
V(RS m_(i+£) (l__i_):o 75
kY K ¢ 6"

It is common to express these two equations in terms of differ-
entials in temperature. With the TCAT approach, this differential
can be obtained by integrating the differential expression for mi-
croscale enthalpy to obtain a differential expression in terms of
macroscale variables. This procedure has been explained previ-
ously [5-7] so the full derivation will not be presented here. The
result of averaging the microscale representations of the differen-
tial of water phase enthalpy is

W WS—W

DVHY - -
+HdY - M
p
W W I pr
- W WCw + V(1 - phgv
P Crpp T U-B
DW(_W HV_V) o D6, 6"
“Dt\p, €p" Pupw Dt
D"(p,, — p")
-(1-By W)—t (76)
Q,0

where B,, and B" are the microscopic and macroscopic coeffi-
cients of thermal expansion, respectively, and C,, and CY are the
microscale and mass averaged heat capacities. For the solid phase,
averaging of the microscale differential of solid-phase enthalpy
yields

S Ws—sS

DVHS _
S| S _
o HHId &
D¢ & . ==Do [ D(H K
—_ SS (S — PSS _ S _
PGy 'S(C B 5 < Dt( 65p5>
D%(6, - 09) D¥(o - 0'5)
pSCpS Dt J (C Bs s) Dt 0,0
(77)
where
acs>
== 78
P ((ws o (78)

and B is the macroscale tensor value of this coefficient of thermal
expansion.

Note that by averaging the microscale relations rather than sim-
ply hypothesizing some sort of macroscale formula, we are able to
retain a connection between microscale and macroscale variables.
The price for this feature is the presence of the terms that remain
in the averaging operators in Egs. (76) and (77). These terms
account for the absence of local equilibrium at the macroscale.
Typically, these terms are implicitly overlooked in the energy
equation formulation. Here, we will substitute the respective de-
rivatives of the enthalpy into Egs. (74) and (75). For the w entity,
the resulting thermal energy equation is
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w _ _pWaW
p

— g —— _
<P oy
_ Dl(m_ HW)_ o D0, ¢
Pw Dt\p, €p" Pwpw Dt

p" 1 1\1 1
_(1 Bw w)¥> _<,\_+A_> <___)
0,0 \kY Kk M &

q q

The term involving deviations that is in the averaging operator
could be important for systems where the dynamics are fast. Here,
we will assume that the change in properties is slow enough that
these terms are negligible. With this assumption, subject to review
depending on the problem under consideration, the energy equa-
tion simplifies to

V(K" V)

W o - —pWyw
P

- EWHI',B‘TVF -V (EWPA(Y,Y . VH‘T")

D
uW_ w wa
P Dt

e G3)
- —=+= —-—=/=0
ky kg M &

Next, we substitute Eq. (77) into Eq. (75) and neglect interen-
tity exchange to obtain the thermal energy equation for the solid in

(80)

the form
D¢, €z DS(H, K
S S — —_
U=t SOSBS < Dt(ps 65p5>
DS6,-¢) 1 _ DYoo)
Pscps Dt i 0sBs: Dt 0.0
1 1\%Y1 1
-V (a‘SKS V&‘S)—<—+—) (---)ZO (81)
kY kS & ¢

As with the w phase, we will assume that the system dynamics are
slow enough that the material derivatives of the deviation terms
inside the averaging operator in Eqg. (81) can be neglected so that
the thermal energy equation for the solid is

S - S
U= epCir Dfs fasﬂsD"j

(1 1)'1(1 1)
-t | =-=|=0
W S

ke k) \e¢ ¢

In most cases, the velocity of the solid phase is considered to be
so small that the material derivatives in Eq. (82) can be replaced
with partial time derivatives. Equations (80) and (82) constitute
the two-temperature model for temperature in a single-fluid-phase
porous media system with heat exchange between entities of a
form analogous to Newton’s law of cooling.

-V (eSKS VGS)

(82)

4.4 Energy Equation Closure: Single Temperature. When
the heat transfer between the phases is fast enough that the phases
can be considered to be at the same temperature, a single internal
energy equation may be used for modeling. This equation is ob-
tained by adding Egs. (80) and (82) so that the term for heat
exchange between the phases cancels, and we obtain

D" ¢" D¢ - D"p¥
— ww w S W w_—_ P
U+ Uf G5y + €p°C o 6" g" S
€ = = D’
+F6’SBS SV WY VG + SRS V) =0

(83)
Although we could now replace the indicated temperatures in
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each phase with a common temperature, it may be useful to ex-
amine the system more closely to obtain some insight about the
conduction tensors.

The total conduction vector is identified from the last equation
as

q'= K" Vo' + €K V6P (84)

This can be decomposed making use of the orientation tensor to

qT=G" ("KY - V4" + €K5 V) + (1- G™)

(K. VO + €K V) (85)

Note that the term in the first set of parentheses is the heat transfer

due to flow normal to the interface between the phases. The sec-

ond term on the right is due to heat transfer in the direction tan-

gent to the interface. We want to write both of these fluxes in
terms of a single temperature ©.

Consider the first term, which accounts for flow normal to lay-

ers (e.g., from w into s). We want to represent this part making use
of the fact that for local steady state

G"s. qT =G"s. q\7v =G"s. qg (86)

with

G™ . ("KY . V@' + &KS- VA =G™. K, VO (87)

Additionally, the continuity of the heat being transferred requires

G"s. kg-V&E: G"s. Kg- VO for a e {w,s} (88)

We also know that in approximating the two-temperature gradi-
ents using a single gradient in the direction across layers that

&GS .V + SGY . VF=G". VO (89)

or

EWGWS'RH'VH\?V"'SSGWS'kg'vgg:GWS'kB'V@ (90)

Eliminating the gradients of 6" and ¢ from this equation using
Eq. (88) gives
G". Ky ("KW T+ eKSY) K, VO =G . K, - VO (91)

Therefore we can use the relation

G Ky=G" - ("KY ™+ &K ™ (92)

so that substitution into Eq. (87) followed by substitution into the
first term on the right side of Eq. (85) yields
qT=G" - (KU 4 €KY VO + (1 G™)
(K- VO + €K V) (93)
In the direction tangent to the materials, (i.e., in directions |
—G"s at the macroscale), all the temperature gradients are equal
when using a single temperature formulation. Thus, Eq. (93) be-
comes
qT=G" . (KU + EKGH VO + (1 - G)
("KW + £5K5) - VO (94)

Substitution of this expression for the conduction vector into Eq.
(83) and replacing the individual phase temperatures with the
common temperature provide the energy conservation equation
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*DW@) —Dg(»-) :D\Tva
Z/[W+us: WWCW +€S sCs__ W@ W
P Dt P Dt € B _Dt
€ - Do . )
+EOB LTV (G (KT KT VO

+(1-G") - ('K} + €K3) - VO]=0 (95)
There are several attractive features associated with the form of
the conductivity as it appears in Eq. (94) and then in energy equa-
tion (95). First if the system is layered and conduction is orthogo-
nal to the layers, the first term will dominate. When conduction is
parallel to the layers, the second term will dominate, and the ori-
entation tensor G"S will assure this behavior. When the matrix
structure is isotropic, G**=1/3 and
W S
D"® N GSPSC; D°®
Dt

:D\TVpW
— g/
0P ot

U+ 1Uf = €"p"C))
P oy

€ =D 1 ot aoet
+j—s®ﬂs: o —V-Hg(eWK‘Q’l+eSKS,, Ht

+ g(evvkg + ék;)] : V@} =0 (96)

If, additionally, each phase behaves isotropically and dispersion is
also isotropic, then the effective conduction tensors reduce to
scaled unit tensors so that the internal energy equation is
DYO -D°© - D"p"

+EPCi - It
pt TP €O T

e =D 1/ &\
+ <08 Dt —V{{§<f—+A—)
j RY RS

2 . N
+§(EWK‘2’+SSKZ):|V® =0

U+ 1= pCE

(97)

5 Discussion

Heat transport in porous media is an area of research rich in
both applications and scholarly examination [13-16]. Recent work
has focused on understanding conditions under which a one equa-
tion, or a local thermal equilibrium, model applies, solving a va-
riety of cell problems to provide approximate closure relations
[13,16], and improving the understanding of non-Darcy effects on
thermal transport [15].

Similar to some previous work [14-17], a multiscale approach
based on formal averaging is used in this work. However, as a
departure from previous work, the TCAT approach is employed,
which provides a framework in which conservation equations, an
entropy inequality, and thermodynamic relations are jointly and
consistently used to formulate models, which may include both
phases and also interfaces. In addition, unlike previous work [17],
we have not assumed an incompressible solid phase, leading to
differences in the final form of the formulated models. The TCAT
approach provides a description of all macroscale variables in
terms of well-defined averages with appropriate weighting de-
pending on the quantity. Based on this work and previous TCAT
work, a hierarchy of models can be developed and examined. This
hierarchy can be compared with results from and advanced
through the solution of subscale problems by a process analogous
to traditional subscale computational or analytical approaches.
This aspect of this TCAT work has not yet been considered for the
case of heat transport.

To complete the TCAT development of a macroscale model for
heat transport in a single-fluid-phase porous medium system, the
validity and applicability of the macroscale equations and closure
relations developed here must be studied in conjunction with mi-
croscale and macroscale modeling and experimentation. We note
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that additional manipulations involving the solid-phase motion
may be examined, as in Ref. [11], so that the solid consolidation is
considered as a consequence of the fluid phase that is modeled
explicitly. Additionally, although the closure relations of Egs.
(42)—(49) were applied to the thermal energy equation here, those
same relations may also close the total energy equation if that
equation is to be used in a model.

Finally, closure of the energy equation for the interface between
phases was not considered in this manuscript. The needed conser-
vation equations and closure relations appear, but the actual inclu-
sion of the closed equations is not provided. This is consistent
with the case of flow and heat transport in a natural porous me-
dium. For a situation where a coating of highly conductive or
insulating material is applied to the surface of the porous media
grains, for example, the interface equations could be important in
describing the overall system performance. Additionally, if porous
media flow containing two or more fluids is to be studied, the
work involved in deforming the interfaces may contribute to the
total energy balance.

6 Conclusions

The previously developed TCAT approach has been shown to
be applicable to the derivation of closed models involving energy
transport in porous medium systems. TCAT models are formu-
lated in terms of well-defined averages of all quantities that appear
in the model. Both the local-equilibrium and local nonequilibrium
cases are considered and conditions under which the TCAT for-
mulation reduce to models similar in form to traditional models
based on volume averaging are shown.

The general nature of the mass, momentum, and energy equa-
tions considered and the closure schemes advanced provide a
means to investigate a wide variety of physical phenomena, in-
cluding systems not in local thermal equilibrium, systems involv-
ing non-Darcy behavior, systems in which compressibility of the
solid is important, and systems in which interfacial effects are
important. Such investigations warrant further consideration.
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Nomenclature

Roman Letters
b = entropy source density
C = Greens’ deformation tensor
C, = heat capacity at constant pressure on a per unit
mass basis

€ = compressibility parameter
d = rate of strain tensor
d* = macroscale rate of strain tensor,
[Vve+(Vve)T]/2
E = internal energy density
E* = macroscale internal energy density of entity a,

(Eva, 0

E" = macroscale internal energy density for entity «
obtained as an average over interface ws,
€(E0a,,0,.

&% = macroscale conservation of total energy equa-

tion for entity «

= scalar thermodynamic force

vector thermodynamic force

= tensor thermodynamic force

F* = macroscale conservation equation for property

FZ

TTm
[
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K—a

macroscale density of a general property of
entity « being conserved

nonadvective flux of F¥ in entity

source term for property F“ in entity «
microscale orientation tensor for the ws inter-
face, ngng

macroscale orientation tensor for the ws inter-
face, (nsny)a, 0

Ws'="ws
identity relating material derivative of macros-
cale gravitational potential to macroscale
gravity
body force acceleration vector (gravity for this
application)
enthalpy of entity s per unit volume,
ES-€e0°:C%/j°
enthalpy of entity w per unit volume, E¥
+ €WpW
energy source density
identity tensor
surface identity tensor
index set of entities, {w,s,ws}
scalar thermodynamic flux
vector thermodynamic flux
tensor thermodynamic flux
solid-phase Jacobian

macroscale kinetic energy of entity « per unit
mass of entity « due to microscale velocity

. 1 e e
fluctuations, <§(va—v") . (va—v"‘)>%“aypa

macroscale kinetic energy of phase entity « per
unit mass of entity « due to microscale veloc-
ity fluctuations obtained as an average over

. 1 e e
entity ws, {5(V,=V")-(v,—Vv~«
yws, Gev- vy o

effective macroscale heat conduction tensor for
entity

scaled effective heat conduction tensor for en-
tity o, Kg/ 62

interentity coefficient for heat transfer between
entities ws and

interentity coefficient for work of expansion of
entity « impacting interface ws

macroscale conservation of mass equation for
entity «

transfer of mass in the « entity to the « entity
per unit volume per unit time

transfer of energy from the « entity to the «
entity due to interentity mass transfer per unit
volume per unit time

transfer of momentum from the « entity to the
« entity due to interentity mass transfer per
unit volume per unit time

outward unit normal vector from entity «
macroscale conservation of momentum equa-
tion for entity «

fluid pressure

transfer of energy from entity « to entity « by
heat transfer and work of expansion per unit
volume per unit time

nonadvective heat flux density vector
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qz = macroscale nonadvective energy flux vector,
(A= (Eal pa=E/ €p+1/2(V4=V) (v,
V) palVa=V)aa, ~((KE+ = ) palV,
V)=t (Ve=V))a 0,

= total heat conduction vector, quV:V+ ossq§

= resistance tensor for flow of entity «

entropy balance equation

= CIT-based material derivative of macroscale
thermodynamic equation for internal energy
equation of entity «

'ﬁ |95} ;g) 2
Il

K—a
T = transfer of momentum from entity « to entity
a due to interentity stress and per unit volume
per unit time
K—a
T, = transfer of energy from entity « to the entity «
due to frictional effects per unit volume per
unit time
= stress tensor
= macroscale stress tensor for entity «, (t,
_pa(va_va)(va_va)>ﬂwﬂa
t = time
U* = macroscale equation of thermal energy conser-
vation for entity «
v = velocity
K—a
X = transfer of property of entity « being con-
served from entity « to entity «
X = material coordinate position vector
X spatial coordinate position vector

py
Il =t
([t

Greek Letters
a = entity identifier that takes on values of w, s, or

ws to denote fluid, solid, or interface,
respectively

= coefficient of thermal expansion for a fluid

= macroscale coefficient of thermal expansion for
a fluid, (Buow)a,,q,/ 0"

Bs = microscale solid-phase tensor coefficient of

thermal expansion and stress

microscale solid-phase tensor coefficient of

thermal expansion and stress, (6Bs)q,_o,/ ¢

interfacial tension

= measure of quantity of entity « per macroscale
volume

= entropy density

= macroscale entropy of entity « per total vol-
ume, (7,000

1, = macroscale entropy of entity « obtained as an

average over interface ws, €(7,00, 0,
® = macroscale temperature when all entities are

modeled as having the same temperature at
any macroscale point

= temperature

macroscale temperature of entity «,

(0,0, 7,
A = entropy production rate density

R

B 3
Il

msz\e
Il

Sm I3

IS
Il

g = Lagrange multiplier for macroscale total en-
ergy conservation equation of entity «

N4 = Lagrange multiplier for macroscale mass con-
servation equation of entity «

A% = Lagrange multiplier for macroscale momentum

conservation equation of entity «
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>
e
Il

Lagrange multiplier for material derivative of
macroscale thermodynamic equation for energy
of entity «

chemical potential

mass density

Lagrangian stress tensor for the solid phase

999w =
Il

= macroscale Lagrangian stress tensor, aE :CY/ 8
=(oy: Cs/js>ﬂs,ns
= nonadvective entropy density flux vector
= macroscale nonadvective entropy density flux
vector, <¢a_ ﬂa(Va_Va»sza,na
¢ = acceleration potential (e.g., gravitational
potential)
) = macroscale spatial domain or REV
Q¢ = subvolume of Q) occupied by solid
Q,, = subvolume of Q occupied by fluid
Qs = interfacial region within Q between the solid
and fluid phases

ﬂss S

& = o

Subscripts and Superscripts

S,W,Ws,a,x = as subscript, refers to microscale property of
corresponding entity; as superscript, refers to
macroscale property of corresponding entity; as
superscript with overbar, refers to mass aver-
aged property of corresponding entity; and as
superscript with double overbar, refers to mac-
roscale property defined uniquely for different
properties in the Nomenclature

Macroscale Quantities Obtained as Integral Averages
<Pa>QK,QB,m = general average of some microscale property,
P, of entity «, using a weighting factor, m,
fQKmPadt/leBmd‘C
<Pa>uk,nﬁ = average with weighting factor m=1,
fQKPadt/fQBdt
P = entity average, (P,)o_q,
P® = mass-weighted average, (P,)nga,pa
P, = surface average over the interface, (Po)q, 0,
PZZg = mass-weighted surface average over the inter-
face, (Pua, 0

Material Derivatives -
D¢/Dt = material derivative with velocity v¢, d/4t
~ +ve-v
D’*/Dt = material derivative restricted to an interface,
D?/Dt+(Vys—Vv®) - ngng-V

ws'Pa

Appendix A: Form of Energy Exchange Term

In the absence of mass exchange between phases, Eq. (14) sim-
plifies to the definition

WS— Kk
Q =(nc A, 0t N te (Ve=Vig, 0 (AL
WS— Kk
In positing closure relations for Q , it is appropriate to make use
of the fact that in this expression, the first term on the right side is
associated with heat transfer while the second term is related to
work. The purpose of this appendix is to examine the work term

so that guidance can be provided for specifying ki that arises in
Eq. (46).

As a first step in the analysis, decompose the stress tensor fur-
ther into normal and tangential components to obtain
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<n;< ' tK ' (VK - v?(vs»ﬂws,ﬂ = <(nK ' tK ' nK)nK ' (VK - Vvas))Qws'Q
+ <(nr< L l/) ' (VK_ VT»QWS,Q

(A2)

When there is no phase change occurring the microscale phase
velocity at the interface is equal to the microscale velocity at the
interface. Therefore v,=v,s and vI°=v™. With these notational
changes, Eq. (A2) becomes

<nK ' tK' (VK - VT))Q.WS,Q = <(nK ' tK' nK)nK' (VWS - VWE)>Q QO

+ <(nK : tK ' I’) : (VWS - VWS))QWS,Q

(A3)

The second term on the right involves the tangential velocity at
the interface. We assume that the difference between the averages
of the tangent of the microscale velocity is equal to the average
tangent multiplied by the macroscale velocity. Thus this term is
negligibly small. For the first term on the right, we assume that the
correlation between the microscale normal stress and the normal
velocity difference is unimportant so that the average of the prod-
uct is equal to the product of the average. With these minor ap-
proximations we obtain

Ny e (V= Vlvg»nws,n =Nt Na, 0, (N (Vs = sz)>nws,n
(A4)

From the averaging theorems for a two-phase system, we have the
identity

D™ex
<n;< ’ (sz - Vm)>QWS,Q = T (A5)
t
Therefore, Eq. (A3) becomes
D™ex
(N ter (V= ViDa, 0= (Nt nK>nWS,nWS? (A6)

Finally, with the solid movement being very small, we can make
the approximation with minimal error that v™®=v® so that the
material derivative in Eq. (A6) is calculated at the macroscale
solid velocity rather than the macroscale interface velocity. Then
substitution of this result into Eq. (A1) yields
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WS— K S _K
Q = <nK ' qK>QWS,ﬂ. + <n/< : tK ' nK>QWS,Q

A7
ws Dt ( )

Comparison of this result with Eq. (46) suggests that ﬁ\’,‘\,:
—<n,<-t,(-n,()QWS,QWs as stated in Eqg. (59) in the main body of the
text and subsequently employed.
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Effect of Boundary Conditions on
the Onset of Thermomagnetic
Convection in a Ferrofluid
Saturated Porous Medium

The onset of thermomagnetic convection in a ferrofluid saturated horizontal porous layer
in the presence of a uniform vertical magnetic field is investigated for a variety of velocity
and temperature boundary conditions. The Brinkman-Lapwood extended Darcy equa-
tion, with fluid viscosity different from effective viscosity, is used to describe the flow in
the porous medium. The lower boundary of the porous layer is assumed to be rigid-
ferromagnetic, while the upper boundary is considered to be either rigid-ferromagnetic
or stress-free. The thermal conditions include fixed heat flux at the lower boundary, and
a general convective-radiative exchange at the upper boundary, which encompasses fixed
temperature and heat flux as particular cases. The resulting eigenvalue problem is solved
using the Galerkin technique and also by using regular perturbation technique when both
boundaries are insulated to temperature perturbations. It is found that the increase in the
Biot number and the viscosity ratio, and the decrease in the magnetic as well as in the
Darcy number is to delay the onset of ferroconvection. Besides, the nonlinearity of fluid
magnetization has no effect on the onset of convection in the case of fixed heat flux

boundary conditions. [DOI: 10.1115/1.3160540]

Keywords: nanoparticle, ferrofluid, porous medium, viscosity ratio, fixed heat flux

1 Introduction

In the 1960s, scientists from the National Aeronautics and
Space Administration (NASA) research center investigated meth-
ods for controlling liquids in space. They developed ferrofluids,
which are colloidal suspensions of magnetic nanoparticles in a
carrier fluid such as water, hydrocarbon (mineral oil or kerosene),
or fluorocarbon. The nanoparticles typically have sizes of about
100 A or 10 nm and they are coated with surfactants in order to
prevent the coagulation. Ferrofluids respond to an external mag-
netic field and this enables to control the location of the fluid
through the application of a magnetic field. Ferrofluids have been
tailor-made and possess a wide variety of potential applications in
various industries [1-5]. Mechanical engineering industries use
them as fluids in vibration dampers, shock absorbers, and vacuum
seals. Electrical and electronic industries use ferrofluids to im-
prove hi-fi characteristic loud speakers as transformer coolants
and also in miniaturizing inductive components. Computation in-
dustries use them as fluids in stepper motors. Therefore, studies on
ferrofluids have received much attention in the scientific commu-
nity over the years

The magnetization of ferrofluids depends on the magnetic field,
temperature, and density. Hence, any variations in these quantities
induce a change in body force distribution in the fluid and even-
tually give rise to convection in ferrofluids in the presence of a
gradient of magnetic field. There have been numerous studies on
thermal convection in a ferrofluid layer called ferroconvection
analogous to Rayleigh—Benard convection in ordinary viscous flu-
ids. Finlayson [6] studied convective instability of a magnetic
fluid layer heated from below in the presence of a uniform vertical
magnetic field. A linear stability analysis has been carried out to
predict the critical gradient of temperature corresponding to the

lCorresponding author.
Manuscript received September 20, 2008; final manuscript received March 14,
2009; published July 28, 2009. Review conducted by Kambiz Vafai.
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onset of convection when both buoyancy and magnetic forces are
included, by considering the bounding surfaces of the magnetic
fluid layer to be either shear free or rigid. Thermoconvective in-
stability of ferrofluids without considering buoyancy effects has
been investigated by Lalas and Carmi [7], whereas Shliomis [8]
analyzed the linear relation for magnetized perturbed quantities at
the limit of instability. A similar analysis but with the fluid con-
fined between ferromagnetic plates has been carried out by Gotoh
and Yamada [9] using linear stability analysis. Schwab et al. [10]
experimentally investigated the problem of Finlayson in the case
of a strong magnetic field and detected the onset of convection by
plotting the Nusselt number versus the Rayleigh number. Stiles
and Kagan [11] extended the problem to allow for the dependence
of effective shear viscosity on temperature and colloid concentra-
tion. The effect of the different forms of basic temperature gradi-
ents on the onset of ferroconvection driven by combined surface
tension and buoyancy forces has been discussed by Shivakumara
et al. [12] in order to understand the control of ferroconvection.
Kaloni and Lou [13] theoretically investigated the convective in-
stability problem in a thin horizontal layer of magnetic fluid
heated from below under alternating magnetic field, by consider-
ing the quasistationary model with internal rotation and vortex
viscosity. Shivakumara and Nanjundappa [14] analyzed the effect
of various forms of nonuniform initial temperature profiles on the
onset of Marangoni convection in a ferrofluid layer. The influence
of magnetic field on heat and mass transport in ferrofluids has
been discussed by Volker et al. [15]. Recently, Sunil and Mahajan
[16] performed a nonlinear stability analysis for a magnetized
ferrofluid layer heated from below in the stress-free boundaries,
while Nanjundappa and Shivakumara [17] analyzed the effects of
different velocities and temperature boundary conditions on the
onset of convection in a ferrofluid layer.

Thermal convection of ferrofluids saturating a porous medium
has also attracted considerable attention in the literature, owing to
its importance in controlled emplacement of liquids or treatment
of chemicals, and emplacement of geophysically imageable lig-
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uids into particular zones for subsequent imaging. Rosensweig et
al. [18] experimentally studied the penetration of ferrofluids in the
Heleshaw cell. The stability of the magnetic fluid penetration
through a porous medium in high uniform magnetic field oblique
to the interface is studied by Zahn and Rosensweig [19]. The
thermal convection of a ferrofluid saturating a porous medium in
the presence of a vertical magnetic field is studied by Vaidy-
anathan et al. [20] by employing the Brinkman equation with
effective viscosity (Brinkman viscosity) is the same as fluid vis-
cosity and considering that the bounding surfaces of the porous
layer are shear free. Qin and Chadam [21] carried out the nonlin-
ear stability analysis of ferroconvection in a porous layer by in-
cluding the inertial effects to accommodate high velocity. The
laboratory-scale experimental results of the behavior of ferrofluids
in porous media consisting of sands and sediments are presented
by Borglin et al. [22]. The onset of centrifugal convection in a
magnetic fluid-saturated porous medium under zero gravity con-
dition is investigated by Sarvanan and Yamaguchi [23]. The effect
of dust particles on the onset of ferroconvection in a porous me-
dium has been studied by Sunil et al. [24].

All the abovementioned studies on ferroconvection in a porous
medium have dealt with isothermal boundary conditions. How-
ever, consideration of actual situations suggests that these condi-
tions may be too restrictive. For instance, if the heating at the
lower surface is bypassing an electric current through a thin me-
tallic foil, then the appropriate temperature boundary conditions
would be a fixed heat flux rather than a fixed temperature. Be-
sides, porous materials used in many technological applications of
practical importance possess high permeability values. For ex-
ample, for permeabilities of compressed foams as high as 8
%1078 m? and for a 1 mm thick foam layer, the equivalent Darcy
number is equal to 8 (see Nield et al. [25] and references therein).
For a high porosity porous medium (£=0.972), Givler and Alto-

belli [26] experimentally determined that 7i;=7.5"34u;, where 7
is the effective viscosity and s is the fluid viscosity. Under the
circumstances, a theoretical solution, which is general enough to
yield accurate results for ferroconvection in porous media is of
fundamental and practical interest. Such a study helps experimen-
talists in the proper design of miniature cores of transformers,
generators, and armatures, in which the winding act as pores and
ferrofluids flowing through them act as coolant as well as induc-
tion cores. The main objective of the present study is the desire to
understand the criterion for the onset of ferroconvection in a fer-
rofluid saturated, sparsely packed porous medium for different
types of velocity and temperature boundary conditions. The lower
boundary is considered to be rigid with fixed heat flux condition,
while the upper boundary is assumed to be either rigid or free with
convective-radiative exchange condition, which encompasses both
fixed heat flux and temperature conditions as particular cases. The
resulting eigenvalue problem is solved numerically and also using
regular perturbation technique when both boundaries are insulated
to temperature perturbations.

To achieve the above objectives, the remainder of this paper
proceeds are as follows. Section 2 is devoted to the formulation of
the problem. The method of the solution is discussed in Sec. 3. In
Sec. 4, the results obtained both numerically and analytically are
discussed, and some important conclusions follow in Sec. 5.

2 Formulation of the Problem

The system considered is an initially quiescent incompressible
constant viscosity ferrofluid saturated horizontal porous layer of
characteristic thickness d in the presence of a uniform applied
magnetic field Hy in the vertical direction. The horizontal exten-
sion of the porous layer is sufficiently large so that edge effects
may be neglected. A Cartesian coordinate system (x,y,z) is used
with the origin at the bottom of the porous layer and the z-axis is
directed vertically upward (Fig. 1). At the lower boundary z=0, a
constant heat flux condition of the form
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Fig. 1 Geometrical configuration
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is used, while at the upper boundary z=d, a radiative-type of
condition of the form

-k ar @)

aT
—ko =h(T-T.) )

is invoked. In the above equations, T is the temperature, gy is the
conductive thermal flux, ky is the overall thermal conductivity, h;
is the heat transfer coefficient, and T.. is the temperature in the
bulk of the environment. The flow in the porous medium is de-
scribed by the Brinkman-Lapwood extended Darcy equation with
fluid viscosity different from effective viscosity, and the
Oberbeck—Boussinesq approximation is assumed to be valid. In
most of the studies, the Oberbeck—Boussinesq approximation has
been quite mistreated, and the justifications that have been given
for this approximation are largely incorrect. Rajagopal et al. [27]
provided a systematic basis for this approximation and discussed
some of the errors in the previous approaches.

The equations governing the flow of an incompressible ferrof-
luid in a porous medium are given as follows.

The continuity equation is

V.-q=0 3)
where q is the velocity vector.

The momentum equation is

109 1
m[“—+-ﬂqvm]=—waﬂl—mﬁ—TM9‘ﬂq
edt ¢ k

+ VA + po(M - V)H (4)

where p is the pressure, M is the magnetization, H is the magnetic
field intensity, pg is the reference density, k is the permeability of
the porous medium, ¢ is the porosity of the porous medium, ;s is
the fluid viscosity, us is the effective fluid viscosity, wug is the
magnetic permeability of vacuum, « is the thermal expansion
coefficient, and V2= g%/ gx?+ 2/ dy?+ &/ gz? is the Laplacian op-
erator. The term wo(M - V)H in the above equation is the magnetic
body force, which appears as a result of the polarization of the
ferrofluid in the presence of a magnetic field. In the present study,
s and wy are considered to be different and their ratio is taken as
a separate parameter.
The temperature equation is

Cunm st (2] BT 1oy T
€l Pov,H T Mo T )yl Dt e)(po St

M DH
+ MoT(—> ==k, VT (5)
aT Jyn Dt

where C is the specific heat, Cy y is the specific heat at constant
volume and magnetic field, and the subscript s represents the
solid.

The Maxwell equations in the magnetostatic limit are

V.-B=0 (6a)
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VXH=0 or H=Vogp (6b)

where B is the magnetic induction, and ¢ is the magnetic poten-
tial.
Further, B, M, and H are related by
B = uo(M+H) (7)

It is assumed that the magnetization is aligned with the magnetic
field, but allowed a dependence on the magnitude of the magnetic
field as well as the temperature [6] and thus

M
M = ﬁ(H,T)H (8)

The magnetic equation of state, following Ref. [6], is taken as
M = Mg+ x(H - Hg) - K(T - Tg) 9)

where  x=(M/dH)p 7, is the magnetic susceptibility, K=
‘(ﬁM/ﬁT)HO,TO is the pyromagnetic coefficient, and M,
=M(Ho, To).

It is clear that there exist the following solutions for the basic
state:

_MoMoK,B _ MoKzﬁz 2

1
=0, Py(2)=Ppo=—pedz - Epoatgﬂzz

T+y © 20+ y?

K “

To() = To - B2, Hb(2)=[Ho-£(]k,
Mb(z)-[M0+1+X]k (10)

where B=qr/k; is the temperature gradient, To=T.+qr(1

+hd/kq)/hy, k is the unit vector in the z-direction, and the sub-
script b denotes the basic state.

To investigate the conditions under which the quiescent solu-
tion is stable against small disturbances, we consider a perturbed
state such that

T=Ty@+T, H=H,@+H, M

(11)

where q'=(u’,0’,w'), p’, T, H’=(HX',H§,HZ'), and M’
=(My, My, M;) are perturbed variables and are assumed to be
small.

Substituting Eq. (11) into Egs. (7) and (8), and using Eq. (6),
we obtain (after dropping the primes)

a=q’, p=pp@)+p’,
=My(2) + M’

Hx + Mx = (1 + MO/HO)HX
H, + M, =(1+My/HyH,

H,+M,=(1+H,-KT (12)

Again, substituting Eqg. (11) into momentum (Eq. (4)), linearizing,
eliminating the pressure term by operating curl twice, and using
Eq. (12), the z-component of the resulting equation can be ob-
tained (after dropping the primes) as

MOKZB
1+ X

é’ ,LLf _ &
<P05 + D MfVZ)VZW == /LOKBE(Vﬁ@) + VﬁT
+ poagViT (13)

where V2= 2/ 9x%+ 2/ dy? is the horizontal Laplacian operator.
The temperature (Eq. (5)), after using Eq. (11) and linearizing,
takes the following form (after dropping the primes):
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T 9(9e) _\ w2 M

(PoC)1 P MoToKat( pe ) =k VT + [(Poc)z 1+y wp
(14)

where  (poC)1=epoCy n+eugHoK+(1-£)(poC)s, and  (poC)2

=epoCy ntemHoK. o _
Equations (6a) and (6b), after substituting Eq. (11) and using
Eqg. (12), may be written as (after dropping the primes)

M0> 2 32(‘0 (9T

1+ — |Vie+(1+x)— -K—=0 15
( Ho ne*t (LX) 97° Jz (15)
Since the principle of the exchange of stability is valid [6], the
normal mode expansion of the dependent variables is assumed in
the form

W, T, 0} ={W(2),0(z), D(2)}exp[i(£x + my)] (16)

where ¢ and m are wave numbers in the x- and y-directions, re-
spectively.

Substituting Eq. (16) into Egs. (13)-(15), and nondimensional-
izing the variables by setting
d . K _(L+x«

o wr=—w, 0*=——0, and & =
VA Bud K Bvd?

*

A [}

z
d

17
where v=p;/p, is the kinematic viscosity, k=k;/(pgC), is the
effective thermal diffusivity, and A=(pgC)1/(pgC), is the ratio of
heat capacities, we obtain (after dropping the asterisks for simplic-
ity) the following:

[A(D?-a? - Da *|(D? - a?>)W = - a?R[M;D® - (1 + M,)0]

(18)
(D?-2a%)0=-(1- MA\W (19)
(D?-a’M3)®-DO =0 (20)

Here, D=d/dz is the differential operator, a=¢2+m? is the over-
all horizontal wave number, W is the amplitude of the vertical
component of velocity, © is the amplitude of the temperature, ® is
the amplitude of magnetic potential, R=a;gB8d*/ vk is the thermal
Rayleigh number, M= uoK?B/(1+ x)aypog is the magnetic num-
ber, M,=pugToK?/(1+x)(poC); is the magnetic parameter, Da
=k/d? is the Darcy number, M3=(1+Mg/Hg)/(1+ ) is the mea-
sure of nonlinearity of magnetization, and A =7/ u; is the ratio of
viscosities. The typical value of M, for ferrofluids with different
carrier liquids turns out to be of the order of 107, and hence, its
effect is neglected as compared with unity.

The lower boundary is considered to be rigid-ferromagnetic
with fixed heat flux, while the upper boundary is assumed to be
either thin rigid lamina of negligible heat capacity or stress-free
with convective-radiative transport to the environment. Accord-
ingly, we impose the following conditions at the boundaries:

W=DW=®=DO =0(on the lower rigid boundary)
W=DW=3d=D0 +Bi® =0(if the upper boundary is rigid)

W =D?W =D& =D0 +Bi® = 0(if the upper boundary is free)
(21)

where Bi=hyd/k; is the Biot number. The case Bi=0 and Bi
— oo correspond to the constant heat flux and isothermal condi-
tions at the upper boundary, respectively.

3 Method of Solution

Equations (18)—(20), together with the chosen boundary condi-
tions, constitute an eigenvalue problem, which has been solved by
the Galerkin method. Accordingly, W, ®, and & are written as
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0(2)= X, Ci0i(z), P(2)= 2, Did;(2)

i=1 i=1 i=1
(22)

where A;, C;, and D; are unknown constants to be determined. The
base functions W;(z), ©;(z), and ®;(z) are generally chosen such
that they satisfy the corresponding boundary conditions but not
the differential equations [28]. For both boundaries rigid (i.e.,
rigid-rigid) as well as the lower-rigid and upper-free boundaries
(i.e., rigid-free), the base functions are chosen as

W;=22(1-2)°T,, 0;=z21-22)T.,, ®;=z201-2)T,
(23a)

5 3 ; .
W, = (z“ - 523 + Ezz)Tf_l, 0;=2(1-22)Ti,,

&, =22(1-22/3)Ti, (23b)

where T; is are the modified Chebychev polynomial. The above
trial functions satisfy all the boundary conditions except the natu-
ral one, namely DO®+Bi®=0 at z=1 but the residual from this
condition is included as the residual from the differential equation.
Multiplying Eq. (18) by W;(z), Eq. (19) by 0;(2), and Eqg. (20) by
®;(z), performing the integration by parts with respect to z be-
tween z=0 and 1, and using the boundary conditions, we obtain a
system of linear homogeneous algebraic equations in A;, C;, and
D;. For such a system, nontrivial solution exists if and only if a
given characteristic determinant is equal to zero. This leads to a
relation involving the characteristic parameters R, A, Da™%, Bi,
M1, M3, and a in the following form:

f(R,A,Da™,Bi,M;,M3,a) =0 (24)

4 Results and Discussion

The critical stability parameters are obtained numerically, in
general, for the different types of boundary conditions considered.
Besides, analytical solutions are also obtained when the bound-
aries are kept at constant heat flux conditions and the results are
compared with those obtained numerically. A discussion on the
results is made in the Secs. 4.1 and 4.2.

4.1 Numerical Solution for General Thermal Conditions.
It is observed that six terms (i.e., n=6) in the series expansion of
Eq. (22) are required to have convergent results within the accu-
racy of 0.01% for both rigid-rigid and rigid-free boundary condi-
tions. To validate the numerical procedure used, first, the test com-
putations are carried out under the limiting cases of M;=M3;=0,
Da'=0, and A=1 for different values of Bi. This limiting case
corresponds to the ordinary viscous fluid (i.e., classical Rayleigh—
Benard problem), which has been studied by Sparrow et al. [29]
using a different solution procedure. The critical Rayleigh number
and the corresponding wave number obtained for the above lim-
iting case for both rigid-rigid and rigid-free boundary conditions
are found to be in excellent agreement with those of Sparrow et al.
[29], and thus verify the accuracy of the numerical procedure
employed in the present study to solve the eigenvalue problem. It
is thus evident that the results of Sparrow et al. [29] turned out to
be a particular case of our study.

The critical Rayleigh numbers and the corresponding wave
numbers obtained for different values of A, Da™%, Bi, My, and M,
are presented graphically in Figs. 2-6, respectively. Figure 2
shows the variation in the critical Rayleigh number R, as a func-
tion of Da™* for both types of velocity boundary conditions (i.e.,
rigid-rigid and rigid-free boundaries) and for different values of Bi
with M;=5, M3=1, and A=1. From the figure it is evident that
the variation in Bi from 0 to 1 significantly increases the critical
Rayleigh numbers in both the cases of velocity boundary condi-
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Fig. 2 Variation in critical Rayleigh number R, as a function of
Da™! for different values of Bi when M;=1, M;=5, and A=1

tions considered; the least being for Bi=0 and the highest values
correspond to those for Bi=1. Thus the system is found to be
more unstable for the upper heat insulating boundary as compared
with isothermal condition at the upper boundary. This behavior is
not surprising as the nature of the upper boundary changes dras-
tically from an insulated surface to a conductive boundary with an
increase in the value of Bi. It is evident that with an increase in
the value of Bi, the temperature perturbations will not grow so
easily, and therefore higher values of R are needed for the onset
of convection. Further, for a fixed value of Bi, the critical Ray-
leigh numbers for rigid-rigid boundaries are greater than those of
rigid-free boundaries because the effect of the upper rigid bound-
ary is to suppress the disturbances. Moreover, the deviation in the
critical Rayleigh number for different values of Bi increases
gradually with an increase in the value of Da™.

As pointed out in the introduction, the model of Brinkman rests
on an effective viscosity u, different from the fluid viscosity de-
noted through A in dimensionless form, and it has a determining
influence on the onset of ferroconvection in porous media. Figure
3 indicates the variation in R, as a function of Da™* for the four
values of A=1, 3, 5, and 10 with M;=5, M3=1, and Bi=2. From
the figure it is seen that an increase in the value of A is to increase

2500

2000

—— Rigid-Rigid
- Rigid-Free

60 80 100

Fig. 3 \Variation in critical Rayleigh number R as a function of
Da! for different values of A when M;=1, M;=5, and Bi=2
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Fig. 4 Variation in critical Rayleigh number R. as a function of
Da™! for different values of M; when M;=1, A=5, and Bi=2

R, and hence its effect is to delay the onset of ferroconvection in
a porous medium. Further inspection of the figure reveals that the
deviation in the R values between the rigid-rigid and rigid-free
boundaries goes on, increasing significantly with an increase in
the value of A.

In Fig. 4, the critical Rayleigh numbers as a function of Da™*
are plotted for three values of M{=0, 1, and 5 with M;=1, A=5,
and Bi=2. It is observed that an increase in the value of My is to
decrease the value of R, and thus leads to a more unstable system
due to an increase in the magnetic force. Besides, it is interesting
to note that the difference in the critical Rayleigh numbers be-
tween the rigid-rigid and rigid-free boundaries diminishes as the
value of My increases.

Figure 5 depicts R, as a function of Da™* for the different val-
ues of nonlinearity of fluid magnetization represented through the
parameter M3. The results presented here are for M3=1, 10, and «
when M=5, A=6, and Bi=2. It can be seen that an increase in
the value of M3 is to decrease R, and thus it has a destabilizing
effect on the stability of the system. This may be attributed to the
fact that the application of magnetic field makes the ferrofluid
acquire larger magnetization, which in turn interacts with the ex-
isting magnetic field to produce large energy and cause convection
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Fig. 5 \Variation in critical Rayleigh number R. as a function of
Da™! for different values of My when M;=5, A=6, and Bi=2
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Fig. 6 Variation in critical Rayleigh number R; as a function of
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at a smaller temperature gradient. Nonetheless, the critical Ray-
leigh numbers are found to be independent of M; when Bi=0. In
other words, the nonlinearity of fluid magnetization has no influ-
ence on the onset of ferroconvection in a porous medium if the
boundaries are thermally adiabatic.

The complementary effects of the buoyancy and the magnetic
forces are made clear in Fig. 6 by displaying the locus of the
critical Rayleigh number R, and the critical magnetic Rayleigh
number N, for different values of M5 when A=6, Da"*=100, and
Bi=2 for both types of velocity boundary conditions considered.
The magnetic Rayleigh number N is defined as N=RM;
= uoK2B2d*/ (1+ x) wrA. From Fig. 6, we note that R, is inversely
proportional to N.. As M;— oo, irrespective of the boundaries con-
sidered, the data fit the following relation exactly

Re, Ne_,
RcO NcO

where R is the critical Rayleigh number in the nonmagnetic case
(N=0), and N is the critical magnetic Rayleigh number in the
nongravitational case (R=0), which depends on the value of Da™*
and A.

Figures 7-10 illustrate the variation in the critical wave number
a. as a function of Da™! for different boundary conditions, and
also for different values of A, Bi, M4, and M3. From these figures
it is evident that an increase in Bi, A, and M3 is to increase a,
indicating their effect is to reduce the dimension of convection
cells (see Figs. 7, 8, and 10). Whereas, an increase in M is to
decrease a, and thus its effect is to enlarge the size of convection
cells (see Fig. 9). From further inspection of these figures it is
seen that the critical wave number decreases with an increase in
Da~! when both boundaries are rigid, but opposite is the case for
lower-rigid and upper-free boundaries. Moreover, the critical
wave numbers for rigid-rigid boundaries are higher than those of
rigid-free boundaries.

4.2 Analytical Solution for Constant Heat Flux Boundary
Conditions. Since the critical wave number is negligibly small for
constant-flux thermal boundary conditions (i.e., DO®=0 at z=0, 1),
the eigenvalue problem is also solved analytically using regular
perturbation technique with wave number a as a perturbation pa-
rameter. Accordingly, W, ®, and ® are expanded in powers of a2
as
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(Wv ®rq)) = (Wov ®01 q)O) + az(le ®ll q)l) +- (25)

Substituting Eq. (25) into Egs. (18)—(20) and also in the boundary
conditions, and collecting the terms of Oth order in a2, we obtain

D*W, - Da;'D*W, =0 (26a)
D2®0 == WO (26b)
D2d, = D0, (26c)
where Da;'=Da%/VA.
The corresponding boundary conditions are as follows:

(i) rigid-rigid boundaries
WO: DWO=O: D®0:q)0 at 2:0,1 (278.)

(ii) rigid-free boundaries
WO: DWO=0: D@ozcbo at z=0 (27b)
Wo=D?W,=0=D0y=Dd, at z=1 (27c)

2.2
—Rigid-Rigid
- Rigid-Free
A=10
R —————
3
1
2.0 |-

0 20 40 Da’ 60 80 100

Fig. 8 \Variation in critical wave number a. as a function of
Da! for different values of A when M;=1, M;=5, and Bi=2
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The solutions to the Oth order equations are Wy=0,
®g=1, and ®y=0 for the rigid-rigid boundaries, while
Wy=0, Og=1, and ®y=1 for the rigid-free boundaries.

The first order equations in a® are then

D*W, - Da;'D?W,; = R.(1 + M) (28a)
D%9,=1-W, (28b)
Dz(bl = D®l (28C)

where R,=R/A with the boundary conditions W;=DW;=®,
=D®;=0 on the rigid boundary and W;=D?W;=D®;=D®;=0
on the free boundary.
The general solution of Eq. (28a) is given by
W, = ¢; cosh(oz) + C; sinh(02) + C3 + €4z — Re(1 + M)2%/2072
(29)

where o= Dae"1 and the arbitrary constants c;—c, are to be de-
termined using the boundary conditions, and they are given by

2.2

—— Rigid-Rigid
- Rigid-Free

2.0 |

0 20 40 60 80 100

Fig. 10 Variation of critical wave number a; as a function of
Da™! for different values of M; when M;=5, A=6, and Bi=2

Transactions of the ASME



Table 1 Values of R obtained from Galerkin and regular perturbation techniques for different

values of My, A, and Da™* when Bi=0

Rigid-rigid Rigid-free
M, Da! A=1,R, A=5 R, A=10,R, A=1,R, A=5,R, A=10,R,
0 10 889.511 3771.03 7371.23 470.404 1751.95 3352.16
25 1137.57 4026.1 7627.32 690.258 1978.34 3579.61
50 1538.35 4447.56 8052.2 1046.61 2352.02 3956.68
75 1927.45 4864.477 8474.77 1394.8 2721.73 4331.43
100 2307.96 5278.11 8895.11 1737.49 3088.01 4704.04
1 10 444,756 1885.51 3685.61 235.202 875.974 1676.08
25 568.777 2013.05 3813.66 345.129 989.171 1789.80
50 769.173 2223.78 4026.1 523.305 1176.01 1978.34
75 963.725 2432.39 4237.38 697.398 1360.87 2165.72
100 1153.98 2639.05 444.7.56 868.744 1544.00 2352.02
5 10 148.252 628.504 1228.54 78.401 281.991 558.694
25 189.596 671.017 1271.22 115.043 329.724 596.601
50 256.391 741.26 1342.03 174.435 392.004 659.447
75 321.242 810.796 1412.46 232.466 453.622 721.906
100 384.659 879.685 1482.52 289.581 514.668 784.007
(i) rigid-rigid boundaries C3=-C;
Re(1+ M;)(1 + cosh
1= o > 31)(- n %) C4=~ 0¢C2 (31)
o sinh o, . .
¢ ¢ Integrating Eq. (28b) between z=0 and 1 and using the
Ro(1+M,) boundary condition on temperature, it follows that
Cr=- 3 1
20,
1= f W,dz (32)
C3 =-C 0
Substituting for W, from Eq. (29) into Eq. (32) and
Cq=—0eCy (30) carrying out the integration leads to an expression for criti-

(if) rigid-free boundaries

__ Re(1+My[(a% - 2)sinh o, + 20]
=

20%(sinh o, - 0, cosh o)

o, = Rel+ My)[(of -~ 2)cosh o + 2]
)=

20%(sinh o, - 0, cosh o)

1207(sinh o, - o, cosh o)

cal Rayleigh numbers for rigid-rigid and rigid-free bound-
aries, respectively, in the following form:

R.= 120% sinh o,
" (1+My)[0? sinh o, + 12 sinh o, - 60,(1 + cosh )]
(33)

and

Rec = 2 : 4 2
(1+My)[4oe(of —6)sinh g, + (24 — o,)cosh o + 12(0% — 2)]

It is interesting to check the above relations for some spe-
cial cases. When M;=0 (i.e., ordinary viscous fluid case),
then the above equations coincide with those obtained by
Shivakumara and Nanjundappa [30].

Letting A=1 and o, — 0, Eq. (33) becomes

720
R.= (35)
1+M;
and Eq. (34) becomes
320
R.= (36)
1+M;

thus recovering the results for nonporous case discussed by Nan-
jundappa and Shivakumara [17]. We note that the above two equa-
tions reduce to R;=720 and R,=320, respectively, when M;=0,
which are the known exact values for the ordinary viscous fluid

Journal of Heat Transfer

(34)

layer [29]. From Egs. (33) and (34), it is interesting to note that
the nonlinearity of fluid magnetization (i.e., M3) has no effect on
the onset of convection, a result, which is revealed by numerical
computations carried out in the Sec. 3. Since at the onset of con-
vection a,=0 (very large wavelength), one would expect that M5
has no effect on the stability of the system (Eq. (20)). The numeri-
cally computed values of R, for the different values of My, Da™%,
and A with Bi=0 are compared in Table 1 with those obtained
using regular perturbation techniques. We note that the results
obtained from simple regular perturbation techniques coincide ex-
actly with those obtained from time consuming numerical meth-
ods, and thus provides a justification for the analytically obtained
results for prescribed heat flux conditions (i.e., Bi=0). In other
words, the solutions obtained analytically are exact. As noticed
earlier, an increase in the value of Da™* and A, as well as a
decrease in My is to increase R, and raise the stability of the
system.
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Fig. 11 Vertical velocity eigenfunctions for different values of
Da! when M;=2 and A=2

The eigenfunctions of the vertical velocity W(z) for rigid-rigid
and rigid-free boundaries are presented in Figs. 11-13 for the
different values of Da™%, A, and M, respectively. As can be seen,
W(z) gets reduced more in the case of rigid-rigid boundaries when
compared with the rigid-free boundaries for the different values of
the physical parameters considered. Further, an increase in the
values of the porous parameter Da™! (see Fig. 11) and viscosity
ratio A (see Fig. 12) is to decrease in the value of W(z), while
opposite is the case with an increase in the value of the magnetic
parameter My (see Fig. 13) for a chosen velocity boundary con-
dition. This corroborates the effect of these parameters observed
on the onset of ferroconvection in a ferrofluid saturated porous
layer.

5 Conclusions

From the foregoing study, it is observed that nature of velocity
and temperature boundary conditions significantly influence the
onset of ferroconvection in a ferrofluid saturated porous medium.
It is found that an increase in the value of M4 and M3 is to hasten,
while an increase in Bi, A, and Da™! is to delay the onset of
ferroconvection in a porous medium. Nonetheless, the parameter
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Fig. 12 Vertical velocity eigenfunctions for different values of
A when M;=2 and Da™*=25
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Fig. 13 Vertical velocity eigenfunctions for different values of
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M3 has no effect on the stability of the system in the case of
constant-flux thermal boundary conditions (i.e., Bi=0). Besides,
the numerically and analytically obtained results for the case of
constant-flux thermal boundary conditions coincide with each
other, indicating that the critical stability parameters obtained
from the analytical formula are exact. Further, a decrease in Ms,
A, and Bi and an increase in My is to decrease in the critical wave
number, irrespective of the velocity boundary conditions.
Whereas, the critical wave number decreases with an increase in
Da"! if both boundaries are rigid, and increases if the boundaries
are of different types (i.e., lower-rigid and upper-free boundaries).
Also, (R; and ac)rigig-rigia > (Rc and ac)rigig-free-
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How Good Is Open-Cell Metal
Foam as Heat Transfer Surface?

High porosity open-cell metal foam is considered to be an attractive choice for compact
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heat exchanger applications because of its high area density and superior thermal per-
formance. A systematic study has been made in the present article to verify the suitability
of the porous material as an extended heat transfer surface. The area goodness (j/f)
factor has been chosen as performance evaluation criterion. This governing parameter
has been computed using the existing correlations for the heat transfer and pressure drop
coefficients. Conservative estimate shows that the thermohydraulic characteristics of high

porosity open-cell metal foam are almost alike, if not better than those of the conven-
tional heat transfer surfaces. Importantly, the analysis has been found to be consistent
with the Reynolds analogy. This study helps the designer in making the initial selection of
foam surfaces for the heat exchanger application. [DOI: 10.1115/1.3160537]

Keywords: metal foam, goodness factor, porosity, pore density, heat exchanger

1 Introduction

Use of extended heat transfer surfaces is a well-known means
for augmenting heat exchange. Meticulously designed fin renders
double benefits—compactness in size and augmentation in overall
heat transfer coefficient. Plate fin type compact heat exchangers
make use of such finned surfaces to achieve high thermal effi-
ciency. Some of the commonly used high performance fin geom-
etries include wavy fin, offset strip fin, louvered fin, pin fins,
perforated fins, etc. Although such compact heat exchangers find
wide applications in various process industries and equipment,
there is hardly any addition to the list of finned surfaces over the
past few decades. Technological advancement has helped in re-
ducing the hydraulic diameter while the basic geometries of the
flow passages remain unaltered. Process intensifications achieved
by increasing heat transfer surface area density take its toll with
corresponding rise in pressure drop. Nevertheless, a thermal engi-
neer always aspires to design and fabricate a heat transfer surface,
which will have ideal features like high area density, enhanced
heat transfer coefficient, and minimum pressure drop. Recently
developed high porosity open-cell metal foam is a promising al-
ternative. It appears that the new class of material possesses all the
positive qualities one looks for. A systemic study has been at-
tempted in this manuscript to confirm this belief.

High area density is one of the basic criteria to call a heat
transfer surface good. Compactness, following the recommenda-
tion of Shah [1], is quantified with an area density of 700 m?/m?.
Open-cell metal foam, owing to its highly interconnected fila-
mentlike structure, open porosity, and variable pore densities, can
easily meet this criterion. The complexity of the foam structure
makes it difficult to have an exact estimate of the area density.
However, the complicated foam structure is often simplified with
a repetitive cubic structure model. Then the expression for the
foam area density [2,3] can be derived on the basis of the model

d J
05 = 37T(d_pf2> = d_pprelll2 (1)

While the area density is directly proportional to the strut di-
ameter, it is inversely proportional to the square of the pore diam-
eter. It is worthwhile to mention that the pore density (often mea-
sured as pores per inch (PPI)) and porosity () are the parameters
commonly used by foam manufacturers to characterize open-cell
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porous materials. These two variables are related to the basic
structural properties like strut diameter (d;) and pore diameter
(dp). The typical area density of a 20 PPI foam with 85% porosity
is nearly about 2000 m?/m?® [2]. Certainly, the compactness cri-
terion is met by open porous metal foam.

Next to area density, the properties of paramount importance
are the heat transfer and pressure drop characteristics. In the non-
dimensional form, they are represented traditionally by the Col-
burn factor j and friction-factor f. While compactness and thermal
performance is closely associated with the heat transfer coeffi-
cient, the other one decides the pumping power requirement. An
ideal heat transfer surface should have coefficients of high heat
transfer and low pressure drop. This follows an obvious
question—How good is open-cell foam with respect to its heat
transfer and frictional properties?

Literature review does not provide any clear answer to this
query. In response to this question, it is necessary to know the
criterion for calling a heat transfer surface good or bad. There
exists no unique index to define the “goodness” of heat transfer
surfaces. Instead, the existence of more than 16 different perfor-
mance evaluation criteria (PEC) has been reported by Shah [4].
“Area goodness factor” is one of the commonly used comparison
criteria defined as the ratio of j factor to f factor. Heat transfer
surface with high (j/f) ratio designates lower free-flow area and
hence lower frontal area. “Volume goodness factor” is a more
generalized technique suggested by London and Ferguson [5] for
surfaces of equivalent hydraulic diameters. It is represented by a
plot of heat transfer coefficient versus pumping power per unit
heat transfer area. A high value on such a graph is an indicative of
reduced core volume. Cowell [6] presented a family of methods
for comparing compact heat transfer surfaces. The variables and
constants have been chosen from the list of hydraulic diameter,
frontal area, total volume, pumping power, and number of transfer
units. According to him, a clear and compact indication of the
relative merits of the different surfaces is possible by the proposed
method. Hesselgreaves [7] listed different criteria for comparing
heat transfer surfaces under various constraints. Sekulic et al. [8]
attempted to establish a performance evaluation criterion using the
thermodynamic irreversibility (entropy generation minimization).
They also compared the results obtained through the conventional
area goodness factor. Recently, Sahiti et al. [9] proposed a new
technique based on the method developed by Soland et al. [10]. A
direct comparison of the heat transfer rate and power input per
unit heat exchanger volume has been used by Sahiti et al. [9] for
the performance evaluation of the heat exchangers.
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Fig. 1 Open-cell foam (a) actual structure and (b) unit cubic cell model

While the principal objective for selecting the optimum surface
remains the same in all the suggested techniques, the constraints
imposed upon achieving optimization are different. Comparison
of surfaces using area goodness criteria, for example, is inherently
associated with the assumption of fixed pressure drop, while the
volume goodness criterion is linked with the postulation of
equivalent hydraulic diameter. Imposition of constraints, in reality,
is determined by the process requirement and the factors like com-
pactness, etc. Depending on the process, one can often sacrifice
heat transfer or tolerate enhance pressure loss at the cost of the
other. In this article, it has been decided to adhere to the area
goodness factor criterion. Since this study does not intend a mul-
tivariable optimization of a real heat exchanger, selection of area
goodness is justified for comparative evaluation. The superiority
of the new generation material as the heat transfer surface can be
established if its thermal performance is found better than the
prevailing one. The widely accepted heat transfer surfaces, bench-
marked for yielding high performance, can be set as the reference.
Literature review shows that the offset strip fins and wavy fins,
because of their superior performance in various practical appli-
cations, have attracted the attention of researchers more than other
geometries. Thermohydraulic characterization data for these two
types of surfaces are also not rare [11-14]. The selection of these
two types of fins as the standard reference surfaces has been made
on that basis.

It is evident that the knowledge of heat transfer and pressure
drop characteristics for metal form as well as for both fin types is
necessary for the comparison of surfaces using the area goodness
factor. The study reveals that substantial work has already been
carried out both theoretically and experimentally on various as-
pects of the characterization of open porous materials. It includes
thermohydraulic modeling and simulation [15-19], numerical
analysis [20-23], thermophysical characterization [24], and ex-
perimental determination of heat transfer and pressure drop
[25-27]. Attempts have also been made to develop heat transfer
and pressure drop correlations involving different foam variables
and process parameters. Porous media with porosity ranging be-
tween 0.3 and 0.6 has a few decade long history of research. An
excellent review on this topic has been made by Kaviany [28].
However, the development of metal foam with porosity more than
0.9 is relatively new. Recently, Mahjoob and Vafai [29] reviewed
the existing fluid and thermal transport models for metal foam
heat exchangers and summarized the existing correlations for the
open porous materials. Another such attempt has been reported
very recently by Edouard et al. [30]. Wide variations in the ex-
pressions for heat transfer and pressure drop correlations often
create confusion about the selection of the appropriate one. The
use of different models representing the porous structure is prima-
rily responsible for generating dissimilar correlations. In the
present article, heat transfer and pressure drop analysis has been
reviewed to find the suitable ones for this study. Based on that
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thermohydraulic analysis, the area goodness factor for the porous
material has been calculated and compared with those of the wavy
and offset strip fins.

2 Heat Transfer Models and Correlations

Open-cell metal, being a continuously connected structure of
slender filaments, can be characterized by different parameters
like cell size, cell shape, relative density, degree of anisotropy;, etc.
In practice, the manufacturers commonly specify two parameters,
viz., pore density (in PPI) and relative density to describe the
porous media. Conversely, the theoretical analysis of foam heat
transfer and pressure drop is mostly based on the simplified, simu-
lated porous structure. Foam assembly described by the original
complex foam geometry renders the modeling difficult (Fig. 1(a)).
Thermohydraulic simulation of an exact foam replica can only be
handled with computational fluid dynamics (CFD) [31]. Other-
wise, one needs to apply simplifying assumptions.

The characteristic dimension of the porous body has not been
defined uniquely. Different models have diverse opinions about
this parameter. While a group of researchers [17,23,31] has argued
for the use of permeability, others [3,18] have preferred either the
“mean pore diameter” or the “strut diameter” [24,27]. Under these
circumstances, it is also not possible to have a uniquely defined
Reynolds number. The strut diameter appears to be the appropriate
characteristic dimension when the “simple cubic model” is used to
represent the foam structure [2,3].

Small convective flow through the porous medium can be
imagined to form a continuum between the solid and the liquid
with local thermal equilibrium [32-34]. Recently, Dukhan et al.
[35] proposed a macroscopic lumped-parameter engineering
model to determine the temperature distribution within the open-
cell metal foam. However, the assumption of local thermal equi-
librium remains valid within a limited range of fluid flow. Alter-
natively, one has to consider nonequilibrium between the foam
filaments and the fluid flowing over them. Then it becomes nec-
essary to look at the porous structure on a microscopic scale. The
intricate foam microstructure renders heat transfer and fluid flow
modeling very difficult. Simple cubic representation can reduce
the complexity of the foam geometry to a great extent. In this
model, the porous structure is assumed to be a repetitive cubic
block made with slender tubes of diameter d; and length d, as
shown in Fig. 1(b). The three-dimensional microstructure gets fur-
ther simplified with the omission of the cross-connections be-
tween the struts [2]. Then the simple cubic struts assembly re-
duces into a bundle of unidirectional microtubes. Convective flow
through the struts then resembles flow across the bank of tubes.
Calmidi and Mahajan [36] also considered the local nonequilib-
rium between the solid and the fluid phase. Their heat transfer
model is based on heat transfer correlations for cylinders on cross-
flow. Recently, microstructure based heat transfer model retaining
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the integrity of the foam structure has been analyzed by Ghosh
[37]. The analysis revealed that the cross-connectivity plays an
important role in heat transfer augmentation.

The selection of appropriate correlations for the dimensionless
heat transfer coefficient such as j factor or Nusselt number is an
essential part of thermal modeling. In principle, heat transfer data
can be computed from CFD analysis of velocity and temperature
field. However, even with the modern computers, the process is
difficult and does not predict the performance of the complex
surfaces accurately. Experimentally obtained data are considered
to be most reliable until now. Empirical correlations are worked
out to help the engineer in designing heat exchangers even in the
absence of direct experimental data.

Heat transfer coefficients are, in general, dependent on the flow
conduit, fluid velocity, and types of fluid. Starting with the simple
cubic model, the effective Nusselt number (Nugg) for the porous
medium has been predicted in terms of the empirical correlations
for the cross-convective flow over the bank of smooth tubes [38]

Nueff = \“SZNUtube (2)

where Nuy,.=0.8 Re%* Pr/® for 10<Re<100, and the Rey-
nolds number has been defined on the basis of the strut diameter.
Heat transfer correlations obtained through separate heat and mass
transfer experiments by Giani et al. [39,40] are almost identical to
Eq. (2). The validity of Eq. (2) is further established through the
similar expression predicted by Lu et al. [2].

Heat transfer coefficient can also depend on the model used for
the analysis [38]. While deriving this Eq. (2), foam has been con-
sidered as a cluster of x-struts with protrusions of length (d,/2)
along the y- and z-directions. In order to take account of the
roughness caused due to the protruding struts, the heat transfer
coefficient (hye) for the cross-convective flow over the bank of
smooth tubes is modified suitably. As an alternative to this ap-
proach, it may be presumed that the projected struts are acting as
extended heat transfer surfaces. If the projected filaments act as
fins, the heat transfer through the individual struts has to be con-
sidered independently. When conduction heat transfer through the
cross struts is considered separately in the microstructure-based
model [37,38], the effective heat transfer coefficient becomes

[2Nu
U=\ tube 3)
1+4n,,
where
md
tanh—2
I )
T2 = m_dE ) = kd;
2

Comparison between Egs. (2) and (3) shows that the effective
Nusselt number given by the former will have a higher value than
its equivalent represented by the latter. The factor in the denomi-
nator of Eq. (3) arises due to the conduction heat transfer through
cross connecting the y- and z-struts acting as fins attached to the
x-strut. It has been shown in Ref. [38] that the end effects in both
situations are the same. In the microstructured model, the heat
transfer coefficient may become small, but explicit consideration
of heat transfer through the cross struts maintains the heat bal-
ance. In contrast, an enhanced heat transfer coefficient takes care
of the entire heat transport formalism in the “lumped parameter
engineering” model [35]. It may be emphasized here that Eq. (3)
represents a more appropriate form of convective heat transfer
coefficient, although the outcomes of these two approaches are the
same. It is because of the fact that the contributions of conductive
and convective heat transfer could be separated out in Eg. (3). On
the other hand, Eq. (2) signifies an overall heat transfer coefficient
including the effect of conduction through the cross-connecting
struts.
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Equation (3) can be used to express heat transfer coefficient in
another dimensionless form, i.e., j factor,
~ Nu \ENutube
St PR (L+4pyy)St P2

Since Eq. (4) represents the porous media convective heat transfer
exclusively, the present article has used it while comparing differ-
ent heat transfer surfaces based on the area goodness factor.

] (4)

3 Pressure Drop Models and Correlations

The friction-factor () is defined on the basis of an equivalent
shear force in the flow direction per unit friction area. The force
can be a viscous shear (skin friction), pressure force (form drag),
or a combination of the two. Without making an attempt to dif-
ferentiate them from each other, it is possible to express the over-
all effect by the Fanning friction-factor (f) given by the relation

Ts
1
(301%)
with 7, being is the surface shear stress. In engineering applica-

tions, pressure drop (AP) due to internal flow through a duct can
be related to shear stress for obtaining Eq. (6) [41]:

4fL (1
AP=—[= 2) 6
a (zpu (6)

with dy, being the hydraulic diameter.
On the other hand, pressure drop in porous media is conven-
tionally expressed by the Forchheimer equation

f=

(%)

AP _pu  pFU®
L K K

Equation (7) is a widely accepted pressure drop expression for the
flow through porous medium. Permeability (K) and inertial coef-
ficient (F) in the above equation are not really constants, instead
they are strongly dependent on the foam’s geometrical properties
like pore density, porosity, etc. Differential pressure drop mea-
surement across the porous body can be used for the experimental
determination of those two factors [25]. Efforts have also been
made for their theoretical estimation [18,42]. In either case, at-
tempts are made to develop empirical or analytical correlations
involving foam variables. Substantial literature has been found to
exist on the pressure drop characterization of high porosity foams
[18,24,25,42].

The history of fluid flow through porous media has been re-
viewed by Lage [43]. Another review on porous media with po-
rosity ranging between 0.3 and 0.6 has been summarized by Ka-
viany [28]. Lu et al. [2] developed an analytical model with
simple cubic unit cell for using metal foams in compact heat ex-
changers. In the process, they also estimated the pressure drop
occurring in the fluid flow through the porous media. Assuming
that the flow through the unit cubic cell and the bank of tubes are
similar, pressure drop expression has been derived using the em-
pirical friction-factor correlations for the tube bundles in cross-
convective flow. Giani et al. [39,40] also followed the model pro-
posed by Lu et al. [2] for analyzing the experimental pressure
drop data. Derivation of the friction-factor coefficient is based on
the analogy with pressure drop across tube banks. Theoretical
model based on the simple cubic unit structure of foam has been
proposed by Du Plessis et al. [18]. The model has been further
improved by Fourie and Du Plessis [44]. Prediction of pressure
gradient in terms of the permeability and inertial coefficient de-
rived from their model is quite accurate. Hwang et al. [45] tried to
fit the experimentally obtained the pressure drop data in a relation
similar to Eq. (6). The characteristic dimension of the media has
been taken as the length of the flow channel, and the correspond-
ing Reynolds number has been used to develop empirical correla-
tions relating different porosities. Bhattacharya et al. [24] con-

()
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ducted analytical and experimental investigations for the
determination of permeability and inertial coefficient. Their ana-
lytical model is based on the unit cubic cell model for the porous
body. Paek et al. [17] experimentally determined the permeability
and friction-factor for the flow of water through a porous body.
The correlation obtained for the friction-factor is inline with those,
which have been proposed by other researchers [33]. It depends
on the Reynolds number defined on the basis of permeability.
Boomsma et al. [46] studied experimentally the compressed and
uncompressed foams, with water as the convective fluid. They
reported substantial reduction in thermal resistance in the com-
pressed foam without the additional cost of pumping power. In a
separate article, they reported heat transfer and pressure drop
simulation studies using the computational fluid dynamics [31].
Kim et al. [47] conducted experimental thermohydraulic studies
on porous media. However, they correlated the experimental data
using Darcy and Reynolds numbers based on the channel height.
They also compared the performance of porous foam with the
conventional louvered fins by plotting pumping power per unit
volume versus heat transfer per unit volume per unit temperature
difference. This is the performance evaluation criteria recom-
mended by Kays and London [48]. They reported similar thermal
performance when compared with the conventional louvered fins
and also indicated that the performance of louvered fins in terms
of pressure drop is better than foam. Dukhan et al. [26] reported
pressure drop measurement for the airflow through compressed
and uncompressed open-cell foam samples. They tried to fit ex-
perimental data in the Ergun-type model, originally developed for
the pressure drop calculation in a porous bed made of spherical
particles. The applicability of Ergun-like pressure drop expression
for the porous material is justified, provided that an appropriate
equivalent particle diameter is used [49]. Researchers have differ-
ent opinions about the characteristic dimension. The list includes
strut diameter, square root of permeability, equivalent spherical
diameter, reciprocal of surface area density, etc. It has lead to the
development of several Ergun-like pressure drop correlations for
the ceramic foams to be used as catalytic substrates [30,50-52].

The complexity of the foam geometry in the present article has
been simplified using unit cubic cell model of the porous struc-
ture. The diameter of the ligament in the transformed configura-
tion has been taken as the characteristic dimension both for heat
transfer and pressure drop analyses. This approach is in line to
that has been adopted by Lu et al. [2], Ashby et al. [53], and
Fourie and Du Plessis [44]. Pressure drops in Egs. (8) and (9),
suggested by Lu et al. [2] and Ashby et al. [53], respectively, have
been used to determine the foam friction-factor:

d 0.15 d
] o)
ﬁ—(“x’)uz)(%)_m d 0.044+ —
SRR (31 B E )
1-— -1
dp ds
(8)
where
(5)
n=043+1.13| —
dp
AP 4 V"p o
T 5[(1— a)z‘"‘]u2 o ©
where

3
a=124d{\/ —
Prel

The analytical prediction by Fourie and Du Plessis [44] for the
foam permeability (K) and inertial coefficient (F) in the Forchhe-
imer type equation can also be used to calculate the pressure drop:
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Comparison of Eq. (6) with Egs. (7)-(9) gives an estimate of the
friction-factor (f) for the open-cell foam, provided that the hy-
draulic diameter dy, in Eq. (6) is replaced by the strut diameter

(dp):
()l
f=\l—]7=—
L /| 2pu

Pressure drop per unit length given by Egs. (7)—(9) can be used in
Eqg. (11) while calculating the foam friction-factor and the area
goodness factor.

and F=@-x(x-1) (10)

(11)

4  Area Goodness Factor

The following assumptions have been made while calculating
the area goodness factor.

(@  The fluid passing through porous medium is air at 300 K
and 0.1 MPa.

(b)  There is no phase change occurring in the fluid.

(c)  The porous medium is homogeneous.

These assumptions become necessary to determine the thermo-
physical properties of the convective fluid for estimating the Rey-
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Fig. 3 Velocity variation in (a) j and f factors and (b) area
goodness factor for 10, 30, and 60 PPI foams with a porosity of
0.88

nolds number, j factor, and f factor. Equations (4) and (11) have
been used to calculate the j and f factors, respectively. Though it
is customary to use Reynolds number for such presentation, the
area goodness factor and the individual constituents have been
plotted as a function of free stream velocity. The use of Reynolds
number has been avoided in anticipation that other heat transfer
surfaces like wavy fins and offset strip fins may have different
hydraulic diameter than the foam characteristic dimension. That
creates a nonuniform basis of comparison between different types
of heat transfer surfaces.

Figure 2(a) shows the velocity variation in the j and f factors
proposed by different researchers. Predictions of the friction-
factor by Ashby et al. [53] and Lu et al. [2] are almost matching,
whereas the same obtained through the pressure drop relation of
Fourie and Du Plessis [44] is less. Consequently, the area good-
ness factor obtained through the pressure drop equation of Fourie
and Du Plessis [44] becomes higher. Both the j and f factors are
monotonically decreasing functions of velocity and the same trend
has been observed to be followed also by the (j/f) ratio.

It must be emphasized here that the area goodness factor (j/f)
has a limit. According to the Reynolds analogy, it can have a
maximum value of 0.5 in the absence of the form drag [54]. How-
ever, the contribution of the form drag may be of the same order
of magnitude for an interrupted surface. Thus the value of area
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goodness factor (j/f) should be limited within 0.25 or nearly 0.3
[54,55]. It is evident from Fig. 2 that the present foam heat trans-
fer analysis is not violating the Reynolds analogy. This also shows
that the heat transfer and pressure drop models used for the porous
media are appropriate.

Variation in the area goodness factor with pore density (PPI)
and porosity (g) has been carried out parametrically. The velocity
variations in thermohydraulic parameters and the area goodness
factor have been shown in Fig. 3 for the porous materials having
different pore densities. It may be noted that a single f factor
corresponding to each pore density has been plotted using the
pressure drop correlation of Ashby et al. [53]. In order to bring
clarity in the plot, friction-factors relating other expressions have
been dropped. The f factor corresponding to Fourie and Du
Plessis [44] predicts a smaller value; however, a conservative ap-
proach has been adopted while presenting the data. According to
Fig. 3(b), it is clear that the foam with the higher pore density is
the better heat transfer surface insofar as the area goodness factor
is the evaluation criterion. Since the surface area density increases
with pore density, the overall heat transfer performance is also
expected to be high. This fact is supported by the experimental
results of Boomsma et al. [46], who reported significant improve-
ment in the foam heat exchanger efficiency as compared with the
existing ones when operated under nearly identical conditions.
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Fig. 5 Velocity variation in (a) j and f factors and (b) area
goodness factor for foam and offset strip fins

The effect of porosity on the heat transfer and pressure drop
coefficients has been shown in Fig. 4(a) for different free stream
velocities. Foam with higher porosity shows improvement in the
area goodness factor (Fig. 4(b)). However, heat transfer area den-
sity strongly decreases with the increase in porosity. This feature
may not desirable in view of the overall heat transfer perfor-
mance.

Finally, the j and f factors and their ratio for few selective
offset strip and wavy fin surfaces have been plotted using the
experimental data from Ref. [13]. Heat transfer and pressure drop
data for these commonly used heat transfer surfaces provide a
reference for comparison with the porous material. Thermohy-
draulic data of offset strip and wavy fins along with those of foam
surfaces have been plotted in Figs. 5 and 6, respectively. Figures
5(a) and 6(a) show that the individual heat transfer and pressure
drop coefficients for the porous media are similar, if not better
than those of wavy and offset strip fins. Additionally, metal foam,
owing to its high area density, becomes a better choice for heat
exchanger application. Figures 5(b) and 6(b) indicate that the
foam area goodness factor is higher than that of wavy and offset
strip fins in the low velocity range, making it most suitable for
low Reynolds number applications. The ratio of j and f factors for
offset (Fig. 5(b)) and wavy fins (Fig. 6(b)) shows an asymptotic
increase in the velocity, while an opposite trend can be observed
with the porous materials. It is probably due to the fact that the
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Fig. 6 Velocity variation in (a) j and f factors and (b) area
goodness factor for foam and wavy fins

form drag component of the pressure drop increases fast with the
velocity of the convective fluid. An increase in pressure drop due
to form drag is not associated with a corresponding enhancement
in heat transfer [55]. That is why foam area goodness factor falls
quickly with higher velocity. On the other hand, when the velocity
of the convective fluid is small, skin friction plays the dominant
role toward pressure drop with an associated rise in heat transfer
[55]. However, it does not necessarily mean that the porous ma-
terials are not suitable for high Reynolds number application in
comparison to the conventional heat transfer surfaces. Since the
individual heat transfer and pressure drop characteristics including
the area goodness factor of high density metal sponge are favor-
able, the open-cell foam could be a better alternative for the actual
heat exchangers when assessed with more generalized perfor-
mance evaluation criteria pertaining to practical design conditions.

5 Conclusions

Open-cell metal foam is considered to be a promising alterna-
tive for compact heat exchanger applications, owing to its high
heat transfer surface area density, superior thermohydraulic char-
acteristics, and other favorable mechanical properties. A system-
atic analysis has been made to study the relative merits of porous
medium in comparison to existing high performance heat transfer
surfaces. The area goodness factor has been chosen for this com-
parative evaluation. The existing correlations for the heat transfer
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and pressure drop coefficients have been used to compute this
deciding factor. Careful selection of characteristic foam dimension
and relevant thermohydraulic data becomes important to avoid
erroneous prediction of results.

The parametric study reveals that the individual heat transfer
and pressure drop characteristics for the high porosity open-cell
foam are almost alike, if not better than those of conventional heat
transfer surfaces like wavy or offset strip fin. This conclusion has
been made on the basis of a conservative analysis. The high den-
sity foam has been found more suitable because of its favorable
(j/f) ratio as well as its large surface area density. An increase in
porosity shows positive gain in the area goodness factor. On the
negative side, an increase in porosity is associated with a reduc-
tion in heat transfer surface area density. The selection of appro-
priate porosity needs optimization based on practical constraints.

The upper limit of the area goodness factor (j/f) is restricted by
the Reynolds analogy. Its maximum value lies within 0.25 to
nearly 0.3. The present analysis has been found to be in complete
harmony with that analogy. This also authenticates that the models
used for heat transfer and pressure drop in porous media are ap-
propriate. In a nutshell, an affirmative answer has emerged out of
this study for the question being raised at the beginning, and the
design engineer can make preliminary selection of foam heat
transfer surfaces on the basis of this study.

Nomenclature

d¢ = strut diameter (m)

d, = pore size (m)

F = inertia coefficient defined by Eq. (10)
f = friction-factor

h = heat transfer coefficient (W/m? K)
j = Colburn factor

ki = fluid thermal conductivity (W/m K)
K = foam permeability (m?)

L = length of foam (m)

Nu = Nusselt number (hd;/ks)

Pr = Prandtl number

PPl = pores per inch (m™)
AP = pressure drop across heat exchanger surface
(kgmts7?)

Re = Reynolds number based on d¢
St = Stanton number
u = free stream velocity (m/s)

Greek Symbols
a = thermal diffusivity (m?/s)
x = tortuosity
& = porosity
m, = efficiency of half strut
u = dynamic viscosity (kg mt s
v = kinematic viscosity (m?s™1)
prel = relative foam density
p = fluid density (kg/m?)
o, = area density (m?/m?3)
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approach is used to obtain analytical expressions for the velocity, temperature distribu-
tion, and transient Nusselt number for convection produced by an applied pressure gra-
dient that fluctuates with small amplitude harmonically in time about a nonzero mean. It
is shown that the fluctuating part of the Nusselt number alters in magnitude and phase as
the dimensionless frequency increases. The magnitude increases from zero, goes through
a peak, and then decreases to zero. The height of the peak depends on the values of
various parameters. The phase (relative to that of the steady component) decreases as the

frequency increases. The phase angle at very low frequency can be 7/2 or —/2 de-
pending on the degree of asymmetry of the heating and the values of other parameters.
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1 Introduction

Research on forced convection with laminar flow in a parallel-
plate channel or a circular tube occupied by a saturated porous
medium has been reviewed by Lauriat and Ghafir [1] and Nield et
al. [2,3]. All of these studies are concerned with a time-
independent applied pressure gradient, and consequently Nield
and Kuznetsov [4,5] broke new grounds in discussing an applied
pressure gradient that varies harmonically with time about a non-
zero mean. Pulsating flow is of practical importance in biology
(because of heart beating; see, for example, Ref. [6]), automotive
industry (simulation of exhaust from IC engines), and heat trans-
fer enhancement [7].

The paper by Nield and Kuznetsov [8] also broke new grounds,
this time by considering counterflow in adjacent layers in the
channel. This study was motivated by a desire to model an essen-
tial feature that distinguishes bioheat transfer from other forms of
heat transfer in a porous medium [9-12].

The analysis in the present paper is a combination of the analy-
ses in the papers by Kuznetsov and Nield [5,8]. A perturbation
approach is followed. It is assumed that the relative amplitude &
of the pulsating pressure gradient is small compared with unity.
The case of the uniform heat-flux boundary condition is consid-
ered. Asymmetric as well as symmetric heating is considered. The
Peclet number is assumed to be large so that the axial heat con-
duction can be neglected. A Brinkman model with local thermal
equilibrium is employed. Analytical expressions for the velocity
and temperature and the transient Nusselt number are obtained, to
first order in «.

2 Analysis

For the steady-state fully-developed situation we have unidirec-
tional flow in the x*-direction between impermeable boundaries at
y*=0 and y*=H. The asterisks denote dimensional variables. We
assume that the permeability K and the effective thermal conduc-
tivity k are functions of y* only.

Manuscript received April 1, 2008; final manuscript received July 23, 2008; pub-
lished online July 29, 2009. Review conducted by Kambiz Vafai.
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We suppose that the applied pressure gradient is G[1
+e exp(iQt*)], where t* is the time. We assume that the fluid is
incompressible so that for this steady harmonic unidirectional
flow the Brinkman momentum equation can be written as

* s

. K
= G[1 + & exp(iQt")] + Me?‘jz - ﬁu* (1)

P au
¢ ot”

Here, p is the fluid density, w is the fluid viscosity, u. is the
effective viscosity, ¢ is the porosity, and K is the permeability of
the medium.

We suppose that the channel is divided into two layers and gy,
K, and G take different values in these. Explicitly, we assume that

K=Ki1,  Hefi= tei, C=nGps for 0<y" <éH (2a)

K= Kz, G=- ’yZGref for gH < y’k <H

(2b)

Meff = Meff2,

where G, is a reference value.

We suppose that the interface at y*=¢H is a solid plate so that
there is no velocity slip there.

We define dimensionless variables

y" pu put’ pH*Q
y=o, u= 3 =7, o= 3)
H GeH pH du
This means that the reference velocity has been chosen to be

GrefH?/ 1.

We note that the dimensionless frequency « may be regarded as
a Reynolds number based on HQ as the velocity scale and H as
the length scale. (The reader should note that here H denotes the
channel width, whereas in Ref. [5] it denotes one-half of the chan-
nel width. Consequently w as defined here is four times the w used
in Ref. [5]).

Then the dimensionless forms of the momentum equations are

1 du, ) #Puy
——=1+gexpliot) + Mla_y? = Njuy

4a
ot (4a)
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1 du,

4b
ot (4b)

1 exp(i t)+Mﬂ2u2 Nou
==1-¢ _— -

pllw 2 Y2 2Uz
where the pressure-gradient modified viscosity ratios M; and M,
and the pressure-gradient modified reciprocal Darcy numbers N4
and N, are defined by

M, = Meffl (5a)
Yim
M, = Meff2 (5b)
Yab
HZ
Ny=—— (5¢)
1K1
HZ
NZ = (Sd)
YKy

It has been assumed that the Reynolds number based on the mean
velocity is sufficiently small for the inertial terms to be neglected.
It is also assumed that the Reynolds number based on the fre-
quency is small. The usual convention, that it is the real part of
complex quantities such as u; and u, that have physical signifi-
cance, is adopted.

Equations (4a) and (4b) must be solved subject to the no-slip
boundary conditions

u;=0 aty=0 (6a)
up=0 aty=¢ (6b)
u,=0 aty=¢ (6¢c)
u,=0 aty=1 (6d)
For convenient shorthand we write
N
M=y (7a)
1
N
)\2 = M_2 (7b)
2
N H 1/2
01:<—1+ o ) (70)
M; My
N H 1/2
02:<_2+ = ) (7d)
M, M,

The solution of Egs. (4a) and (4b) subject to Egs. (6a)—(6d) is

1+ eMé— My — gM(EY) e[1+e1f— ey - e"1(§‘y)] )
Up = elwt

Ny[1 +eMf] Mo ’[1 +e]
(8a)
[1 + e‘)\z(l‘§) — e‘)\z(l‘)/) — e_)\z(Y‘f)]
U=~ N,[1 + e—x2(1—§)]
el1+ 9‘02(1—5) — e‘(fz(l-y) — e‘”z(y—f) .
- Lo (ap)

Moo[1+ 77274

This solution is exact. Now suppose that e <1.
The spatial mean value of the velocity is

101005-2 / Vol. 131, OCTOBER 2009

[ ' 1 2 xg) 1
U—L U1dy+_L uzdy—N—l g—)\—ltanh(7 _N_z 1-¢
—gtanh<—}\2(l_§)>}+e L z{é-itanh<a—1§)}
A2 2 Moy o 2

— 1 2{1—§—£tanh<o-2(12_ g))}:|eiwl (9)

M20'2 (o)
Write
U = fl + Sgleiwt (108.)
U, = fz + ngeiwt (10b)
U=f+egel (11)
Thus
_1+ ehié — ghty — gha(&Y) _ 1], _cosh\(¢-2y)/2]
! N,[1 +eMé] N, cosh[\,&/2]
(12a)
[1+e722178 — g7ha(17Y) — g=haly=8)]
f,=- N,[1 + e 2078
1 cosh[N\,(1 + £-2y)/2
L] coshin(1+ g-2y)2) (126)
N, cosh[\,(1 - §)/2]
1+ ea'lf - eo'ly — e‘71(§_y)
01= (120)

Myo (1 + ]

1+ e‘U'z(l"f) - e‘O'z(l‘y) - e‘U'z(Y‘§)
92=- 2 —oy(1-8) (12d)
Mo, 1 +e7 7254

I N ST | G PR ()\2(1—5))
f—Nl{g Mtanh( 2)} Nz{l & )\ztanh 2 }

(12¢)
_ 1 1
g:[ 5 g——tanh(a—lg) - 1-¢
Mioy oy 2 Mo,
2 1-
- tanh(crz( 5))} (12f)
0'2 2
The normalized velocity is, to first order,
~ u ~ N
(= = =0+ g{Deiet (13a)
u
0p= 2 =00 + el (13b)
u
where
SO
uy'== (14a)
f
~y_ (G g\f
iP=e=-2|= (14b)
fi f)f
0 f2
Uy’ == (14c)
f
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9y, = constant

pd

porous medium of permeability K, u,
and effective conductivity &,

’

qy; = constant

Fig. 1 Definition sketch

g\ f
agﬂzs(%—g)é (14d)
f2 )

We now proceed to consider the thermal aspects. We assume that
the frequency is sufficiently small for the assumption of local
thermal equilibrium to be valid. We treat the case of asymmetric
heating of the walls as well as the case of symmetric heating. In
dealing with the former we follow the path taken by Nield [13].

Now suppose that the effective thermal conductivity is given by

k=k, for 0<|y'|<é&H (15a)
k=k, for é&H<|y*|<H (15b)
so that the mean value is given by
k=g + (1- £k (16)
We write
~ k
k== (17a)
k
~ k
k,= = (17b)
k

Further we define the Nusselt number Nu based on the channel
width as

Nuz P
k(T =T

where q;’L is the mean wall heat flux, defined in terms of Fig. 1 and

(18)

" l 4 "
q,U« = E(qwl + Qw2 (19)
Here T",,, is the mean wall temperature and T*, is the bulk tem-
perature defined by

H

o1
T = —

== 20
" uHJ, (20)

The reader should note that we have defined Nu in terms of the
channel width rather than the hydraulic diameter (twice the chan-
nel width).

For the case of uniform flux boundaries, the thermal energy
equation takes the form

Journal of Heat Transfer

PT*

(pc) (9_T*+( C)u*é’_T*_
P m ot PLp)t é’X*_mﬂy*z

(21)
The Peclet number Pe has been assumed to be large so that ther-
mal diffusion in the axial direction can be neglected. Provided that
the Prandtl number is large, this assumption is consistent with our
other assumption that the Reynolds number is small.

The first law of thermodynamics leads to

aT* _dT 2q"
—=—0= —q“_— = const (22)
X" dx"  pc,Hu
We define a dimensionless temperature
R T* _ T*
T=—= (23)
Th-T o

and introduce the Prandtl number Pr, thermal capacity ratio o,
and a modified Prandtl number A defined by

“p (pC)m
Pr=—— o= ., A=do, Pr (24)
klpo T (o) T
Then Eq. (21) takes the form
AT T
—-A—=-2Nud (25)
4%

In this case the dimensionless form of the thermal energy equation
may be written as

(92'?'1_ (9_1A'1__2 Nu 0,

= for O<y<
ay? ot i, y<é

(26a)

(92'?'2_ &_1'2__2 Nu {,

= for é<y<1
ar ot %, £<y

(26b)

These equations must now be solved subject to the boundary con-
ditions

T1(0) = B (272)
To1) == B (27b)
and the matching conditions (for temperature and heat flux)
T (H=Ty(&) (27¢)
~dT, . ~dT,
k;—(&) =k,—= 27d
ldy(g) zdy(f) (27d)
where
Twl B TWZ
=S (28)
SRPTU R
The solution to first order in ¢ is of the form
Ty =T+ Teiet (29a)
T, =T + Telet (29b)
Then Egs. (25a) and (25b) require that
T 2N
—L - (30a)
dy K,
T . 2 Nu.
a AT =m0 (30b)
1
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270
oY 2 Nug,
- ~ 2

(30c)
dy2 K,
T . 2 N
5 AT = g (30d)
y k,
where we have introduced the shorthand notation
Bi=(iwA)Y? for i=1,2,... (31)
Also, Egs. (27a)-(27d) require that
TO0) = (32a)
=T (32b)
~dT® o dTY
Ky —2 (&) =k,—2 2
gy @ =g (® (320)
W) =- 8 (32d)
TM0)=0 (32e)
BRGERINE (32f)
~dT® o dT
k, —— =k, —=— 2
gy O =g (® (320)
TV =0 (32h)

The solution of Egs. (30a)—(30d) subject to Egs. (32a)—(32e) and
(32h) is straightforward but algebraically complicated. It can be
readily handled by the software package MATHEMATICA. The result
is too complicated to present here. The solution is of the form

0= RO +Nu S0, 9= BRY +Nu s
(33)
=g Nu s, TP=e NuSP
The compatibility condition (an identity required for consistency
of Egs. (18) and (20)) is

@m=1 (34)
To first order, this gives
Nu[(0<°)5(0)) + e((G(O)S(l)) + <ﬁ(1)5(0)>)eiwt] + ﬁT[(ﬁ(O)R(O)>
+e(0WRO) > glet] = 1 (35)
Here
£ 1
(0@s©) = J 00sPdy + J iQsPdy (36)
0 é
etc. Then, to first order, Eq. (35) gives
NU = Nug(1 + vee') (37)
where
_1-Ba®R?)
Nup = (@95 (38)
1@s®y 4+ (WSO 4RO
yo | @IS+ @VSO) (R (39)
<u(0)5(0)> 1- BT<U(0)R(O)>

For the case of £&=1, one can recover the results in Ref. [5] by
identifying A;=2s and w=4w’, where s is defined in Ref. [5] and
a prime has been placed on w as defined in Ref. [5]. Also, when
£=1, one can derive the analytic expressions
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Table 1 Values of the mean Nusselt number Nu, for counter-
flow in the Darcy limit (M;—0,M,—0)

N,/N;=0.1 N,/N;=1.0 N,/N;=10
B8=0 435 0 4.36
B=1 7.01 0 1.69
B=10 30.97 0 —22.32
40 = NC = N\ cosh[Aq(2y = 1)/2] (40)
! \,C-2S
Nu
T = Br(1 - 2y) - ——=={ MC(y? -
1 = Bl y) MC-25 | V)
2C -2 cosh[\q(2y —1)/2
. [u(2y-1) ]} )
A
61 (\,C - 2S)?
Nuo= == i - ) (42)
A3C? - 24\,C? - 6\, + 60SC
where
C=cosh(\/2), S=sinh(\/2) (43)

3 Results and Discussion

We tested our MATHEMATICA code using the results for special
cases available in Ref. [5] (for a single layer, £=1) and in Ref. [8]
(for the nonpulsating case). In particular, when we took account of
the different scaling, we recovered the results displayed in Fig. 2
in Ref. [5]. Likewise, the values in Tables 1 and 2 for the mean
Nusselt number Nug have been newly computed. They are closely
the same as in Tables 1(a) and 2(a) in Ref. [8].

Because of the novelty of the hydrodynamic boundary condi-
tions at the interface between the two streams, there are no other
results in the literature for which we could compare our present
results.

Because of the large number of parameters involved, of neces-
sity we have been very selective in the set of parameter values for
which results are reported. All of the results presented below are
for the case where each layer occupies half the channel (£=0.5)
and for which the modified Prandtl numbers A; and A, are unity.

For the pulsating counterflow situation, we first considered the
Darcy flow limit. Figures 2 and 3 present the results for the cases
corresponding to the first and third columns of Table 1. The gen-
eral behavior is similar to what we found in the single layer case
reported in Ref. [5]. The amplitude of v first increases from zero
with w, goes through a maximum, and then reduces to zero as w
tends to infinity. For the case shown in Fig. 2, the value of the
peak first decreases as Bt increases, and then increases. The argu-
ment of v (a phase angle) generally decreases as w increases. A
feature not observed for the single layer situation is that now a
jump of 277 occurs in the phase angle at some value of ». Because
of the periodicity, this does not correspond to a physical discon-
tinuity. It is just a consequence of the fact that the jump occurs
when the starting phase angle is —7/2 (as in the case Sy=0) rather
than /2 (as in the case Br=10).

Table 2 Values of the mean Nusselt number Nu, for counter-
flow in the clear fluid limit (N;—0,N,—0)

M,/M;=0.1 M,/M;=1.0 M,/M,; =10
=0 3.62 0 3.62
B=1 5.83 0 1.41
=10 25.73 0 ~18.50

Transactions of the ASME



(@)

Abs(v)

logo(®)

L
2

Arg(v)/(

log;o(w)

Fig. 2 Plots of (a) the modulus and (b) the argument as a frac-
tion of 7/2 of » where Nu=Nuy(1+wreei®!) as functions of the
frequency w for various values of B¢ for the case of the Darcy
limit, §=0.5 and N,/N;=0.1. The values of Nu, are 4.35, 7.01,
and 30.97 for the B values 0, 1, and 10, respectively.

A comparison of Fig. 3 with Fig. 2 reveals that a change from
N,/N;=0.1 to N,/N;=10 does not change the general qualitative
picture but it does change the details. Rather than the amplitude of
v going through a minimum as By increases, it now goes through
a maximum. The values of the peaks are generally higher, and
they occur at larger values of w. Likewise the value of w at which
there is a rapid change in the phase angle is greater in Fig. 3 than
in Fig. 2.

Figures 4 and 5 for the clear fluid limit are similar to Figs. 2
and 3 for the Darcy flow limit. The main change is that the peaks
in the amplitude of v and the jumps in the phase angles occur at
larger values of w.

To complete our report we present in Figs. 6—-9 some results for
general values of the modified reciprocal Darcy numbers N; and
N,. All of these are for the case of modified viscosity ratios M,
and M, having the value unity. Figures 6 and 7 are for the case of
symmetric heating (87=0) and Figs. 8 and 9 correspond to the
case of asymmetric heating (B8r=1). In Fig. 6 (and Fig. 8) the
values of N; and N, are varied with the ratio N,/Ny held constant
at 0.1. In Fig. 7 (and Fig. 9) the values of N; and N, are varied
with the ratio N,/Ny held constant at 10. As one would expect
from the physical symmetry of the situation, Figs. 6 and 7 are
essentially the same, while Figs. 8 and 9 differ significantly. A
particular feature is the relatively large peak amplitude of v when
(N1,N5)=(10,100). In fact here the peak amplitude exceeds unity.
This means that in this case the Nusselt number Nu oscillates
between positive and negative values.

As was noted in Ref. [8], the negative values arise in the case of
strong thermal asymmetry and when the product of Br and u is
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Fig. 3 Plots of (a) the modulus and (b) the argument as a frac-
tion of /2 of » where Nu=Nuy(1+wree'!) as functions of the
frequency w for various values of B¢ for the case of the Darcy
limit, £=0.5 and N,/N;=10. The values of Nu, are 4.36, 1.69, and
—22.32 for the B; values 0, 1, and 10, respectively.

positive so that the more strongly heated boundary (and thus the
hotter one) is adjacent to the layer in which the weaker flow
occurs, other things being equal.

4  Conclusions

We investigated forced convection in a parallel-plate channel
occupied by a layered saturated porous medium with counterflow
produced by pulsating pressure gradients. For this pulsating flow,
the amplitude of Nusselt number variation first increases from
zero with the increase in the dimensionless pulsation frequency,
goes through a maximum, and then reduces to zero as the pulsa-
tion frequency tends to infinity. The argument of the phase angle
of the Nusselt number variation generally decreases as the pulsa-
tion frequency increases. A jump of 27 can occur in the phase
angle at some value of the pulsation frequency. Because of the
periodicity, this does not correspond to a physical discontinuity.
The jump occurs when the phase angle at very low frequency is
—ar/2 (rather than 7r/2), an occurrence that depends on the degree
of asymmetry of the heating and on the values of other param-
eters.

Our primary results are presented for the cases of the Darcy and
clear fluid limits. These provide upper and lower bounds for the
mean Nusselt number. Where the results for these two limits are in
qualitative agreement, one can reasonably expect that the results
for the intermediate cases will show the same qualitative behavior.

In our analysis we have assumed that the frequency is suffi-
ciently small for the inertial and local thermal nonequilibrium
effects to be neglected. In any case, it appears from our results
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Fig. 4 Plots of (a) the modulus and (b) the argument as a frac-
tion of 7/2 of » where Nu=Nuy(1+wee'®!) as functions of the
frequency o for various values of B for the case of the clear
fluid limit, §=0.5 and M,/M;=0.1. The values of Nu, are 3.62,
5.83, and 25.73 for the B; values 0, 1, and 10, respectively.

that the Nusselt number does not pulsate much when the fre-
quency is large, so the case of very high frequency is not particu-
larly interesting.

In our analysis we have also assumed that the pulsation fre-
quency is the same for each stream and the pulsations are in
phase. The effect of a phase lag is the subject of the current
research. The case of different frequencies for the two streams is
beyond the scope of our analysis.

Nomenclature
cp = specific heat
f,g = functions defined in Eqg. (10)
G[1+e exp(iQt)] = applied pressure gradient
Gt = reference value of the applied pressure
gradient
= channel width
effective thermal conductivity

mean value of k

permeability

modified viscosity ratio defined in Eq.
5)

modified reciprocal Darcy number de-
fined in Eq. (5)

NU = Nusselt number 2Hq;/E(T*WM—T*m)

SRA=xIRXI
[ I

=
Il

Nuy, = mean Nusselt number
Pr = Prandtl number w/p/ky/(pCp)s
g, = mean wall heat flux 1/2(q,,+dy,

t = dimensionless time (put*/pH?)
t* = time
T* = temperature
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Fig.5 Plots of (a) the modulus and (b) the argument as a frac-
tion of /2 of » where Nu=Nuy(1+wree'!) as functions of the
frequency o for various values of B for the case of the clear
fluid limit, £=0.5 and M,/M;=10. The values of Nu, are 3.62,
1.41, and -18.50.

T, = bulk temperature defined in Eq. (20)
T", = wall temperature

w
Ty, = mean wall temperature

T = dimensionless temperature
(T =T ) (T =T,)

u = dimensionless longitudinal velocity
(MU*/GrefHZ)

u* = longitudinal velocity

u = spatial average of u

U = rescaled dimensionless longitudinal ve-
locity u/u

x* = longitudinal coordinate

y* = transverse coordinate

y = dimensionless transverse coordinate
y*/H

Greek Symbols
B = (iwA)¥?

Bt = dimensionless boundary temperature
defined in Eq. (28)

amplitude

pressure gradient ratio

modified Prandtl number (A=¢o, Pr)
(N/ M)l/Z

fluid viscosity

= effective viscosity

Nusselt number variation function de-
fined in Eq. (39)

density

T E >0
L | R [

h=)
I
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M,=1, and for (N;,N,)=(1,0.1), (10,1), and (100,10). The values

of Nug are 0.00203, 0.156, and 2.175, respectively.
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= (N/M+iw/yM)¥2

= thermal capacity ratio (pc).,/(pCp)¢

porosity

= y-coordinate value giving the position of
the layer interface

o = dimensionless pulsation frequency

(pH*Q/ pp)
Q) = pulsation frequency

~e S 9
I

Superscripts
= dimensional variable

Subscripts
1,2 = layer indices
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Introduction

On the Characterization of Lifting
Forces During the Rapid
Compaction of Deformable
Porous Media

In a recent paper, Wu et al. (2005, “Dynamic Compression of Highly Compressible
Porous Media With Application to Snow Compaction,” J. Fluid Mech., 542, pp. 281-304)
developed a novel experimental and theoretical approach to investigate the dynamic lift
forces generated in the rapid compression of highly compressible porous media, (e.g.,
snow layer), where a porous cylinder-piston apparatus was used to measure the pore air
pressure generation and a consolidation theory was developed to capture the pore-
pressure relaxation process. In the current study, we extend the approach of Wu et al. to
various porous materials such as synthetic fibers. The previous experimental setup was
completely redesigned, where an accelerometer and a displacement sensor were em-
ployed to capture the motion of the piston. The pore-pressure relaxation during the rapid
compaction of the porous material was measured. The consolidation theory developed by
Wu et al. was modified by introducing the damping effect from the solid phase of the
porous materials. One uses Carman—Kozeny’s relationship to describe the change in the
permeability as a function of compression. By comparing the theoretical results with the
experimental data, we evaluated the damping effect of the soft fibers, as well as that of
the pore air pressure for two different porous materials, A and B. The experimental and
theoretical approach presented herein has provided an important methodology in quan-
tifying the contributions of different forces in the lift generation inside porous media and
is an extension of the previous studies done by Wu et al. [DOI: 10.1115/1.3167543]

Keywords: lift generation, porous media, permeability, compression, deformable

arises from the fact that as the porous medium (snow or glycoca-

Porous materials have a vast range of applications. Many natu-
ral substances, such as biological tissues (e.g., bones), and man-
made materials, such as foams and ceramics, are considered to be
porous media. Fluid flow in porous media has been one of the
main research focuses of scientists for decades. There are a num-
ber of applications of porous media flow in biological, civil, and
mechanical systems, such as cartilage biomechanics [1-3], fluid
flow through the endothelial glycocalyx in the motion of red cells
through capillaries [4-7], fluid flow past muscle cells in the artery
wall [8], fluid flow through brush border microvilli in the proxi-
mal tubule [9], fluid flow through fenestral pores in the capillary
wall and the internal elastic lamina of arteries [10], the transmis-
sion of fluid shear stress to the intracellular actin cytoskeleton of
the endothelial cells [11,12], fluid flow in deformable porous me-
dia and its application in molding process [13], and soil mechan-
ics [14,15]. Lift generation in soft porous media is a new concept
in porous media flow. This concept was first proposed by the
pioneering work of Feng and Weinbaum [5] who demonstrated
that the excess pore pressure generated by a planing surface mov-
ing on a compressed porous layer scales as aZ:hZ/Kp, where h is
the layer thickness and K, is the Darcy permeability, and that « is
102 or larger for both red blood cells gliding over the endothelial
glycocalyx that cover the lumen side of our capillaries and human
skiing/snowboarding on fresh snow powder. Thus the lift forces
generated can be more than four orders of magnitude greater than
the classical lubrication theory. The huge enhancement in lift

lCorresponding author.
Manuscript received September 30, 2008; final manuscript received April 23,
2009; published online July 29, 2009. Review conducted by Kambiz Vafai.
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lyx) compresses, there is a dramatic increase in the lubrication
pressure because of the marked increase in the hydrodynamic re-
sistance that the fluid (air or blood plasma) encounters as it tries to
escape from the confining boundary through the compressed po-
rous layer. It explains the pop-out phenomenon for a red blood
cell squeezing through a small capillary and the enhanced lift
phenomenon for a human skiing/snowboarding. In later studies by
Wu et al. [16], the authors developed a new experimental and
theoretical approach with intent to understand the dynamic pore
pressure that might build up in a snow layer on the time scale of
loading associated with skiing, snowboarding or snow-shoeing.
The time-scales are roughly 0.05-0.2 s in the first two applications
and 0.5 s in the last application. A series of experiments was
carried out in a specially designed porous-walled cylinder-piston
apparatus. The excess pore pressure was captured through dy-
namic experiments where the piston was released and allowed to
fall under its own weight on the snow sample in the porous cyl-
inder to create a sudden compaction. It was shown that the pore-
pressure generation inside a wind-packed snow layer occurs in a
period of 0.1 s and pressure relaxation in 0.7 s. For a snowboarder
gliding over wind-packed snow with a velocity of 10 m/s, if the
length of the snowboard is equal to 1.5 m, the approximate time
that the snowboard remains in contact with snow layer is 0.15 s.
This infers that sufficient time is available to adequately support
the weight of the snowboard by the generated pore air pressure.
The basic physics underlying the lift generation in soft porous
media proposed by Feng and Weinbaum [5] was verified experi-
mentally.

The phenomena of pore pressure increase due to sudden com-
pression on soft porous media and that of slow pressure venting
due to viscous effects is a new concept. This concept was recently
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applied in the development of a realistic model for the lift me-
chanics of downhill skiing and snowboarding [17,18], which in-
corporates lift contributions from both the transiently trapped air
inside a snow layer and the compressed ice crystals. It captures
the key physics of the stability and control during skiing or snow-
boarding and predicts that if the speed of the skier or snowboarder
was 20 m/s, the lift force generated by the trapped air accounted
for approximately 50% of the total lift force in the case of snow-
boarding and 40% for skiing. In a further study, Wu et al. [19]
applied the lessons learned from red blood cells gliding over the
endothelial glycocalyx and from a human skiing or snowboarding
on fresh powder snow to the conceptual design of a future gen-
eration train that can glide on a soft porous track whose mechani-
cal properties are similar to goose down. The key insight in the
latter application is that one can greatly enhance the lift and re-
duce the drag due to friction in the solid phase if the lateral loss of
pore pressure at the side walls of the track could be eliminated.

The work in Refs. [5,16] laid the foundation for the lift genera-
tion in highly compressible porous media, and the work in Refs.
[17-19] extensively applied this concept in some extreme appli-
cations. However, much of these works have been focused on the
contribution of pore fluid pressure to the total lift. The solid phase
behavior during the compression process has yet to be examined.
The specific limitations of these works are as follows.

First, the previous study on the dynamic compression of soft
porous media concentrated only on two types of samples: wind-
blown snow and fresh snow. One expects by intuition that, if the
solid phase of the porous material is different, e.g., stiffer, the
trapped air’s contribution to the total lift would be different too.
Thus, the obvious question following the work of Wu and his
colleagues [16] is as follows: How would other soft porous mate-
rials with varying porosities behave when subjected to sudden
compressive forces?

Second, when the theory in Ref. [5] was first developed, it was
intended to apply to highly compressible porous media in the limit
where the structure is so compressible that the normal forces gen-
erated by the compression of the solid phase were negligible com-
pared with the pore-pressure forces generated within the porous
media. In the dynamic compression study by Wu et al. [16], the
authors took into account the lift generation from both the tran-
siently trapped air and the solid phase; however, the damping
effect was attributed solely to the fluid (air) while the solid phase
was assumed to be elastic. Recently, Skotheim and Mahadevan
[20] theoretically investigated the fluid-induced deformation of
the soft interface and the resultant lift generation due to the drain-
ing of the fluid and the elastic response of the solid structures. In
this study, the authors focused on the elastic properties of a soft
interface under hydraulic pressure and hence preclude the damp-
ing forces from the solid phase. In other words, none of the ex-
isting literature, to our knowledge, treats the damping effects from
both the trapped fluid and the solid structure. One would ask, how
would the viscoelastic property of the solid phase affect the lift
generation? If the solid phase contributes more damping effect,
how would this affect the lift generation from the trapped fluid?

Third, in the experiment of Wu et al. [16], the motion of the
dropping piston was predicted theoretically; the comparison be-
tween the theoretical model and the experimental data was only
based on the pore air pressure response. If the damping effect
from both the solid phase and the pore air pressure need to be
determined, one would need another matching criterion besides
the pressure response. What is that criterion?

In the current study we will explore these limitations. We shall
first completely redesign the experimental setup in [16] by intro-
ducing a guiding system for the dropping piston. The new appa-
ratus will be fully instrumented with pressure, acceleration, and
displacement sensors. We shall perform thorough analyses on a
more comprehensive set of experimental data obtained from trials
conducted on various porous materials having different porosities
and densities. The consolidation theory developed by Wu et al.
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[16] will be modified to include the damping force from the solid
phase, —7(dh/dt)mg, where 7 is the damping coefficient, and
dh/dt and mg are the velocity and weight of the piston, respec-
tively. The initial Darcy permeability, Kpq, of the porous media,
which is related to the damping effect of the pore air pressure, and
the damping coefficient of the solid phase, 7, are to be determined
by requiring that the theoretical predictions for the motion of the
piston as well as the pore air pressure response fit our experimen-
tal data. By performing detailed analyses of the pore air pressure
distribution and the viscoelastic behavior of the solid phase, we
shall provide a quantitative approach in characterizing different
aspects that affect the lift generation in a soft porous medium.

2 Experiment

2.1 Experimental Setup. In order to obtain critical insight
into the behavior of soft porous media in response to rapid com-
paction, a porous-walled cylinder-piston apparatus was designed,
fabricated, and tested in the Cellular Biomechanics and Sports
Science Laboratory at Villanova University. The design of this
apparatus was based on the setup in Ref. [16] but with significant
improvements. The previous experimental setup was a fairly ac-
curate design and the experimental results were reasonable. How-
ever, it had several major limitations. First, the piston that pro-
vides sudden compaction on the porous media was released
manually in the previous studies. Inconsistent drop rates were
observed under similar initial conditions. Second, there was no
direct measurement of the displacement of the piston in the pre-
vious study and the initial and final thicknesses of the porous
media were measured manually. Third, the previous experiments
were only performed on snow and goose down. Other types of
porous media and particularly synthetic fibers have not been
tested. Considering these limitations, a new modified and en-
hanced setup was built. A schematic of this apparatus is shown in
Fig. 1(a). It consists of a porous cylindrical side wall of 40 cm
diameter and 12.80 cm height, which is attached to a solid base
plate. The porous side wall was made of Rigimesh® from Pall
Corporation (East Hills, NY), which is an arrangement of several
screens bonded together for rigidity. The mesh provided negligible
resistance to the flow of air through it, which was confirmed dur-
ing trial tests without the fibers when no pressure buildup was
indicated by the pressure transducers during the free fall of the
loaded and unloaded piston. A light piston that can be loaded with
fixed weights on top of it can slide freely along the inner surface
of the cylinder and provide a uniform loading to the porous media.
In order to prevent any misplacement of the piston during the free
fall, to minimize friction, and to have consistency in all experi-
ments, the piston was guided by a linear bearing from the top, as
shown in Fig. 1(a). A glider was attached to the rod that can glide
through a vertical gliding path to create a uniform loading. The
apparatus is designed with a small clearance gap between the
piston and the cylinder side wall, which allows the trapped air to
flow out of the cylinder only through the porous side walls in the
radially outward direction. A high frequency response micro-
electro-mechanical systems (MEMS)-based pressure transducer
(Kulite Semiconductor Products (Leonia, NJ) Model MIC-062)
was mounted at the center of the piston, and three other pressure
transducers (SI Micro (Milpitas, CA) Model SM5652-015-G-3-L)
were installed in the radial direction of the piston at distances 7
cm, 14 cm, and 18 cm from the center. The largest inner diameter
of the transducers is 0.203 cm. This size was used to get a satis-
fying spatial resolution in local pressure measurements. All the
pressure signals were measured relative to the ambient atmo-
spheric pressure. In order to examine the motion of the piston, a
dual-axis accelerometer (ADXL203), with a range of =1.7 g and
a sensitivity of 1000 mV/g, was installed on the top surface of the
piston, which allows the inertia of the piston to be determined
directly from the experiment. A laser sensor from Micro-Epsilon
(model ILD1300-200) with a range of 200 mm and a dynamic
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Fig. 2 SEM images for (a) material A at 1kV and 2000x and (b) material B at 1kV and 1800x

resolution of 200 um was used to measure the displacement of
the piston. The signals were captured using an USB chassis NI
cDAQ9172 data acquisition system with a plug-in module
NI19205, having 16 bit resolution and a maximum sampling rate of
250,000 samples/s. A LABVIEW® program was written to acquire,
filter, and store the data in ASCI|I files for further processing with
MATLAB®. Figure 1(b) shows the real picture of the experimental
setup.

2.2 Material Characterization. Two kinds of polyester fi-
bers, A and B, having different porosities were used for the ex-
periments. Material A is filling material used in stuffed animals
(Build-a-Bear). Material B is used in Egyptian cotton pillows.
These two fibers were chosen due to their significantly different
behaviors as they were being compressed. Material A tended to be
more elastic, while material B was observed to be more “viscous”
under rapid compaction.

Hitachi s-4800 high resolution scanning electron microscope
(SEM) was used to investigate the polyester fibers. Due to the
fibers being curved in loops, special care must be taken to secure
the fibers onto the SEM specimen holder. First, conductive carbon
tapes are firmly pressed on the SEM specimen holder, and then a
small amount of the fibers are pressed onto the carbon tape by
using a pair of tweezers to secure the fibers on a desirable posi-
tion. A small amount of silver paint was used to further secure the
fiber position, as well as to provide better electrical conductivity
to reduce the charging effect. The fibers could not be glued onto
the conductive carbon tapes flatly along its whole length; there-
fore, they would be in slightly different heights, and only portion
of a fiber could be focused when a photo was taken. To avoid
electron charging effect on the polyester fibers, the acceleration
voltages of the SEM were kept at 5 kV or less. Figure 2(a) at
2000 shows some surface roughness on the surface of the fiber
A. It seems that the extrusion process of the fibers was smooth,
continuous, and consistent. Based on the SEM observations on
these fibers, the diameters of the fibers A remain constant, which
is about 40 wm. For comparison, fibers of material B were also
studied by using SEM. Figure 2(b) is a photo taken at 1kV and
1800, which reveals the topography of this fiber. It shows that
fiber of material B has more surface irregularities than that of
material A. They are not as clean as the fiber A after the extrusion
process. The diameter of the fiber B is about 13 wum. Since its
diameter is smaller, they were easier to be pressed onto the con-
ductive carbon tape during the specimen mounting. No silver
paint was needed to secure the positions of the fibers. It is likely
that these fibers are less stiff since they are easier to deform.

In order to obtain a three-dimensional perception on the fibers,
such as the space between fibers, the fiber shape, and the homo-
geneity of the fibers, a Zeiss stereomicroscope, model STEMI
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SV-11 APO, was used to characterize the fibrous materials. This
stereomicroscope is equipped with a Leica DC480 digital camera
to capture the images. A size of about 1.5-mm diameter specimens
was investigated. For each material, three layers of fibers were
taken, namely, bottom, middle, and top layers. The bottom is the
farthest focused layer, while the top layer is the closest focused
layer to the camera lens. The middle represents the focused in-
between layer. Figures 3(a)-3(c) are taken in the order of bottom,
middle, and top layers of material A. Based on the SEM pictures
mentioned before, the diameter of the fiber of this material is
about 40 um; therefore, the space between the fibers for material
A is estimated to be 0.7 mm (700 um) or less. The fibers are
curved and intertwined with others. It is almost impossible to
identify the beginning and ending of each fiber. The length of the
fibers could not be easily identified either. However, if the fibers
are long enough, it is obvious that the overall length of fibers will
not be a significant factor as long as there are many intertwines
points where the fibers interlock with each other. It is the inter-
locking distance that plays an important role in the mechanical
properties, assuming that the fiber stiffness and strength are kept
the same. The stereographs of material B are shown in Figs.
3(d)-3(f). Figure 3(d) shows the bottom layer containing many
very fine and dense fibers. Figure 3(e) shows the top layers of the
fibers. Due to the dense fibers, the picture of middle layer could
not be taken. Figure 3(f) is the top layer of the fibers in a different
region at a higher magnification. From Fig. 3(f), again using the
diameter of this fiber determined from SEM study, we can esti-
mate that the space between the fibers is about 200 um or less
from the top view. Figures 3(d)-3(f) clearly indicate that material
B has straighter fibers without too much of the twists and turns.

Fig. 3 Stereomicroscopy images for material A at bottom layer
(a), middle layer (b), and top layer (c), and for material B at
bottom layer (d), top layers (e), and top layer in a different re-
gion at a higher magnification (f)
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Table 1 Fiber characterization test matrix

Density Applied dynamic load

Fiber Initial porosity (kg/m?3) (kg)
A 1 0.93 15.7 4.74,5.14, 7.58
2 0.90 22.2 4.74,5.14, 7.58, 9.27
B 1 0.94 15.5 2.31, 2.71, 3.03, 4.17
2 0.89 24.2 3.03, 4.17, 4.74
3 0.86 28.8 474,70, 8.71

Therefore, there will be less interlocking mechanisms among the
fibers even though the space between the fibers is less. As dis-
cussed in the SEM study, material B was easier to be flattened for
SEM specimen mount, probably due to its smaller diameter, less
curving, and less interlocking mechanism.

For material A, two different densities were selected which con-
sequently resulted in two different porosities. For material B, three
different densities were selected. The fiber’s mass was measured
before filling each cylinder. These values were then divided by the
volume of the cylinder based on the piston’s initial height for each
individual test to obtain the densities of the materials prior to
compression. To measure the initial porosity of the testing mate-
rial, a small graduated cylinder with a perforated piston was used.
Sample material with the same density as the filling fibers was
placed inside a graduated cylinder, which was then compressed
completely by the perforated piston. The ratio of the volume of
the air that was squeezed out to the total initial volume gives the
value of the initial porosity. The density and porosity of these
materials are listed in Table 1.

2.3 Experimental Methods and Results. In order to study
the contribution of the solid phase to the lift generation during the
dynamic compression process, we subjected the porous materials
to incrementally increased static compressive loading using the
same apparatus shown in Fig. 1. Since the loads were added
gradually to the piston, the air in the pores had sufficient time to
escape freely without generating pore pressure which is different
from the dynamic experiments. This ensures the static loads are
being balanced only by the solid phase of the material, and thus

eliminates the inertial effect of the dropping piston and the damp-
ing effects from both the pore air pressure and the solid phase.
The load on the piston and the displacement of the piston were
normalized with respect to their maximum values. A representa-
tive result of this quasistatic experiment for sample B3 during
compression (loading) and expansion (unloading) is shown in Fig.
4. These results are to be applied in the theoretical model that will
be discussed later in this paper.

The dynamic compaction experiments were performed on two
porous materials under different dynamic loading conditions as
listed in Table 1. While filling the cylinder with the fibers, care
was taken to ensure that the fiber was spread out evenly by hand
and was put in layers inside the cylinder. The piston with applied
loads (refer to the last column of Table 1 which indicates the total
weight of the piston and the applied additional loads) was then
suddenly released by a triggering mechanism to provide a rapid
compaction on the porous material underneath. Pressure transduc-
ers captured the time-varying pore-pressure buildup. The displace-
ment of the piston was recorded simultaneously by the displace-
ment sensor. Figures 5(a) and 5(b) show the dynamic pressure
response beneath the piston at different radial distances r from the
center for material B3 (7.0 kg loading) and material A2 (9.25 kg
loading), respectively. As shown in Fig. 5(a), the pressure builds
up in about 0.15 s, and then relaxes in 0.1 s. The maximum pore
pressure registers at the center, and the magnitude of the maxi-
mum pore pressure decreases with increasing radial distance from
the center. Minimum pressure is registered at the radially outer-
most location. It is this pressure gradient which forces the air flow
outward in the radial direction.

The difference in the general pressure response behavior for
materials B3 and A2 is that one observes a negative pressure just
after the pressure relaxation is complete for A2, yet this was ab-
sent for B3. This negative pressure corresponds to the rebound of
the piston. It happens due to the lack of damping effect from
either the trapped air or the solid phase; thus, after the air is
completely purged out, the piston was pushed up and a partial
vacuum is created.

A representative normalized radial pressure distribution re-
corded by the pressure transducers 1-4 is plotted in Fig. 6. The
testing material is A2 and the loading on the piston is 9.25 kg. It
is plotted at the time when peak pressure is achieved at these
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0.8 4 y
—a— Expansion
0.7 A
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0.4 1

0.3 1
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Fig. 4 Force/displacement relation obtained
with fiber B3
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Fig. 5 Representative dynamic pressure response for (a) ma-
terial B3 with 7.0 kg load and (b) material sample A2 with 9.25

kg

locations. As can be seen from this figure, the pressure distribution
in the r-direction is very close to parabolic. This is not surprising
since the pressure gradient in the radial direction is dominant, and
a simple plug-flow model would predict a parabolic pressure dis-
tribution in this direction. In order to examine the uncertainty and
repeatability of the measurements, six sets of experiments were
performed under the same condition. The data have been normal-
ized by the maximum pressure obtained by pressure transducer 1
at the center of the piston, Py The error bars in the graph
indicate the range of the variation in the pressure measurements.
In terms of standard deviation, the actual error is about 4%.

To examine the radial symmetry of the pressure data, two other
pressure transducers were mounted at a distance of 7 cm from the
center of the piston, but at 45 deg and 90 deg from the radial line
where pressure transducers 1-4 are mounted. We repeated the
dynamic experiments with A2 and B3. The signals obtained by
these two new pressure transducers were compared with that re-
corded by transducer 2. The differences between them are within
6%, which justified the assumption of axisymmetry.

The rebound effect observed in Figs. 5(a) and 5(b) is better
described in Figs. 7(a) and 7(b), where the time-dependent dis-
placements of the piston for materials B3 and A2 corresponding to
the dynamic compaction experiments described in Fig. 5 are pre-
sented. The displacement is normalized based on the initial thick-
ness of the material. One can readily observe the rebound behav-
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Fig. 6 Representative radial pressure measured by the pres-
sure transducers 1-4 as shown in Fig. 1. The testing material is
A2 and the loading on the piston is 9.25 kg. It is plotted at the
time when peak pressure is achieved at these locations. The
data have been normalized by the maximum pressure obtained
by pressure transducer 1 at the center of the piston, P, The
error bars in the graph indicate the range of the variation in the
pressure measurements in multiple sets of experiments.

ior for material A2.

Since we simultaneously measured the time-dependent dis-
placement of the piston using a laser sensor and its acceleration
using an accelerometer, it will be instructive to compare the ac-
celeration obtained from the direct measurement with the time
derivative of the piston displacement shown in Figs. 7(a) and 7(b).
This comparison is shown in Fig. 8(a) for material B3 and Fig.
8(b) for material A2. From these two figures we can clearly see
the perfect match between the readings of the accelerometer and
the time derivative of the displacement data.

3 Theoretical Formulation

In Ref. [16], a consolidation theory was developed to describe
the motion of the piston and the resulting pore-pressure response.
The motion of the falling piston is modeled by applying Newton’s
law. As shown in Fig. 1, the piston is released from rest and starts
falling toward a solid planar surface. The distance between the
piston and the ground is assumed to be uniform in the radial
direction so that the displacement, Ah, is independent of r or z and
varies only with time. Balance of forces acting on the piston re-
quires that

d?h
mW =-mg+ I:air + I:solid-elastic + I:solid-damping (1)

where m is the mass of the piston, h is its instantaneous height,
and Fgojig-etastic aNd Fsotig-gamping are the elastic and damping forces
exerted by the solid phase. F,;, is the integral of the pore air
pressure at the piston surface,

R
Fair(t):f 27rP(r,h,t)dr (2)
0

As was pointed out by Joseph et al. [21], the general equation
that governs the fluid flow in a saturated porous medium is

mocp
p(u-V)u+VP=puViu-—~u-—7>r
Ko K

where w and p are the viscosity and density of the fluid, respec-
tively. The origin of a nonlinear |u|u term in Eq. (3) dates back to
Dupuit [22] but is now associated with Forchheimer [23]. It arises
from the pressure drag due to the wake of the fibers. In the same

lulu 3)
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Fig. 7 Representative time-dependent displacement of the
piston during the dynamic compaction experiment mentioned
in Fig. 5 for (a) material B3 and (b) material A2

way that proper averaging of the viscous term in the Navier—
Stokes equations gives rise to the linear Darcy term, Joseph et al.
[21] argued that proper averaging of the (u-V)u term should give
rise to a quadratic drag law. Available experimental evidence
[24,25] appears to support this hypothesis. If one compares the
magnitude of the nonlinear Forchheimer inertial term to the linear
Darcy term in Eq. (3), as long as the Re based on the Brinkman
length K;/z, pUK;’Z/,u<1, the nonlinear Forchheimer inertial
term is negligible while the linear Darcy term retained. In the
current application, the Darcy permeability is of the order of
107 m? and the characteristic velocity of the air never exceeds
30 cm/s, which can be obtained from the first derivative of the
displacement signals. The Re based on the K.Y is much less than
unit and the Forchheimer term is neglected in Eq. (3), which leads
to

p(u-V)u+VP:MV2u—Kﬁu (4)

p

In a more recent paper, Wu et al. [26] obtained nonlinear exact
and asymptotic solutions of Eq. (4) to a stagnation-point flow in a
porous medium, which show the transition in behavior that occurs
between the classical solutions of Hiemenz [27] and Homann
[28-30] for the two-dimensional and axisymmetric stagnation-
point boundary layers, and the local expansion of the Brinkman
solution for the flow past a cylinder or sphere in the stagnation
regions as the Darcy permeability is decreased. In this analysis, a
new fundamental dimensionless parameter emerges, 8=v/KyA,

Journal of Heat Transfer

Comparision of Acceleration

13

==x= 2™ Derivative of Position
- = Accelerometer Measured

@
E
c
Ke]
©
Qo
[o]
(5]
o
<
0.35
(a)
Comparision of Acceleration
15
o [ ==2" Derivative of Position
14 2% = Accelerometer Measured
13
12 -

Acceleration (m/sz)
=

8
7
6 H
[
50 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
(b) Time (s)

Fig. 8 Comparison between the acceleration obtained from
the direct measurement using accelerometer and the time de-
rivative of the piston displacement described in Fig. 7 for (a)
material B3 and (b) material A2

where v is the kinematic viscosity and A is the characteristic ve-
locity gradient imposed by the external flow. The structure of a
new type of boundary layer is observed in the analysis that
evolves as B varies from zero, the classical limit of the Hiemenz
and Homann solutions, to B>1, the classical Brinkman limit
where inertial effects, (u-V)u, are negligible. These solutions
show that for the case of dynamic compaction on a porous me-
dium discussed herein, at any instant, 3> 1, the viscous boundary
layer is vanishingly thin, the inertia effect, (u-V)u, is negligible
compared with the distributed body force, and one is left with an

outer flow that is governed by linear Darcy’s law,
u=- K VP (5)

o

The flow in this device is time dependent, but the instantaneous
flow is approximately described by a quasisteady axisymmetric
flow within the cylinder, which satisfies Darcy’s law, Eq. (5). In a
consolidating porous medium where the porous matrix undergoes
deformation during the process of transient fluid flow, u in Eqg. (5)
is the relative velocity with respect to the solid phase. In the
present application, the displacement of the solid fibers is less
than 22% of the 10 cm thickness of the porous layer. In contrast,
the characteristic discharge distance for the air is equal to the
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radius of the cylinder, which is 20 cm. As a result, the solid phase

velocity is negligible compared with the air velocity, and u is

assumed to be velocity with respect to a fixed coordinate system.
For continuity, we require that [14]

dpe) _
ot

where ¢ is the instantaneous porosity of the porous media. During
the compression process, the porosity of the porous material
changes due to the motion of the upper boundary. For a porous
layer with an initial uniform porosity, ¢q, and initial thickness, hy,
the deformation-dependent average porous media porosity, ¢, is
expressed as

V- (pu)+ 0 (6)

h
¢=1—F°(1—<po> @)

Equation (6) describes the transient deformation of a consoli-
dating medium. In our dynamic compression experiments, the
pressure under the piston never exceeds 500 Pa above ambient
pressure. Thus, the pressure change with respect to ambient pres-
sure is only about 0.5%, the Mach number is <1, and the air can
be treated as incompressible, p=const. With this in mind, one
combined Egs. (5)-(7) and obtained a Poisson equation:

li(r£> + 32_5 + ﬁw@ = 0
ror\ ar) 92 K, h? dt

for solving the pressure distribution inside the porous layer at any
instant. One notes that, Ko h, and dh/dt are time-dependent pa-
rameters rather than variables in Eq. (8) due to the quasisteady
condition. The solution of Eq. (8) satisfying the boundary condi-
tions, U,|,=g=0, U,|,=n=dh/dt, 9P/dr|-x=0, and P|,-g=0, is
given by

®)

R
" _Kﬂf rJo(\r)dr
P(rzt=| > e

R
KL sinh()\kh))\kf rJo(\r)dr
0

Jo(\gr)cosh Nz

. w(R?=r?) ho(¢g = 1) dh
4K, h? dt

9)

where N are roots of Jo(\R)=0.
Ky is a function of compression. In the current study, we em-
ploy Carman—Kozeny’s semi-empirical relationship

2
_ ds (P3

P 180(1- )’
to derive this function. Here ds is the mean diameter of the solid
particles. During the compression process, if the mean diameter,

ds remains the same and the Darcy permeability of the unde-
formed porous media is Ky, one obtains from Egs. (7) and (10),

h 3
(1—F0(1—§Do))

(F) @

Substituting Eqg. (11) into Eg. (9), one can readily obtain
P(r,z,t), which is then substituted into Eq. (2) to obtain F(t).

In Eq. (1), the lifting force from the solid phase is composed of
two parts. The elastic force is equivalent to a spring and the damp-
ing force is equivalent to a dashpot. The elastic force is deter-
mined by the quasistatic experiment mentioned before, in which

(10)

Kp = Kpo (1)
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the piston was loaded slowly and incrementally and thus the air in
the pores can slowly escape without elevating pore pressure, in
contrast to the dynamic experiments in which the air is tempo-
rarily trapped before it escapes. After each incremental weight is
added, the compression Ah of the porous layer is measured. This
provides an empirical expression for Fygjig-elastic:

Fsolid-elastic - f( Ah )
Ahmax

where F.c=mg and Ahp,y is the final displacement of the piston
when the full load mg is applied. Equation (12) takes different
forms for loading and unloading processes, as shown in Fig. 4.

As can be seen from the stereomicroscopy images shown in
Fig. 3, fibers of porous materials A and B are connected and
twisted in an intricate three-dimensional structure. The bonds be-
tween fibers play an important role in determining the mechanical
properties of the material. During the rapid compression, the
bonds between the fibers are broken; friction between fibers cre-
ates significant damping forces which, by intuition, are propor-
tional to the velocity of the compaction. As the piston rebounds
after its maximum compression, the compressed fiber sample is
aerated and expands, during which the relative motion between
the fibers has to overcome the connections between fibers and a
damping force from the debonding of the compressed fibers is
applied. This force is intuitively expected to be proportional to
velocity also, since this is the rate at which the bonds are being
broken. Thus, the damping force from the solid phase is expressed
as

(12)

Fmax

dh

Fsolid-damping =" mg( Wia) (13)
where 7; is the damping coefficient and the index i indicates the
damping coefficient during compression (74) and rebound (7,). %
is to be determined by comparing the theoretical predictions of the
time-dependent pressure distribution and piston displacement with
the corresponding experimental data. The negative sign indicates
that the direction of the damping force is always opposite to the
motion of the piston.

Using Egs. (2), (12), and (13), one can integrate Eq. (1) subject
to initial conditions, h|i-g=hg, dh/dt|-=0, numerically. The so-
lution for h(t) is then substituted into Eq. (9) to determine the
time-dependent pore-pressure distribution.

4 Results and Discussion

In the previous study by Wu et al. [16], the comparison between
the experiments and the theory on the pore-pressure response was
employed to determine the initial Darcy permeability of the po-
rous media. There was no direct measurement of the displacement
of the piston and thus the comparison of the motion of the piston
was not presented. The problem is that there might have been
some solid damping force that contributed to the lift generation
but was not described. In the current study, we have significantly
improved the previous experimental setup, which made it possible
for us to determine different forces during the dynamic compac-
tion process. In this section, we shall compare the experimental
results with the theoretical predictions based on the time-
dependent displacement and pressure response, to determine the
initial Darcy permeability Ky, and the solid damping coefficient
n; of a porous medium, and hence provide the relative contribu-
tions of different forces in lift generation.

The Darcy permeability, K, of a porous material denotes how
easy the air can pass through the porous structure; the inverse of
Ky is @ measure of the resistance that the air encounters as it flows
through the porous media, or equivalently, the damping force of
the trapped air that acts on the piston. In the snow compaction
study by Wu et al. [16], the damping force of the solid phase was
absent since the frictional force between ice crystals was expected
to be small. However, in the current study, if one neglects the fiber
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Fig. 9 Comparison between experimental results (solid line) and theoreti-
cal simulation (dash line) for the dynamic compaction experiments with
material B3 at 7.0 kg loading: (a) displacement of the piston and (b) pore
pressure at the center of the piston. The simulation was based on no solid

damping effects during compression.

damping force during compression, as shown in Fig. 9(a) for the
displacement of the piston in the dynamic compaction experiment
with fiber B3 under 7.0 kg loading, in order to have the theoretical
prediction match the experimental data, the initial Darcy perme-
ability of the fiber needs to be 1.33x10™° m2. One substitutes
this value into Eq. (9) and finds that the theoretical prediction for
the peak pore pressure at the center of the piston is eight times
larger than the experimental result as shown in Fig. 9(b). Also, the
pore-pressure peak happens at 0.11 s as compared with the experi-
mental time of about 0.15 s, approximately 0.04 s earlier. The
value of Darcy permeability is obviously overestimated. This is
because one neglects the fiber damping force during compression.
If the solid phase damping force is absent, in order to provide the
necessary damping effect to match the displacement data, a
smaller Darcy permeability is needed because lower Darcy per-
meability indicates more resistance that the air encounters when it
passes through and thus higher air damping force; also with lower
permeability, air cannot escape easily and more pressure is built
up.
Figure 9 leads us to believe that the fiber damping force plays a
significant role in lift generation. One has to adjust both the Darcy
permeability and the solid damping coefficient #; in the simula-
tion in order to match the theoretical predictions with the experi-
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mental data. The matching was found by trial and error. It is
shown in Fig. 10 that if the permeability of the fiber is assumed to
be a constant during the compression, the best fit between experi-
ments and theory requires K,=6.25X107° m? 74=4.73 s/m,
and 7,=300 s/m. If the permeability changes as a function of
compression based on the Carman—Kozeny’s equation (11), the
initial Darcy permeability was determined to be Kpu=8.79
X107 m?, 53=4.73 s/m, and 7,=300 s/m.

It is clearly demonstrated in Fig. 10 that varying permeability
provides a better match. However, even with varying permeabil-
ity, the theoretical model still predicts a faster pressure buildup
compared with the experimental data. One attributes this behavior
to the following three reasons: First, the change in permeability
does not exactly follow the Carman-Kozeny’s equation; second,
the solid damping coefficient varies during the compression pro-
cess; third, the empirical relationship obtained from the quasistatic
experiment does not precisely describe the elastic lifting force
from the solid phase during the rapid compaction. In an ongoing
study by our group, a permeability measurement apparatus was
developed which will be applied to measure the change in the
Darcy permeability as a function of compression. The results will
be included in the consolidation theory developed herein to pro-
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Fig. 10 Comparison between experimental results and theoretical simulation for the dynamic compaction experiments
with material B3 at 7.0 kg loading: (a) displacement of the piston and (b) pore pressure at the center of the piston. Two
simulations are provided, one for constant permeability at K,=6.25X 107 m? and the other for varying permeability follow-
ing Eq. (11) with initial value of permeability Kp0:8.79><10‘9 m?Z. In both cases, the solid damping coefficients in compres-

sion and expansion are determined as n3=4.73 s/m and 7,=300 s/m, respectively.

vide a better simulation. In further study, we will also improve our
current experimental setup by adding a dynamic loading cell to
directly measure the elastic solid phase lifting force.

In order to verify if the approach presented herein is appropri-
ate, we performed simulations for material B3 with different load-
ing conditions listed in Table 1. Figures 11(a) and 11(b) show
comparisons between the experimental data and the theoretical
predictions on the time-dependent displacement of the piston and
pore-pressure generation. The applied load is 8.71 kg. Interest-
ingly, one finds that the best fit for both the motion of the piston
and the pore-pressure distribution requires K,y=8.79x 107 m?,
79=3.33 s/m, and 7,=300 s/m, the same value of permeability
Kpo and rebound coefficient 7, as that obtained in 7.0 kg loading
condition. The solid damping coefficient during the compression
is relatively small. This is not surprising because the bonds be-
tween fibers are more easily broken with increased load. We re-
peated this cross checking for other loading conditions of material
B3 and obtained consistent matches. By doing this, we have veri-
fied the validity of the theoretical and experimental methods de-
veloped in this paper.

As mentioned before, rebound behavior was observed for ma-
terial A2 under 9.25 kg loading situation because of the lack of
damping effects from either the trapped air or the solid phase. We
performed comparisons between theory and experiments for ma-
terial A2 and observed a significant rebound effect. One finds that
if the permeability of the fiber changes as a function of compres-
sion based on the Carman-Kozeny’s equation (11), the initial
Darcy permeability was determined to be K,p=1.301X 1077 m?,
and the solid damping coefficients for the compression and expan-
sion are 73=3.82 s/mand 7,=7.7 s/m, respectively. Comparing
with what was found for material B3 where K,o=8.79
X 107° m?, 73=4.73 s/m, and 7,=300 s/m, it is obvious that
the damping effect of B3 from the pore air pressure are much
higher than that of material A2, as was expected. This observation
is consistent with the scanning electron microscopy and stereo
microscopy study presented before. The fiber diameter of material
A is three times larger than material B. Since the Darcy perme-
ability of a porous medium is proportional to the square of the
fiber dimension, as shown in Eq. (10), the permeability of A2 is
expected to be higher than B3. Furthermore, one noticed that fi-
bers of material A are stiffer. This implies the contribution of the
solid phase elastic forces is a more significant for material A2.

The lumped parameter model based on the consolidation theory
developed herein can reproduce the major features of the experi-
mental data. The theoretical model provides further insight into
the relative importance of the individual forces during the com-
pression process. This is summarized in Fig. 12, which shows the
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Fig. 12 Time-dependent forces during dynamic compression
of fiber B3 under 7.0 kg loading

time variation in the four forces that appear in Eq. (1) normalized
by the applied weight, mg. The summation of all the normalized
forces at any time must equal unity. It is obvious that the solid
damping effect of fiber B3 (in Fig. 12 is expressed as F,) is
dominant and thus the damping force from the trapped air (in Fig.
12 is expressed as F,;;) plays a minor role in damping the inertial
force of the piston (in Fig. 12 is expressed as Fineria). During the
compression process, the elastic solid phase force (in Fig. 12 is
expressed as Fqig) continues to increase until it fully supports the
piston weight when the air pore pressure is completely vented and
the velocity of the piston reaches zero.

5 Concluding Remarks

In this paper, we have developed a systematic experimental and
theoretical approach for examining the dynamic lift forces that are
generated during the rapid compaction of soft porous fibrous ma-
terials with varying densities. Significant redesigning and en-
hanced instrumentation of the experimental apparatus yielded
much improved data. Most notably, the application of a displace-
ment sensor provided us with meaningful information on the pis-
ton movement. An important development following the work of
Wau et al. [16] was the study of the solid phase damping force for
different fibers. By comparing the theoretical predictions with the
experimental data on the motion of the piston as well as the pore-
pressure response, we were able to separate the solid phase damp-
ing force from that of the transiently trapped air. This experimen-
tal and theoretical approach has provided an important method in
characterizing the relative contributions of different forces in the
lift generation in a porous medium. To our knowledge, it is the
first time that such forces have been considered.

Lift generation in deformable porous media is a new concept in
porous media flow. The application of this concept to human ski-
ing [16-18,26] and the design of a futuristic train track [19] were
chosen for their novelty, but the basic idea could have important
applications in the design of soft porous bearings with greatly
increased lubrication pressures and long life. The key of such
applications is to maximize the lift force generated by the pore
pressure. If the transiently trapped fluid contributes more to the
total lift, the solid structure’s contribution will be less, and thus,
the frictional force which is proportional to the normal force from
the solid phase is reduced. In order to achieve this goal, finding
the right material is extremely important. This material needs to
be very soft so as to generate minimal elastic force under rapid
compression. The interlocking between the fibers of the material
need to be very week so that the solid phase damping force is
reduced. The fiber diameter of the material need to be small and
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the spacing between the fibers need to be small too. This ensures
low permeability of the porous media and higher air pressure gen-
eration. The quantified methodology presented in this paper has
provided an important experimental and theoretical approach in
characterizing the role of various forces during the rapid compac-
tion of highly compressible porous media. It is of great impor-
tance in developing super lubrication bearing using soft porous
materials.

One limitation in the present study is that the Darcy permeabil-
ity of the porous material was not measured in parallel experi-
ments with the same material sample to verify the theoretically
predicted value of K. The Carman-Kozeny’s equation (10) that
is employed in this manuscript is only an approximation for con-
solidating media. In an ongoing study by our group, we are de-
veloping a permeability measurement device for soft porous ma-
terials. The data to be obtained using this device will be
incorporated in the theoretical simulation presented above to fur-
ther evaluate the validity of our approach.

Another limitation of the current study is the preparation of the
soft porous materials before the compaction. Since we manually
spread the material inside the cylinder, some inconsistence is ob-
served in different sets of experiments with the same porous ma-
terial. To improve the repeatability of the experiments, a well
controlled method is needed to fluffy the porous materials after
each run of experiments.

In the current experimental setup, one expects the frictional
force between the fibers and the side wall of the device to be
relatively high because the fibers were pushed laterally toward the
side wall of the cylinder during the compression. In our theoreti-
cal simulations, we introduced a solid phase damping force term
to include all the damping effects other than that from the pore
fluid pressure. In an ongoing research, we are upgrading our ap-
paratus to separate the damping force between the fibers from that
between the fiber and the device side wall.

The elastic lifting force from the solid structure was determined
by a quasistatic experiment in the present study. One notices that
this might not precisely describe the behavior of the solid phase
during the dynamic compression process. In further study, we
shall improve our experimental setup by experimentally measur-
ing the solid phase lifting force during rapid compaction.
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Nomenclature

a = Brinkman parameter, o?=h?/K

d; = mean diameter of the solid particles
K, = Darcy permeability

Kpo = initial Darcy permeability of the undeformed
porous layer

¢ = instantaneous porosity of the porous media
¢@g = initial uniform porosity

h = porous layer thickness

hg = initial porous layer thickness

dh/dt = the velocity of the piston
Ah = piston displacement
Ahnax = final displacement of the piston when the full
load mg is applied
mg = total load applied on the porous media
F.: = lifting force exerted by the trapped air on the
piston
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Fsaiidelasic = the elastic forces exerted by the solid phase on
the piston
Fsolid-damping = the damping forces exerted by the solid phase
on the piston
n; = solid phase damping coefficient with the index
i indicating the damping coefficient during
compression (74) and rebound (7,)
= dynamic viscosity of the fluid
= fluid kinematic viscosity
fluid density
= characteristic velocity gradient imposed by the
external flow for a stagnation-point flow in a
porous medium
B = fundamental dimensionless parameter for a
stagnation-point flow in a porous medium, B
=v/KpA

>o < ¥
Il
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Upscaling of the Geological
Models of Large-Scale Porous
Media Using Multiresolution
Wavelet Transformations

To model fluid flow and energy transport in a large-scale porous medium, such as an oil
or a geothermal reservoir, one must first develop the porous medium’s geological model
(GM) that contains all the relevant data at all the important length scales. Such a model,
represented by a computational grid, usually contains several million grid blocks. As a
result, simulation of fluid flow and energy transport with the GM, particularly over large
time scales (for example, a few years), is impractical. Thus, an important problem is
upscaling of the GM. That is, starting from the GM, one attempts to generate an upscaled
or coarsened computational grid with only a few thousands grid blocks, which describes
fluid flow and transport in the medium as accurately as the GM. We describe a powerful
upscaling method, which is based on the wavelet transformation of the spatial distribu-
tion of any static property of the porous medium, such as its permeability, or a dynamic
property, such as the spatial distribution of the local fluid velocities in the medium. The
method is a multiscale approach that takes into account the effect of the heterogeneities
at all the length scales that can be incorporated in the GM. It generates a nonuniform
computational grid with a low level of upscaling in the high permeability sectors but
utilizes high levels of upscaling in the rest of the GM. After generating the upscaled
computational grid, a critical step is to calculate the equivalent permeability of the
upscaled blocks. In this paper, six permeability upscaling techniques are examined. The
techniques are either analytical or numerical methods. The results of computer simula-
tions of displacement of oil by water, obtained with each of the six methods, are then
compared with those obtained by the GM. [DOI: 10.1115/1.3167544]

Keywords: large-scale porous media, permeability, upscaling, wavelet transformation,

two-phase flow

1 Introduction

Over the past 2 decades considerable progress has been made in
developing techniques for measuring or estimating the properties
of large-scale (LS) porous media, such as oil, gas, and geothermal
reservoirs, and groundwater aquifers. At the same time, many ad-
vances have been made in the development of methods for the
characterization of LS porous media. When the progress and ad-
vances are combined with modern geostatistical techniques, the
resulting methodology enables one to generate a highly resolved
computational grid, with up to a few million grid blocks, that
represents the geological model (GM) of a LS porous medium.
The GM represents the most detailed model of a LS porous me-
dium and contains all the relevant and available information and
data for a porous medium. However, computer simulations of
multiphase flows and transport with the GM entail carrying out
highly intensive computations, so much so that they are often not
even feasible.

Thus, an important issue in the numerical simulation of multi-
phase flows in LS porous media is the so-called upscaling prob-
lem. In this problem one addresses the issue of how to upscale the
properties of the grid blocks in the GM in order to develop a
coarsened grid with far fewer grid blocks that, when used in the
numerical simulations with an affordable amount of computation
time, the results are as accurate as those obtained with the GM. As
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such, the problem is highly nontrivial and has been studied for a
long time.

Although the GM of a LS porous medium is usually generated
by the geostatistical methods, it is considered to be a deterministic
model when used in a numerical simulator. That is, no uncertain-
ties are associated with the permeabilities of the grid blocks. The
effect of the uncertainties in the flow properties of a LS porous
medium is then estimated through a Monte Carlo method, i.e.,
numerical simulation of the fluid flow and transport problem in
many geostatistical realizations of the porous medium. Such a
Monte Carlo technique differs from the stochastic approaches that
are commonly used in the simulations of fluid flow and transport
in ground water aquifers, in which the permeability is treated as a
stochastic variable with known statistics and correlation structure.
The idea is to compute directly the mean behavior of, and the
uncertainty in, the results [1-4].

In the numerical simulations of multiphase flows and transport
in oil reservoirs—the focus of this paper—the upscaling problem
is, therefore, one of coarsening and averaging. The key issue to
address is how to capture in the upscaled model the effects that
are due to fine-scale heterogeneities, which may affect the global
flow properties. Under such circumstances, the problem of using
the correct boundary conditions for computing the upscaled prop-
erties is central to addressing some of the difficulties that one
encounters in the upscaling process. One useful way of addressing
the problem is by the so-called streamtube upscaling (see discus-
sion in Ref. [5]). Moreover, the periodic, as opposed to no-flow,
boundary conditions proposed by Durlofsky [6] decreases the
negative effect of the boundaries on the computed properties. Up-
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scaling, which is essentially a problem of change in scales, was
also studied theoretically by various techniques, such as homog-
enization [7-9] and LS volume averaging [10]. Stochastic analysis
applied to the infiltration problems [11] may also be extended to
the case of multiphase flow in LS porous media.

Before we begin discussing the various upscaling techniques,
however, it is essential to understand a fundamental point: For
additive properties, such as the porosity and saturation (volume
fraction) of a fluid phase, simple weighted arithmetic averages are
usually accurate enough for the upscaling process. That is not,
however, the case for nonadditive properties, such as the perme-
ability, transmissibility, or hydraulic conductance. These are ten-
sorial properties that depend not only on their spatial distributions
but also on their orientation with respect to each other, as well as
with respect to the direction of the flow.

Any accurate upscaling method consists of two parts: regrid-
ding (generating the structure of the upscaled grid) and attributing
the effective properties of the upscaled grid blocks to them. The
former is intended for capturing the global geologic features of
the GM, whereas the latter focuses on preserving the local details
of the flow properties within an upscaled block. A major concern
in any upscaling is that uniform regridding generally results in
excessively smoothened properties. This is particularly the case
for the permeability. Such a regridding does not maintain the im-
portant details—typically at the high ends of the distributions of
the nonadditive properties in the geostatistical description of the
GM. This, in turn, may lead to inaccurate predictions for such
important quantities as the breakthrough time of the displacing
fluid, e.g., water.

We have recently introduced [12-15] a powerful and flexible
regridding technique based on the wavelet transformations (WTs).
The WT method is ideally suited for nonuniform coarsening, and
overcomes the shortcomings associated with uniform regridding
of the regions of potentially high fluid velocities, which are the
highly permeable sectors. As we show below, the WT method
achieves good agreement between the results obtained with the
upscaled grid and the GM for (a) the global pressure-flow rate
behavior of a LS porous medium, (b) the breakthrough character-
istics of the displacing fluid, and (c) the postbreakthrough flows of
all the fluids in the porous medium.

For simulating single-phase flow in a porous medium, the most
important parameter is the absolute Darcy permeability, for which
several upscaling methods have been developed. Very good re-
views of the subject were already presented elsewhere [16-18].
Classification of various upscaling methods is possible based on
either the nature of the method (analytical or numerical) or their
dependence on the boundary conditions (local or nonlocal) or the
GM employed (deterministic or stochastic). Wen and Gomez-
Hernandez [17] classified the various upscaling techniques as lo-
cal, nonlocal, and direct methods, while Renard and de Marsily
[18] used deterministic, stochastic, and heuristic classifications.

Each upscaled block consists of several smaller cells that exist
in the grid before the upscaling. Local techniques assume that the
block permeability tensor is intrinsic to the cell permeabilities
within the block, while in the nonlocal techniques the block per-
meabilities depend not only on the cells’ permeabilities within the
block but also on the flow boundary conditions imposed on the
upscaling process. Direct techniques generate the blocks’” perme-
abilities from the small amount of data, which are obtained by
measurement without constructing a detailed GM.

On the other hand, the deterministic techniques assume that the
GM is completely known (without any uncertainty), as opposed to
the stochastic techniques that assume only an approximate knowl-
edge of the model, and take a probabilistic view. The heuristic
methods devise rules for calculating the plausible equivalent per-
meabilities of the upscaled blocks.

From among such a variety of approaches for computing the
permeability of the blocks in the upscaled grid, we use in this
paper six of the most commonly used methods. We show that
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WT-based regridding method that we have developed, together
with a proper single-phase upscaling technique, is highly efficient
and accurate for simulation of multiphase flows in LS heteroge-
neous porous media.

The rest of this paper is organized as follows. A brief descrip-
tion of the WT upscaling is given in Sec. 2. Next, the GM used in
the computer simulations and its statistical properties are de-
scribed. We then describe the details of the six methods of upscal-
ing the single-phase permeabilities. Simulations of two-phase
flows, in both the GM and the upscaled model, are then described
and the results are presented and compared in Secs. 5 and 6. A
summary of the paper is then presented.

2 Wavelet Upscaling of the Geological Model

Mallat [19] provided a good discussion of the mathematical
foundations of the WTs, while Neivergelt [20] gave an excellent,
easy to understand introduction. Suppose that k(x) represents the
local, spatially varying permeability at point x of a LS porous
medium. Then, the WT of k(x) is defined by

D(a,b):f k(x)«//ab(x)dx:#f k(x)¢f(x —b)/aldx (1)
—eo vaJ _.

where ¢(x)—called the mother wavelet—may be selected from a
family of such functions (see below), hence providing great flex-
ibility in analyzing the spatial distribution of k(x) at many length
scales. D(a,b) is also called the wavelet detail coefficient of k(x).
In Eq. (1), a>0 is a rescaling parameter, whereas b represents a
translation of the wavelet. According to Eq. (1), the WT of k(x)
enables one to analyze its distribution at increasingly coarser (a
>1) or finer (a<1) length scales, while b acts as a window that
enables one to focus on a particular region. While D(a,b) con-
tains information on the differences between two approximations
of k(x) in two successive length scales, the most accurate approxi-
mation of k(x) at a fixed scale is given by the wavelet approximate
or scale coefficient, defined by

S(a,b) = f Bap(X)k(X)dx )

where the wavelet scale function ¢(x) is orthogonal to #(x). The
definition of ¢,,(x) is similar to that of ¢, (x).

We analyze the problem in 2D porous media. Elsewhere [14]
we also analyzed 3D heterogeneous porous media. Hence, con-
sider a 2D square grid that represents the GM of a LS porous
medium. We attribute to each square block of the grid the perme-
abilities k, and k,, in the two principal directions. We then apply a
one-level discrete WT to the permeabilities. Associated with the
WT of the permeabilities of a block centered at x=(iy,i,) is a set
of four wavelet coefficients that consists of one wavelet scale
coefficient and three wavelet detail coefficients, which are given,
in more precise forms, by

D{Xin,iz) = f koY) ¢, (xy)dxdy (3)
Q

Bhipia

Si(iy,ip) :f k(x,Y) éj,i,.i,(X,y)dxdy (4)
Q

where j is the level of coarsening (j=1 represents the GM) and €
represents the grid (the domain of the problem). Note that S;(iy, i)
contains information about k(x) associated with a block centered
at x in the coarser grid, whereas D}”(il ,i5) measures the contrast
between k(x) in the coarser scale and those of the block’s neigh-
bors in the previous finer-scale grid, with =1, 2, and 3 denoting
the contrasts between the blocks in the x, y, and the diagonal
directions, respectively.
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To carry out the upscaling—or regridding—of the GM, we in-
troduce two thresholds e and e4. The former ¢ is a magnitude of
the blocks’ permeabilities relative to the largest permeability in
the GM. It is, therefore, set as a fraction of the largest Sj(iy, i) in
the entire 2D grid. The second threshold g is a relative measure
of the contrast between the permeabilities of the neighboring
blocks. Thus, similar to €, €4 is also set as a fraction of the largest
D“)(l ,io) in the grid. All the detail and scale coefficients in the
grld are then normalized with respect to their corresponding larg-
est values in the GM.

The upscaling or regridding is carried out by comparing the
threshold e with the scale coefficient associated with each block.
If Si(iy,ip) > €, it implies that the block’s permeabilities (kg
and/or ky) are relatively large and significant. We, therefore, move
on to the next block. If, however, Si(iy,ip) <&, we examine the
block’s detail coefficients Dj )(Il, in) and set to zero those that are
smaller than 4. Doing so is equivalent to merging the neighbor in
the (€) direction of the block (which, in the finer-scale grid, is just
one block or one diagonal block away from (iy,i,)) with the block
itself and forming a larger block. Therefore, depending on the
broadness and the correlation structure of the spatial distribution
of k(x), as well as the numerical values of the two thresholds, a
number of blocks in the original fine-scale grid are coarsened, i.e.,
they are merged to form larger blocks.

The WTs have recursive properties. This implies that the new
upscaled grid can be coarsened further by applying again the dis-
crete WT to the scale coefficients, obtained at the previous level,
which contain information about k(x) in the present upscaled grid.
Doing so entails calculating a new set of four wavelet coefficients
for each block of the (upscaled) grid in its current state. The new
detail coefficients are again set to zero, if they are smaller than the
threshold €4, and the corresponding blocks in the grid are merged.
The process is repeated again until no significant number of the
blocks can be merged (upscaled) to form larger blocks. Typically,
for given values of € and e, three or four levels of coarsening
suffice for generating the final upscaled grid. Clearly, the higher
the two thresholds 4 and e, the larger the number of the blocks
that can be upscaled (merged). The thresholds are set by the
amount of computation time that one can afford. The effective
permeabilities of the coarsened blocks are then computed by the
methods described below.

We must now specify the wavelet functions. One way of con-
structing 2D wavelets, which is used in the present paper, is by the
tensor products of the wavelets. Doing so gives rise to one 2D
wavelet scaling function

Bii,1,06Y) = BB () (5)

and three 2D wavelets

Ui 1,06 = B 00wl (y)
U3 1,009 = 006l (y)

J ipip

Ui 06y) = gl 00w () (6)
The 1D discrete wavelets are constructed by setting a=2iand b
=2liin Egs. (1) and (2), with i and j being integers. Rescaling and
translating #(x) and ¢(x) using ! (x)=2712y(27Ix-i) and ¢!(x)
=2712¢(27Ix~i) enable one to also construct orthonormal wave-
lets that are nonzero over only small intervals of x. An important
set of wavelets, developed by Daubechies [21], consists of ortho-
normal wavelets of order M—usually referred to as the
Daubechies wavelets of order M (DBM)—which possess the
properties that their first M moments are zero, with

L-1

$(x) =22 hip(2x— i) (7)

i=0
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Fig. 1 The DB4 scaling (top) and wavelet (bottom) functions

L-1
X) =22 gip(2x i) ®

i=0
where L=2M. Here, h; and g; are the filter coefficients and are
related by g;=(-1)'h__j_; with i=0,1,...,L-1. They are usually
nonzero for only a few values of i. Press et al. [22] listed the
values of h, for many wavelets. Based on our previous simula-
tions and experience [12-15], we utilized the DB4 wavelet in
order to compute the results reported in this paper. Figure 1 pre-
sents the 1D DB4 wavelet and the corresponding scaling function.
The filter coefflments of the DB4 wavelet are (hg,hq,hy,h3)

=4[(2+16),(3V2+16),(312-16), (V2-3)1.

3 Upscaling of the Permeabilities

Once the upscaled grid is generated, one must compute the
effective permeabilities of the upscaled (enlarged) grid blocks. As
mentioned in the Introduction, we compare six different upscaling
methods that have commonly been used in the past for calculating
the permeabilities of the coarsened blocks. The first three methods
that are described below utilize closed analytical relations and
thus are easy to use. The numerical methods described below can
also be used but at the expense of slightly more computations. In
Secs. 3.1-3.6, we describe the six upscaling techniques.

3.1 Arithmetic-Harmonic Averaging. The simplest way of
computing the permeability of a coarsened block is based on such
averages as the arithmetic, harmonic, and geometric means of the
permeabilities of the smaller cells within the block. It is well-
known that the blocks” permeabilities in a 1D permeable medium
with noncommunicating layers represent the arithmetic means for
fluid flow parallel to the layers. The harmonic mean of the perme-
abilities, on the other hand, is associated with flow perpendicular
to the layers [23]. For 2D fluid flow in an infinite block in which
the permeability of the cells that comprise the block possess spa-
tially distributed permeabilities with an isotropic spatial correla-
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tion, the block permeability is equal to the geometric mean of the
distribution. This result, which in principle should be used only
for infinite blocks, was used extensively in the petroleum and
hydrology literature [24-27] for finite blocks without much
justification.

Durlofsky [28] investigated different permeability averages, in-
cluding arithmetic, geometric, harmonic, arithmetic-harmonic
(Arith-Harm), and harmonic-arithmetic, in 2D porous media and
for several spatial distributions of the permeabilities (uncorrelated
and correlated, isotropic and anisotropic, and sand-shale binary
distributions). He concluded that there is no valid average for all
the distributions that he considered. Other combined averaging
methods, utilized by several groups [29-31], indicated that the
geometric mean is not an accurate approximation of the block
permeability, if the variance of the permeability distribution is
large or if there is a finite fraction of zero or very small perme-
abilities (which would represent a percolation effect [23,32,33]) or
if anisotropy is important.

We used the analytical relations for a combination of the
arithmetic-harmonic averages, given by Henriette et al. [34] and
Li et al. [35], in order to calculate the upscaled blocks’ perme-
abilities in each direction. Note that the horizontal effective per-
meabilities K, are approximately equal to the harmonic mean of
the arithmetic averages of the permeabilities in the GM:

L
K (©)
Ly N

- Eij X,1,j

Axiky i j
i=1

Here, L, and L, are the grid’s dimensions, while Ax and Ay rep-
resent the corresponding dimensions of each block in the GM,
with k, and k, being their permeabilities. N, and N, are the num-
ber of blocks in the GM in the two directions. If t%e porous me-
dium is isotropic, then the formulas yield the same estimate of the
upscaled permeability.

3.2 Analogy With Electrical Networks. There is an exact
analogy between the flow between the grid that consists of blocks
of permeabilities kq, Kk,,... and an electrical network (EN) of the
same configuration that consists of conductors k;, ks,.... Thus,
the electrical circuit laws that are used for computing the equiva-
lent conductivity of an EN can also be used for determining the
equivalent permeabilities of the grid or of its blocks that consist of
smaller cells. Thus, if, for example, we merge four small cells
configured in a square pattern, then the equivalent permeability K
of the upscaled block that consists of the four small cells is given
by

_ Aky3Koa(Kokgkas + kikskas)
ks(kokgkqg + KiksKas) + 3Kqokaakiskog

(11)

where kj;=k;+k; and ks:Ef:1ki. Equation (11) is then used once
for each block, if the porous medium is isotropic. If the medium is
anisotropic, then Eq. (11) is once used for each direction in order
to compute the equivalent direction-dependent upscaled perme-
abilities.

3.3 Inverse Wavelet Transformation. Equation (1) defines a
transformation k(x)—D(a,b). The transformation may be in-
verted exactly, hence yielding a reconstruction formula
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where C,, is a constant that depends on the wavelet used. Thus, the
permeability distribution in the upscaled grid is reconstructed by
computing the inverse discrete WT of K(x) after coarsening the
grid. Then, the blocks’ permeabilities are computed based on the
reconstructed distribution. Since during the coarsening process,
some of the wavelet detail coefficients, corresponding to the cells
that were merged to form the upscaled blocks, are set to zero (see
above), the new permeability distribution in the regridded struc-
ture differs from that of the initial GM.

3.4 Pressure-Solver Method. In this method, the block that
is being upscaled is isolated from the rest of the grid. A directional
flow is simulated numerically by prescribing, as the boundary
conditions, a pressure gradient AP/L between two opposite sides
of a block of length L and no-flow boundary conditions in the
transverse direction [36,37]. The fluid flow simulation then yields
the flow rate passing through each upscaled block. If the total flow
rate that crosses a block is Q, then the block’s permeability in the
direction of the flow is given (assuming that Darcy’s law is valid)
by K=—(Q/A)(L/AP), where A is the cross-sectional area of the
upscaled block. Clearly, the same method may be used for each
direction when the porous medium is anisotropic.

The method is not without any problem. The assumption that
the block permeability tensors have their principal components
parallel to the block sides, and the boundary conditions used to
solve the flow problem, are questionable. Moreover, the mismatch
between the actual boundary conditions and those used in this
method may be a source of significant errors [38—40]. Holden et
al. [41] extended the technique in order to compute the blocks’
permeabilities using an iterative method. They calculated a
block’s permeability after each iteration from the calculated flow
rate and pressure gradient in the flow iteration. The key idea is to
stop the iterations before the solution to the flow equation con-
verges under the conjecture that the components of the block’s
permeability tensor converge faster than the solution of the equa-
tions that govern the pressure.

3.5 Windowed Pressure Solver. This method attempts to
correct the unrealistic no-flow boundary condition used in the
pressure-solver (PS) technique. Inspired by the work of White and
Horn [42], Gémez-Hernandez [36,43] and Goémez-Hernandez and
Journel [44] proposed that a window around the block under con-
sideration be used in order to impose realistic boundary conditions
on the block’s sides parallel to the flow. Fluid flow is simulated
through the block, which is surrounded by its closest neighbors
(the window) with uniform boundary conditions (i.e., a linearly
varying prescribed pressure). The method yields the complete ten-
sor of the block’s permeability. Holden and Lia [45] extended the
technique to 3D blocks. Efendiev [46] demonstrated theoretically
the enhanced accuracy that the method achieves. The method does
have some drawbacks with respect to the uniqueness of the solu-
tion that it yields [47].

3.6 An Unbiased Method. We have developed this method
for computing the effective permeabilities of the coarsened block.
The inspiration for the development of this method was provided
by a similar method for the calculation of upscaled relative per-
meabilities used in multiphase flow simulation. As in the pressure-
solver method, a local flow process is simulated on the subgrid of
the upscaled block. The upscaled permeabilities will be most ac-
curate if the simulation at the block scales reproduces, as closely
as possible, the actual flow in the global GM. Wallstorm et al. [48]
suggested a simple set of boundary conditions in which the mag-
nitude of the flux is held constant at the block’s inlet, whereas
pressure is held constant at the outlet. The rationale for such
boundary conditions is that if a constant pressure drop is imposed
on two opposite sides of the block (as is commonly done), then
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the pressure drop across both the high and low permeability re-
gions inside the upscaled block will be the same. Since the flux is
proportional to the permeability, one is led to biased estimates of
the relative permeabilities. If, on the other hand, a constant flux is
imposed on two opposite sides of a block, then the permeability
field has no effect whatsoever on the flux. Therefore, by using a
set of mixed boundary conditions (flux and pressure), the method
interpolates between the two extreme cases. This is the method we
developed for upscaling of the single-phase permeabilities of the
coarsened blocks.

4 The Geological Model

To put the method under a stringent test, we used a synthetic
GM in which not only was the distribution of the local permeabili-
ties relatively broad (distributed over four orders of magnitude)
but it also contained long-range correlations. To this end, we gen-
erate the permeabilities by the fractional Brownian motion
(FBM), a stochastic process that induces long-range correlations
in the permeabilities. The extent of the correlations that are gen-
erated by the FBM is as large as the grid’s linear size. Briefly, the
FBM is characterized by a spectral density given by

a(d)
(S5

where wj; is the frequency component in the ith direction, a=H
+%d with d being the spatial dimensionality of the system, and H
is the Hurst exponent. As we simulate 2D porous media in this
paper, d=2. Here, a is a coefficient that depends on both d and H.
For example, for d=1 one has a=cqH/[T'(1-2H)cos(wH)], with
I" being the gamma function and ¢, is a constant of order 1. The
Hurst exponent H is such that H>1/2(<1/2) generates positive
(negative) correlations, whereas for H=1/2 the successive incre-
ments in the FBM-generated sequence are uncorrelated. Negative
(positive) correlations imply that a block with a high or low per-
meability is less (more) likely to be a neighbor to another block
with high or low permeability.

There is considerable evidence that the FBM-type correlations
are ubiquitous in oil reservoirs and ground water aquifers (see, for
example, Refs. [49,50]). We emphasize that the wavelet coarsen-
ing method described in this paper is independent of the spatial
distribution of the permeabilities. The statistics of the permeability
field generated by the FBM and used in the simulations (see be-
low) are as follows. We used a Hurst exponent, H=0.3. Note that
due to H being less than 0.5, a FBM permeability field is more
heterogeneous than one with H> 0.5, which contains positive cor-
relations. The minimum and maximum permeabilities were, re-
spectively, 0.2 md and 14112 md. The standard deviations of log k
was 1.15. An example of the permeability distribution is presented
in Fig. 2. All the computations were carried out using a 2D GM
represented by a grid of size 256 X 256 in which the blocks’ sizes
were 10X 10 ft2. Two wells were inserted in the GM at two op-
posite corners. One represented the injection well (see below),
while the second one represented the production well.

S(w) = (13)

5 Numerical Simulation of Water Flooding

We simulated a water-flooding process as an example of a typi-
cal two-phase flow in a heterogeneous porous medium. By com-
bining Darcy’s law and the mass conservation equation and ignor-
ing the effect of gravity, we obtain the following equations for
two-phase flow of oil and water in a porous medium:

B;lV -(Kxovmo)—%=i<@) (14)

po I\ By
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Fig. 2 A sample of the geostatistical permeability field used in
the simulations

Bl V '(K)\WV(DW)—q—W—i(@), (15)

pw Ot\ By

where &, =P,-P; with P.=P,—P,, in which P, and P,, are the
pressures in the oil and water phases, A, and \,, are, respectively,
the mobility of the oil and water, and (B,,q,) and (By,qy) are
their corresponding formation volume factor and flow rate, re-
spectively. The densities p, and p,, are evaluated under the stan-
dard conditions. We then combine Egs. (14) and (15) to obtain the
governing equation for P,, which contains no explicit time deriva-
tives of the fluids’ saturations:

A A
BO[V : (K—° v P0> - %] + BW{V : [K—W(VPO - VPC)] - q—W}
Bo Po Bw Pw

(16)

where Ci:—Bi'laBi/aPi (i=0,w) represents the phase compress-
ibility, C,=—¢"ta¢/ P, is the rock’s compressibility, and C=C,
+CSo+CySu-

The governing equations for P, and S, are solved by a finite-
volume (FV) method, which is most suitable for the type of ir-
regular computational grid that we generate by the upscaling
method. To utilize the FV method, we first integrate both sides of
Eq. (16) over a control surface A to obtain

oo ol el

+ BW{V - [KM(VP0 - VPC)] - q—W}}dA
Bw Pw

(17)

The left side of Eq. (17) is evaluated by assuming that the oil
pressure in any block can be represented by an average value.
Likewise, the flow rates q, and g, are assumed to represent the
average rates in any block. The time derivative is approximated by
a suitable finite-difference (FD) form. Therefore, the left side of
Eq. (17) is written, for example, as C¢AS(PE‘+1— P{)/At, if we use
a forward FD approximation, where AS is the surface of the block
(or its side length, as it is a 2D block), P{‘ is the pressure after n
time steps at grid point i representing the (center of a) block, and
At is the time step. One then invokes the divergence theorem to
convert the surface integrals on the right side of Eq. (17) to line
integrals. Since the upscaled grid contains blocks of various sizes,
all the terms on the right side of Eq. (17), after their conversion to
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Fig. 3 Comparison of the reservoir’s average pressure as computed with
the upscaled model using the analytical methods of upscaling the perme-
abilities and in the GM. The analytical methods are the Arith-Harm averages,
the analogy with ENs, and the IWT. Upscaling was done uniformly with the

thresholds e;=€4=1.

line integrals via the divergence theorem, must be evaluated care-
fully.

Some of the details of the model porous medium in which the
water-flooding process is simulated is as follows. We neglect the
capillary pressure P so that fluid flow is dominated by viscous
forces. Thus, P,=P,,. If, however, P is not to be neglected, as we
have done elsewhere [14], then, similar to the relative permeabili-
ties and Eq. (18) that expresses their dependence on the satura-
tions (see below), the functional dependence of P, on the satura-
tion must also be specified. Therefore, we need only solve Eq.
(17) for P,. At the same time, since S,+S,,=1, we also need to
solve only for S,. The fluids’ viscosities enter the governing equa-
tions through the mobility terms in Egs. (14)—(17). The mobility
of a fluid phase is defined as the ratio of its permeability and
viscosity.

The porosity of the porous medium also enters as the coefficient
of the time derivatives in the governing equations for the satura-
tion and fluid phase pressure. While it is true that the permeability
depends on the porosity, there is no known exact relation between
the two. The available correlations are either empirical or semi-
empirical. We do not use such correlations in the present paper.
Instead, we consider a porous medium with a uniform porosity of
0.2 and, as described above, a permeability distribution generated

by a FBM. However, it adds no complexity to the model if one
wishes to generate a spatial distribution of the porosities by any
method, including through the use of a relation between the po-
rosity and the permeability.

The simulator first solves the governing equations for the pres-
sure P, of the oil phase and then computes the oil saturation S, by
solving Eq. (14). To obtain the solution, we use a combination of
the implicit pressure, explicit saturation (IMPES) and the fully
implicit methods. The IMPES method is conditionally stable and
converges to the correct solution, if the time step At is selected
carefully. If At is too large, the numerical simulator may generate
saturations that are larger than one. This possibility is eliminated
by imposing the condition that the saturation and pressure changes
in any grid block between two consecutive time steps must remain
tightly bounded, which was achieved by adjusting At such that the
difference between the saturations between t and t+At in any grid
block was no more than 0.05, and the pressure changes no more
than 100 psi. In addition, to guarantee the stability of the solution,
an adaptive time-step method was used, which automatically in-
creased At whenever the variables changed slowly and vice versa.

The advantage of the IMPES method is that when it is used
appropriately, it yields accurate results at a minimum computa-

Reservoir pressure (psi)
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®  Unbiased

0 100 200 300 400

1000

500 600 700 800 900
Time (days)

Fig. 4 Same as in Fig. 3 but using the numerical methods of upscaling the
permeabilities, which are the PS, the WPS, and the unbiased methods
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Fig. 5 Comparison of the rate of oil production as computed with the up-
scaled model using the analytical methods of upscaling the permeabilities
and in the GM. The analytical methods are the Arith-Harm averages, the
analogy with ENs, and the IWT. Upscaling was done uniformly with the

thresholds es=€4=1.

tional cost. Its limitations are that because (a) a large portion of
the reservoir far from the wells may experience very slow changes
in P, and S, it is not efficient to use very small At, and (b) the
IMPES method is not accurate if large variations in the dependent
variables (P, and S,) occur rapidly. Moreover, time-truncation
errors are generally larger in implicit simulators. A fully implicit
method provides the required stability but at a considerably higher
computational cost.

The largest variations in S, and P, occur in the near-well re-
gions, which also control the maximum allowed time step At
when the interface between the oil and water is close to them.
Therefore, at the beginning of the injection, At must be small, but
when the interface is no longer near the injection (or production)
well, it can be much larger. Therefore, we consider a small zone of
grid blocks around each well in which we use the fully implicit

puting the P, distribution for each time step, we solve Eq. (17) in
which the time-derivative term is discretized explicitly. In both
cases the discretized equations are solved by a combination of the
Newton—Raphson and biconjugate-gradient methods. More details
about the numerical techniques are given elsewhere [14,15].

We carried out simulation and upscaling of immiscible dis-
placement of oil by water in the 2D heterogeneous model de-
scribed in the this section. Water was injected at one corner of the
grid at a constant injection rate of 200 STB/day, while oil and
water were produced at a constant bottom-hole pressure of 4000
psi (absolute) at the opposite corner. The field’s initial pressure
was assumed to be 5000 psi everywhere. The relative permeability
k;j to fluid j at saturation S; was assumed to be given by the
conventional Corey-type function,

procedure for discretizing the governing equations, while the IM- [ Sj=Sy \"
PES method is used in the remaining part of the grid. kj = Smaxj = Sri (18)

For the fully implicit part, we guess the S, distribution at time
t and solve the discretized equations for P,. The S, distribution is
then computed based on the newly calculated P, distribution. The
procedure is iterated several times (typically about eight) until
converged solutions are obtained. For the IMPES part, after com-

500

With Spax 0= Smaxw=0.8, the residual saturations S, =S,,=0.2,
n,=1.5, and n,=2.0. The oil and water viscosities were taken,
respectively, to be 3 cP and 1 cP, and gravity (as well the capillary
pressure) effect was ignored. The simulations were carried out for
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Fig. 6 Same as in Fig. 5 but using the numerical methods of upscaling the
permeabilities, which are the PS, the WPS, and the unbiased methods
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Fig. 7 Comparison of the water cuts (rate of water production) as com-
puted with the upscaled model using the analytical methods of upscaling
the permeabilities and in the GM. The analytical methods are the Arith-Harm
averages, the analogy with ENs, and the IWT. Upscaling was done uniformly

with the thresholds e;=€4=1.

a period of 1000 days of water flooding. Admittedly, the problem
that we study is a relatively simple one but the goal is to test the
accuracy of the six methods of upscaling of the permeabilities.
Elsewhere [13-15] we have studied highly nonlinear flows in very
heterogeneous 2D and 3D porous media.

6 Results and Discussion

In addition to using the six methods of permeability upscaling
described above, two thresholds were also used for generating the
upscaled grids, which were as follows:

(1) Case 1: &=€4=1 (uniform coarsening, except around the
wells, which was kept resolved)
(2) Case 2: e,=¢€4=0.8 (high level of nonuniform coarsening)

In each case, the average pressure of the reservoir, the rate of
oil production, and the water cut at the production well (the frac-
tion of water at the well) were calculated using the six methods of
permeability upscaling. Numerical simulations of water flooding
in the GM were also carried out in order to assess the accuracy of
the upscaling methods used here.

Consider, first, the results for Case 1—uniform upscaling. Fig-
ure 3 compares the average reservoir pressure in the upscaled

0.9

model, computed by the three analytical methods of permeability
upscaling, with that in the GM, while Fig. 4 does the same for the
results obtained by the three numerical methods of permeability
upscaling. All the six methods provide very accurate predictions.
Figure 5 compares the oil production rates in the GM with those
in the upscaled model using the three analytical upscaling meth-
ods, while Fig. 6 does the same for the results obtained by the
three numerical upscaling methods. Once again, all the six meth-
ods are accurate.

The differences between the accuracy of the six permeability
upscaling methods become clear, when we consider the water cut.
Figures 7 and 8 compare this quantity in the GM with those com-
puted with the three analytical and the three numerical upscaling
methods, respectively. All the numerical upscaling methods over-
estimate the water cut. Among the analytical methods of the per-
meability upscaling, the inverse WT (IWT) method provides ac-
curate predictions, followed by the method based on the analogy
with the ENs. The upscaling based on simple arithmetic-harmonic
averages is not accurate.

Next, we consider the results for Case 2—nonuniform upscal-
ing of the permeabilities. Once again, when it comes to accurately
predicting the average reservoir pressure and the rate of oil

GM
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Fig. 8 Same as in Fig. 7 but using the numerical methods of upscaling the
permeabilities, which are the PS, the WPS, and the unbiased methods
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Fig. 9 Comparison of the reservoir’s average pressure as computed with
the upscaled model using the analytical methods of upscaling the perme-
abilities and in the GM. The analytical methods are the Arith-Harm averages,
the analogy with ENs, and the IWT. Upscaling was done nonuniformly with

the thresholds e;=€4=0.8.

production—the results for which are presented in Figs. 9-12—all
the methods perform well. It is the rate of water cut that enables
us to discern the most accurate permeability upscaling method.
The results are presented in Figs. 13 and 14. All the numerical
upscaling methods overpredict the water cut. Among the analyti-
cal methods, both the inverse WT method and the method based
on the analogy with ENs are accurate for times t>400 days, but
the latter is more accurate at earlier times and, in particular, it
provides more accurate predictions for the breakthrough time—
the time at which water is produced for the first time at the pro-
duction well. The same is true for the uniform upscaling. How-
ever, we must note that although uniform upscaling appears to
yield accurate results, this is not, in general, true for realistic
simulations in which the capillary pressure and the gravity are not
ignored [14,15].

Since the regions around the wells retain their resolved struc-
tures in the upscaled models, and a fully implicit model is used in
these regions to solve the governing equations for the pressure and

since lower upscaling levels better preserve the high permeability
regions as the thresholds are decreased. This also indicates that a
uniform upscaling cannot, in general, be an accurate method.
Nonuniform upscaling also prevents oversmoothening of the
highly permeable sectors of the reservoir, which provide the main
flow paths and influence strongly the water breakthrough time at
the production well.

Another important factor in any upscaling method is the
speed-up in the computations that one obtains with the upscaled
methods, relative to those for the GM. The speed-up in the com-
putations for Cases 1 and 2 are, respectively, 800 and 300, which
are already very significant. But, as we showed elsewhere
[12-15], the speed-up factor increases for more heterogeneous
porous media with broader permeability distributions.

The following general conclusions may then be drawn from the
computed results.

saturation (the IMPES formulation is utilized in the rest of the U Ovekregl, the gtf;]curatlpyhof the .analytlcal nftlrodts.m;ay bte
reservoir), we may expect very close agreement between the two ranked as aritnmetic-narmonic averages < electrical net-
sets of results in terms of the bottomhole pressures. This is clearly ~ work analogy =inverse WT. )

(ii) The accuracy of the numerical methods of upscaling may

seen in Figs. 3, 4, 9, and 10.

Inspection of the rates of production of oil and water indicate
that decreasing the wavelet thresholds from 1 to 0.8 improves the
predictions for the water breakthrough time. This is expected

be ranked as the unbiased method>the windowed pres-
sure solver (WPS) >the pressure-solver method.
(iii) The difference between the various approaches decreases
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Fig. 10 Same as in Fig. 9 but using the numerical methods of upscaling the
permeabilities, which are the PS, the WPS, and the unbiased methods
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Fig. 13 Comparison of the water cuts (rate of water production) as com-
puted with the upscaled model using the analytical methods of upscaling
the permeabilities and in the GM. The analytical methods are the Arith-Harm
averages, the analogy with ENs, and the IWT. Upscaling was done nonuni-
formly with the thresholds e;=¢€4=0.8.
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as the threshold values decrease, since the grid increas-
ingly resembles the original GM.

7 Summary

We described a method for upscaling of the geological model of
a large-scale porous medium based on the wavelet transformation
of the medium’s permeability field. The method generates a non-
uniform upscaled computational grid that reduces the required
computations by orders of magnitude for any fluid flow problem.
We then used, in a comparative study, six distinct methods of
computing the effective permeability of the upscaled blocks in the
coarsened computational grid. The six methods were used, in con-
junction with the wavelet upscaling of the computational grid, to
study a standard water flooding in an oil reservoir in order to
assess the accuracy and efficiency of the methods. Judicious
choice of the wavelet thresholds, together with computing the
permeability of the upscaled blocks based on either an analogy
with electrical networks or the inverse wavelet transformation,
yields results with an accuracy comparable with those obtained
with the fine-resolution geological model of the large-scale porous
medium.

The problem that we studied here and elsewhere [12-15] is one
of flow in multiscale porous media. There is a growing literature
on multiscale flow architectures with dendrites [51,52]. It would
be interesting to study whether the technique presented here and
elsewhere [12-15] may also be used for efficient simulation of
multiscale flows in such systems.
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Nomenclature

A = cross-sectional area
a = wavelets’ rescaling parameter
b = wavelets’ translation parameter

B, oil formation volume factor (bbl/STB)

B,, = water formation volume factor (bbl/STB)
C; = compressibility of fluid phase i
C, = wavelet renormalization constant
D(a,b) = wavelet detail coefficient
d = spatial dimension
H = Hurst exponent
h; = wavelet filter coefficient
g; = wavelet filter coefficient (related to h;)
K(x) = single-phase permeability field
kij = relative permeability to phase j

Journal of Heat Transfer

sizes of the computational grid (in the x and y
directions)

j exponent in the expression that relates k,; to
the saturation

Ny, N, = sizes of the geological model
P. = capillary pressure
P, = pressure in the oil phase
P, = pressure in the water phase
Q = total flow rate
g, = flow rate of oil
qw = flow rate of water
S, = oil saturation
S,, = water saturation
Sj = saturation of fluid phase j
Srj = residual saturation of fluid phase j
Smax,j = maximum saturation of fluid phase j
S(a,b) = wavelet scale coefficient
S(w) = spectral density
t = time
Greek Letters
Yan(X) = mother wavelet
dan(X) = wavelet scale function
At = magnitude of the time step (days)
Ax;, Ay; = sizes of the blocks in the geological model
AP = pressure difference
w; = frequency component in the ith direction
I' = gamma function
@, = oil potential
®,, = water potential
No = mobility of oil
Ay = mobility of water
po = oil density
pw = water density
¢ = porosity
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A Depletion Strategy for an Active
Bottom-Water Drive Reservoir
Using Analytical and Numerical
Models—Field Case Study

Water coning is one of the most serious problems encountered in active bottom-water
drive reservoir. It increases the cost of production operations, reduces the efficiency of the
depletion mechanism, and decreases the overall oil recovery. Therefore, preventive mea-
sures to curtail water coning damaging effects should be well delineated at the early
stages of reservoir depletion. Production rate, mobility ratio, well completion design, and
reservoir anisotropy are few of the major parameters influencing and promoting water
coning. The objective of this paper is to develop a depletion strategy for an active
bottom-water drive reservoir that would improve oil recovery, reduce water production
due to coning, delay water breakthrough time, and pre-identify wells that are candidates
to excessive water production. The proposed depletion strategy does not only take into
consideration the reservoir conditions, but also the currently available surface produc-
tion facilities and future development plan. Analytical methods are first used to obtain
preliminary estimates of critical production rate and water breakthrough time, then com-
prehensive numerical investigation of the relevant parameters affecting water coning
behavior is conducted using a single well 3D radial reservoir simulation model.
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Keywords: water coning, bottom-water drive, critical production rate, breakthrough

time, water/oil ratio, reservoir anisotropy, numerical methods, analytical methods

1 Introduction

Excessive oil production from a well that partially penetrates an
oil zone overlying water aquifer causes the oil/water interface to
bow into a bell-shape water cone. As the production rate in-
creases, the cone peak rises above the original water/oil contact
(WOC) until it reaches the bottom perforations, and eventually
water breaks through into the well. The maximum water-free oil
production rate is commonly called critical oil rate.

Two forces control water coning mechanism: (1) vertical dy-
namic flow force and (2) gravity force. The vertical dynamic flow
force is due to pressure drop in the vicinity of the wellbore caused
by oil withdrawal from the reservoir. As the oil is produced, the
upward force causes the water underlying the oil zone to rise to a
certain height at which the dynamic force is balanced by the net
gravity force. As long as these two forces are in equilibrium, the
water cone is delicately stable with its apex at a distance below
the bottom perforations. However, an infinitesimal increase in the
oil production rate may disturb the equilibrium, and eventually
water breaks through into the well.

Water coning publications can be classified into three catego-
ries: (1) critical rate calculation, (2) water breakthrough time de-
termination, and (3) post-breakthrough performance and water/oil
ratio (WOR) estimation. Critical rate is the topic that has been
addressed the most. In general, critical rate calculation methods
can be divided into two categories. The first category determines
the critical rate analytically based on equilibrium conditions be-
tween the upward viscous forces and the net gravity forces. The
second category is based on empirical correlations.

Critical rate calculation can be traced back to 1935 when
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Muskat and Wyckoff [1] solved Laplace equation assuming
single-phase incompressible fluid under steady-state condition in
isotropic reservoirs. They also assumed that the potential distribu-
tion in the oil phase is not affected by the cone shape. In a sub-
sequent paper, Muskat [2] highlighted the effect of the anisotropy
ratio k,/ky on the breakthrough time and oil recovery from active
bottom-water drive reservoirs. Arthur [3] pursued Muskat and
Wyckoff [1] reasoning to develop a graphical solution for the
critical rate. Meyer and Garder [4] proposed a simple equation to
calculate the critical rate when the water cone touches the bottom
perforations of the well. In developing their equation, they as-
sumed that the flow of oil and/or gas toward the wellbore is
strictly radial, the flow of water from the water/oil contact to the
bottom of the well is strictly vertical, and the pressure drawdown
controlling the flow of oil and/or gas is restricted to gravitational
pressure difference. Chaney et al. [5] used the potentiometric
model technique and mathematical analysis to study the effect of
completion on water and gas coning at any depth in the pay zone.
This method does not consider the cone height and pressure dis-
tribution in the reservoir; moreover, it is mainly applicable to
homogeneous and isotropic reservoirs. Chierici et al. [6] also used
the potentiometric model method to calculate the optimum water-
free oil rate. They presented their results in dimensionless curves
that take into consideration reservoir anisotropy. However, their
findings are only adequate for small water aquifers. The models
presented by Chaney et al. [5] and Chierici et al. [6] neglected the
presence of water cone, which adversely affected the accuracy of
the results. Meyer and Searcy [7] and Schols [8] used Hele-Shaw
models, whereas Henley et al. [9] and Khan [10] used scale mod-
els to explore the water coning phenomenon. Karp et al. [11]
adopted the theory of Muskat and Wyckoff [1] to experimentally
and theoretically examine the effects of horizontal barriers on wa-
ter coning. Welge and Weber [12], Blair and Weinaug [13], Let-
keman and Ridings [14], Chappelear and Hirasaki [15], and Fisher
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et al. [16] used 2D numerical models to inspect water coning
performance. However, due to the complexity of water coning
behavior, 2D models do not provide full spectrum of the water
coning process. Woods and Khurana [17] and Trimble and Mc-
Donald [18] developed 3D reservoir simulators, which provide
better understanding of water coning behavior.

Sobocinski and Cornelius [19] presented a dimensionless plot,
which traces the rise of water cone vertex from the moment it
builds up to breakthrough into the wellbore. Bournazel and Jean-
son [20] fitted the curve developed by Sobocinski and Cornelius
[19] by a simple analytical expression. Kuo and DesBrisay [21]
numerically investigated the effects of various reservoir param-
eters on water coning performance and proposed a simplified cor-
relation for water coning behavior. This method does not provide
good results when applied to reservoirs with local barriers, reser-
voirs with a high degree of stratification, or reservoirs with a thick
oil-water transition zone. Wheatley [22] presented a trial-and-
error procedure to determine the critical rate assuming constant
potential at the wellbore and drainage radius. They also assumed
that the water/oil contact is in static pressure equilibrium with the
oil. Most importantly, Wheatley’s [22] theory considered the cone
shape by requiring a streamline oil/water interface. Piper and
Gonzalez [23] inspected the effect of cone height on the pressure
gradient within the oil zone of three-phase systems. Hoyland et al.
[24] used simulated data to develop correlations for critical rate
prediction in isotropic and anisotropic reservoirs.

All of the previously mentioned studies do not consider the
effect of limited wellbore entry on well productivity, which ad-
versely affects the results. Abbas and Bass [25] were the first
investigators to consider the effect of partial well penetration on
maximum water-free production. They showed that the optimum
fractional wellbore penetration interval, completed from the top of
the pay zone, should be 0.5 in oil/water coning systems. Yang and
Wattenbarger [26] performed exhaustive numerical sensitivity
analysis to develop empirical correlations for the prediction of
critical rate, breakthrough time, and WOR after breakthrough.
Guo and Lee [27] presented an analytical solution for optimum
wellbore penetration to maximize the critical production rate from
isotropic reservoir.

Water coning behavior in horizontal wells has been also exten-
sively investigated using numerical reservoir simulation. Hypo-
thetical and field data were used to generate empirical correlations
that describe the water coning performance [26,28-37]. Many of
the available correlations are based on steady-state approximation
of the reservoir conditions. However, since steady-state cannot
hold during cone development under field operating conditions,
especially in the early production stage, the predicted critical rates
are questionable and cannot be of practical use [38]. More re-
cently, several numerical simulation studies [39-42] investigating
water coning behavior in edge and bottom-water drive reservoirs
were published in the literature. The common aim of these papers
was developing an effective methodology capable of delaying wa-
ter coning.

The objective of this study is to delineate a depletion strategy
for an active bottom-water drive reservoir that would maximize
oil recovery, minimize water production due to coning, delay wa-
ter breakthrough time, and pre-identify wells that are vulnerable to
excessive water production. The study is divided into three major
stages. The first stage consists of using analytical methods to ob-
tain preliminary estimates of critical production rate and water
breakthrough time. The second stage involves building a single
well 3D radial reservoir model to investigate the various param-
eters affecting water coning behavior. Finally, a reservoir deple-
tion strategy, which takes into consideration the reservoir condi-
tions, production requirements, and current surface facilities
limitations and future expansion, is outlined.
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2 Criteria for Reservoir Depletion Strategy

Four depletion criteria are adopted in this study for selecting the
optimum critical fluid production rate (CFPR).

1. The CFPR should minimize the water coning phenomenon.
Trying to stop the water cone implies that the well must be
produced at a very low rate, which may not be economical
or may not represent the production potential of the reser-
Voir.

2. The CFPR should maximize the cumulative oil production,
hence the oil recovery.

3. The CFPR should extend the plateau of water-free oil pro-
duction as long as possible and confine the cumulative water
production to the amount that meets the current capacity of
the water handling facility. The future facility upgrade for
the reservoir under investigation is planned for year 2010.

4. The optimum CFPR should lengthen the natural production
life of the well up to the year 2010, when artificial lift meth-
ods are planned to be implemented.

3 Reservoir Description

The reservoir under investigation is one of the largest and most
complex reservoirs in the Middle East. The overall reservoir ar-
chitecture is defined by the depositional processes, which are
mostly channel processes. The internal makeup of the channels
was affected by marine influence, and range from fully fluvial
channels, through deltaic channels, tidally-influenced channels,
and more marine estuarine channel fills. Stacked and amalgam-
ated sand-filled fluvial channels form the massive sands of the
reservoir.

Fluvial processes dominate the lower part of the formation.
High frequency changes in the sea level increased the marine
influence in the channels of the upper part of the reservoir. This
influence rendered some of the channels to be more clay rich and
bioturbated with markedly lower reservoir quality, and some oth-
ers to be filled with marine or tidally-influenced shales. The net/
gross ratio of sands is typically high and the sand body connec-
tivity is good. Individual channel width is slightly less than 3280
ft, which is a typical well spacing; consequently, individual sands
and shales can rarely be correlated between wells.

Clean, well sorted, massive, and cross bedded sands of excel-
lent quality dominate most of the reservoir. The reservoir porosity
ranges from 15% to 27%, whereas the permeability varies from
1000 mD to 5000 mD. Bioturbation in the cleaner sands reduces
the formation permeability by mixing previously discrete sand/
shale laminate, and introducing ductile fines (clay) into the pore
throats.

4 Well Description

Well A is located in the central crest of the field. It was drilled
and completed in 1997. Open-hole logs indicated that the original
WOC was at a depth of 8350 ft. A time lapse thermal decay tool
(TDT) survey was performed on September 16, 1999, and located
the WOC at 8313 ft. This indicates that the water level has risen
37 ft in 32 months. The well produced from 1998 to 2000 at 3000
STB/D. At the beginning of year 2000, the production rate was
increased to 5000 STB/D. Just 6 months after the increase in fluid
production, water cut (WC) started in the well. The historical
production rate and water cut for Well A are displayed in Fig. 1.
Current standoff between the WOC and the bottom perforation is
61 ft, which indicates that the water production was due to a water
cone. Figure 2 illustrates the historical WOC movement in the
well.

5 Analytical Methods

Analytical methods are often used in the field to obtain quick
preliminary estimates of critical production rate, breakthrough
time, and cone height. Then, the results are integrated with actual
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Fig. 1 Historical production rate from Well A

field data into reservoir simulation models to history match the
reservoir behavior and predict future performance. While the stan-
dard coning correlations provide insight into the mechanics of
water coning, reservoir simulation has the advantage of capturing
local heterogeneity, anisotropy, and capillarity.

Six frequently used analytical techniques will be applied in this
investigation. Four methods will be used to calculate the CFPR,
and two methods will be applied to compute the water break-
through time. All the calculations will be performed using the
actual reservoir fluid and rock properties reported in Table 1. The
fluid pressure-volume-temperature (PVT) properties provided in
the table are measured under reservoir conditions.

5.1 Mathematical Formulation of the CFPR Methods. The
methods of Meyer and Garder [4], Kuo and DesBrisay [21],
Chaney et al. [5], and Chierici et al. [6] were used to calculate the
CFPR. A discussion of the theoretical background of these meth-
ods was presented in the introduction. A concise description of the
mathematical formulation will be given in Secs. 5.1.1-5.1.4.

5.1.1 Meyer and Garder Method. This method is one of the
classical analytical techniques published in the oil literature on the
mechanics of two immiscible fluid flows in porous media. Meyer
and Garder [4] proposed the following equation to calculate the
CFPR:

_0.001535(p,, = po)k(h? = D?)

HoBy In(re/ry,) v

Qe

5.1.2 Kuo and DesBrisay Method. This method is one of the
earliest techniques where a simple computer program was used
for quick estimate of critical rate. Kuo and DesBrisay [21] used
numerical simulation to determine the sensitivity of water coning
behavior to various reservoir parameters. Using the correlations
presented in Egs. (3)—(5), the CFPR can be calculated from Eq.
(2).

q. = (factor A)(factor B)(factor C) (2)
- po)k(h® - D?
factor A= (Pu = po)k(h" = D) (3)
2049u,B,
factor B =0.432 + 3.1416/[In(r./r,)] (4)
factor C = (h/ry)% (5)

5.1.3 Method of Chaney et al. Chaney et al. [5] proposed the
following CFPR equation based on several potentiometric model
runs

- 0.00333qcurvek(pw = Po)
HoBo
where qcunve 1S defined as follows:

(6)

Qe

Journal of Heat Transfer

57-h\?2 D
Qcurve = 0-1313(h2 - Dz) + 34(7) - 250(F - 0.3)

h-10)\?2
x(—go ) _40 @)

For accurate results, the pay zone thickness should be between 10
and 100 ft, and the D/h ratio should be between 0.1 and 0.5
(10 ft=h=100 ft and 0.1=D/h=0.5).

5.1.4 Method of Chierici et al. Chierici et al. [6] developed the
following equation for CFPR calculation:
0= 0.0008051k,h?(p,, — po)(D/h)(CI/h + D/h)0525
¢ :"‘JOBO[(re/I’])(kv/kh)as]alﬁ5

Equation (8) should be used in conjunction with a set of curves.
The published curves are only valid for homogeneous formations,
either isotropic or anisotropic.

®)

5.2 Calculation of CFPR. The results obtained from the vari-
ous analytical methods are reported in Table 2. The various meth-
ods yielded different and sometimes conflicting results; more im-
portantly, most of the results do not represent the reservoir
potential. The analytical techniques have also shown that the well
will have coning problems at low production rate. However, well
surveillance conducted in the field indicates that Well A is capable
of producing water-free oil even at rates higher than those ob-
tained from the analytical methods. It has been mentioned in the
introduction that the analytical methods only provide good results
when their fundamental assumptions are satisfied. For instance,
the Meyer and Garder [4] method, which yielded the lowest CFPR
value of 624 STB/D, assumes radial oil flow toward the wellbore,
vertical water flow to the bottom of the well, and pressure drop in
the reservoir restricted to gravitational forces. This set of ideal
flow conditions can be hardly encountered in any reservoir. The
method of Chierici et al. [6], which considers reservoir anisotropy,
provided the highest CFPR value of 1917 STB/D. Even though,
this value is close to the actual flow behavior of the reservoir
under study; yet, it does not represent the actual reservoir poten-
tial. The other two methods also have limitations. The method of
Chaney et al. [5] is applicable to homogeneous and isotropic res-
ervoirs and the Kuo and DesBrisay [21] method does not provide
good results when applied to reservoirs with local barriers, reser-
voirs with high degree of stratification, or reservoirs with thick
oil-water transition zone. Consequently, it is not surprising that
these methods do not provide good results due to their idealistic
nature and the complexity of the reservoir of this study; neverthe-
less, they can be used as general guidelines for further numerical
investigations.

The data set given in Table 1 is also used to calculate the CFPR
for a range of oil column thicknesses and completion intervals,
which can be found in various reservoir locations. The calculation
showed that the techniques do not provide critical rates that reflect
the reservoir capability. Figures 3-6 display the results of the
different methods.

5.3 Mathematical Formulation of Water Breakthrough
Time Methods. The breakthrough time of water in the producing
wells should be accurately determined, because it plays a major
key role in reservoir depletion strategy and overall field develop-
ment plan. Prior knowledge of the water breakthrough time allows
the production management to adequately design water treatment
facilities capable of handling excessive water production from the
field. The Sobocinski and Cornelius [19] and the Bournazel and
Jeanson [20] methods are used in this study to calculate the break-
through time. The mathematical equations of these techniques are
given in Secs. 5.3.1 and 5.3.2.

5.3.1 Sobocinski and Cornelius Method. Sobocinski and Cor-
nelius [19] proposed the following correlation to calculate the
water breakthrough time:
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hF,t Ky/
- HoPhFtp (9) M = W M (11)
0.00137(py, = po)kn(1+ M) Ko/ o
where the dimensionless time, tp, and the mobility ratio, M, are,  The exponent « in Egs. (9) and (10) is equal to 0.5 for M <1 and
respectively, defined as follows: 0.6 for M>1.
to= 0.00137(py ~ po)kn(L + M)t (10) 5.3.2 Bournazel and Jeanson Method. This technique was
b dhF proposed as a quick method for predicting water breakthrough
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Table 1 Pertinent reservoir and fluid properties

Reservoir/well properties

Horizontal permeability, k;, (mD) 500
Vertical permeability, k, (mD) 50
Formation porosity, ¢ (%) 0.177
Drainage radius, r (ft) 970
Wellbore radius, r,, (ft) 0.354
Pay zone thickness, h (ft) 123
Completed interval (ft) 20
Standoff from WOC (ft) 103
Mobility ratio, M (dimensionless) 1.2
Average reservoir pressure, P, (psi) 4000
Fluid properties
Oil formation volume factor, B, (RB/STB) 1.43
Oil viscosity, u, (cp) 0.76
QOil density, p, (gm/cc) 0.69
Oil production rate, g, (STB/D) 2500
Oil saturation pressure, Py, (psi) 2480
Residual oil saturation, S, (%) 19.2

Irreducible water saturation, S,;, (%) 10

Formation water viscosity, w,, (cp) 0.525
Formation water density, p,, (gm/cc) 1.165
time. The working equation is given as follows:
hF(t
HoPFy(tp)ne (12)

~0.00137(py, = po)ky(1 + M)

where the dimensionless breakthrough time, (tp)y, is defined as
follows:

(to)pe = (13)

3-0.7Z
and the dimensionless cone height, Z, is given as follows:

Table 2 CFPR calculation results from the various analytical
methods

CFPR
Method (STB/D)
Meyer and Garder [4] 624
Kuo and DesBrisay [21] 977
Chaney et al. [5] 1473
Chierici et al. [6] 1917
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Fig. 3 Critical production rate as calculated by Meyer and
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7= 0.00307(p,, — po)krhh,
QoBorto

(14)

5.4 Calculation of Water Breakthrough Time. Water break-
through time was calculated for a range of oil column thicknesses
and perforation standoff that covers most of the well conditions in
the reservoir. The calculation results are reported in Table 3. The
Sobocinski and Cornelius [19] and the Bournazel and Jeanson
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Fig. 5 Critical production rate as calculated by Chaney et al.
[5] method
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Table 3 Water breakthrough time for different oil column
thickness and standoff from WOC

Water breakthrough time, t
(year)

QOil column Standoff Sobocinski and Bournazel and
thickness, h from WOC, h, Cornelius [19] Jeanson [20]
(ft) (ft) method method
80 60 0.38 0.26
100 80 1.50 0.76
123 103 4.93 3.57
130 110 5.21 8.41

[20] methods indicate that the water will break through in Well A
after 4.93 years and 3.57 years of production, respectively. The
two methods indicate a delay in the water breakthrough time. In
reality, the water invaded the perforations after only 2 years of
production. This signifies that the two analytical methods are too
naive to capture the reservoir performance; consequently, they
should be used with extreme care only to provide quick estimates
of water breakthrough time. Time lapse TDT surveys and actual
production data are extremely important for quality checking the
accuracy of the analytical techniques before adapting any of them
in the field.

Due to the complex physical phenomena that take place in real
3D reservoirs, even for homogeneous and isotropic cases, and the
assumptions used in the derivation and simplification of the ana-
Iytical solutions, the analytical models oversimplify the water
coning process and frequently yield unreliable reservoir perfor-
mance results. Thus, rigorous numerical simulation model using
actual field data should be developed to investigate the various
reservoir parameters affecting water coning behavior, to determine
the critical production rate, and to forecast reservoir performance
after water breakthrough.

6 Numerical Simulation Model

6.1 Model Description. The model used in this study is a 3D
radial model with the well located in the center. The inner and
outer radii of the model are 0.354 ft and 970 ft, respectively, and
the total thickness is 541.5 ft. The perforated zone is between
8066 ft and 8088.5 ft. The number of grid blocks has been opti-
mized with a grid sensitivity analysis. The analysis showed that
accurate results could be obtained with a total of 2025 grid blocks,
135 grid blocks in the vertical direction, and 15 grid blocks in the
radial direction. The block size in the radial direction increases
exponentially with distance from the wellbore. Figure 7 displays a

ry =0.354 ft
wellbor

T =

h,=158.5 ft

re=970ft

15 grid blocks in the radial direction 135 grid

blocks

hy =383 ft oil zone

water zone

Fig. 7 Schematic illustration of the reservoir simulation model
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Table 4 Kk, Kiagiai» @nd k,, values used for the history match

Interval thickness K, Kradial K,
(mD) (mD) (mD)

225 500 500 50

63.75 1600 1600 160

72.25 1350 1350 135
383 2351 2351 235.1

schematic illustration of the reservoir simulation model used in
this investigation.

The reservoir pressure is above the saturation pressure of 2480
psi; thus, only oil and water are flowing in the reservoir. The
production is subject to two constraints: (i) the total liquid pro-
duction rate, oil and water, should not exceed 20,000 STB/D and
(i) the flowing bottomhole-pressure of the well should not fall
below the saturation pressure. The simulated cases will run to an
economic water cut limit of 95%. The following are few features
of the simulation model:

1. The thicknesses of the oil and water zones are 158.5 ft and
383 ft, respectively. The total model thickness, consisting of
the oil and water zones, is divided into four intervals. Each
interval is assigned different horizontal and vertical perme-
ability values as shown in Table 4. The horizontal perme-
ability, ky,, and the radial permeability, K.qia, Values are as-
sumed equal. The vertical to horizontal permeability ratio,
k,/kp, is equal to 0.1 throughout the reservoir. The oil and
water relative permeability curve is displayed in Fig. 8.

2. An irreducible water saturation of 10% dominates the entire
reservoir above the WOC. The residual oil saturation is
equal to 19.2% and the WOC is at 8352 ft.

3. The net/gross ratio is 0.9, while the formation porosity is
17.7%. These values are considered constant for the entire
formation and are characteristics of the best parts of the
reservoir where coning is most likely to occur.

4. The water compressibility, viscosity, formation volume fac-
tor, and the residual oil saturation were fine-tuned for history
matching purposes.

6.2 History Matching. The actual historical daily and cumu-
lative oil, gas, and water production rates will be matched with the
results of the simulation model. The simulator input data are used
to determine the optimum production rate and to scrutinize vari-
ous parameters affecting water coning behavior. A comparison
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Fig. 8 Oil and water relative permeability as a function of wa-
ter saturation
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between the simulated results and the actual history data is illus-
trated in Figs. 9-16.

Figure 9 displays the real oil production rate and simulated
bottomhole-pressure as a function of time. It is evident from the
figure that as the production rate increases, the simulated pressure
decreases and vice versa. This pressure behavior indicates that the
model nicely simulates the actual reservoir performance.

Figures 10-12 compare the actual and simulated water cut, wa-
ter production rate, and cumulative water production, respectively.
All three figures show a very good match between the historical
and simulated data.

Figures 13 and 14 compare the actual and simulated daily and
cumulative oil, gas, water, and total fluid production. All the fig-
ures clearly illustrate that the simulated data follow the same
graphical trend as the real well performance data. This proves that
the developed simulator model is capable of accurately imitating
the actual reservoir performance.
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6.3 Determination of the CFPR. The simulation model is
used to determine the most suitable CFPR for Well A that fulfills
the four criteria requirements set in Sec. 2 of the paper. Five
simulation runs with fluid production rate of 1000 STB/D, 2000
STB/D, 2500 STB/D, 5000 STB/D, and 10,000 STB/D will be
conducted to determine the optimum critical rate. The simulator
run will stop either when the simulation execution time reaches
year 2020, or when the water cut in the well reaches the economic
limit of 95%. The results of the simulated cases will be compared
in terms of cumulative oil and water production, well life, and
water cone height.
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Fig. 13 Historical oil, water, and total fluid production rates
versus simulated oil, water, and total fluid production rates
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Fig. 14 Historical cumulative oil, water, and total fluid produc-

tion versus simulated cumulative water and total fluid produc-
tion rates
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6.3.1 Effect of Production Rate on the Water Cone Height.
The simulation results indicate that as the production rate in-
creases from 1000 STB/D to 10,000 STB/D, the cone height un-
derneath the perforations sharply increases and water breaks
through in the well faster than the low production rate cases. This
implies that the water cone formation speed and height are rate
sensitive. For instance, the cone of the 1000 STB/D case will
reach the perforations after 7 years of production and will be 20 ft
high, whereas the cone of the 10,000 STB/D case will touch the
bottom perforations after 8 months of production and will be 70 ft
high. Table 5 illustrates the effects of production rate on water
breakthrough time and cone height.

6.3.2 Effect of Production Rate on the Well Life. The effect of
production rate on the well life is demonstrated in Table 5. The
results reported in the table reveal that as the production rate
increases the water-free oil production period and the well life
become shorter. For a production rate of 1000 STB/D, the simu-
lator used all the allocated execution time (up to year 2020) before
stopping at 84% water cut. As the production rate increases, the
well life decreases until it becomes only 5 years with a production
rate of 10,000 STB/D.

6.3.3 Effect of Production Rate on Cumulative Oil and Water
Production. The effect of production rate on cumulative oil and
water production is also illustrated in Table 5. The results indicate
that the cumulative oil production is not highly affected by the
increase in production rate. However, the cumulative water pro-
duction increases as the production rate increases. Production
rates of 5000 STB/D and 10,000 STB/D do not have significant
impact on the cumulative oil production; conversely, the amount
of water which must be handled over the lifetime of the well is
increased. Producing the well at either 2000 STB/D or 2500
STB/D vyields similar cumulative oil production and much less
cumulative water production when compared with the higher lig-
uid production rates. Therefore, it can be concluded that a produc-
tion rate of 2500 STB/D is the most appropriate optimum CFPR
for Well A since it yields the most suitable results among all
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Fig. 16 Historical cumulative gas production versus simulated
cumulative gas production

simulated cases; the cumulative oil production is comparable to
the higher liquid production cases and the cumulative water pro-
duction is lower than the higher rate cases.

7 Sensitivity Analysis

Several sensitivity analysis cases are conducted to investigate
the impact of well completion conditions and reservoir properties
on water coning behavior. The recommended optimal CFPR of
2500 STB/D was used in all the simulated cases.

The first sensitivity case investigated the effects of thickness/
standoff of the perforations on water coning. This parameter can
be controlled during the completion stage of the well; hence, any
adverse effect on water cone development can be anticipated prior
to fluid production and remedial actions can be taken to minimize
water coning problems. Moreover, three other sensitivity cases
inspected the effects of reservoir permeability, anisotropy (k,/ky
ratio), and shale break between the perforations and the WOC.
The objective of these cases is to obtain a good understanding of
the effects of formation properties on water coning behavior.

7.1 Effect of Thickness and Standoff of Perforated
Interval. Three simulated cases of different perforation thickness
and standoff from the WOC were used to investigate the effects of
perforated interval. The first two cases have perforated interval
thicknesses of 30 ft and 50.75 ft, respectively. The perforated
interval of the third case is divided into two zones. The first zone
is 20.5 ft thick, whereas the second zone is 15 ft thick. The per-
foration standoff from the WOC is 93 ft, 72.25 ft, and 80.5 ft for
the first, second, and third case, respectively.

The simulation results are reported in Table 6. The thickest
perforation interval (50.75 ft), which has the smallest standoff
distance from the WOC (72.25 ft), has the shortest well life and
yields the least volume of cumulative oil production. Conversely,
the two intervals completion has the longest well life and provides
maximum volume of cumulative oil production among the other

Table 5 Effect of various production rates on well performance

Production Cumulative oil Cumulative water

rate production production Well life Date cone Cone height
(STB/D) (MMSTB) (MMSTB) (year) reaching perforation (ft)
Actual rate 4.04 0.51 5 01/09/2000 50
1000 5.51 2.54 22 18/10/2007 20
2000 6.04 9.32 21 17/05/2002 30
2500 6.05 9.51 17 21/02/2001 50
5000 6.09 11.12 9.4 03/05/1999 60
10,000 6.09 12.66 5.1 06/08/1998 70

101008-8 / Vol. 131, OCTOBER 2009
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Table 6 Effect of perforated interval and standoff from WOC on well performance

Thickness of Standoff Cumulative oil ~ Cumulative water Date cone

perforated zone  from WOC production production Well life reaching Cone height

(ft) (MMSTB) (MMSTB) (year) perforation (ft)

22.5 (base case) 100.5 6.05 9.51 17 21/02/2001 50

30 93 6.00 9.56 17 23/11/2000 40

50.75 72.25 5.87 9.23 16.5 27/02/2000 40

205 80.5 6.30 12.84 21 25/08/2000 40

15

cases; however, the cumulative water production of this case is the
highest of all simulated cases.

If one of the three completion scenarios is to be selected for
Well A, the two intervals completion will be a good choice. This
approach increases the well life by 4 years and the oil recovery by
0.25 MMSTB over the base case. However, the cumulative water
production of this completion is 3.33 MMSTB higher than the
base case. To overcome this problem, the well can be completed
with a space between the two perforations sets; so that when the
water breaks through the bottom perforations zone, an isolation
operation can be conducted to isolate the water invaded interval.
From practical field experience, lowering the water cut economi-
cal limit in the bottom zone from 95% to 50%-70% will reduce
the cumulative water production of the well and, at the same time,
will not affect the oil recovery since the upper interval will con-
tinue producing up to 95% water cut.

7.2 Effect of Reservoir Permeability. Two simulated cases
were used to investigate the effects of permeability variation on
water coning behavior. In the first case, the permeability was re-
duced by 50% from the base case permeability, whereas the per-
meability of the second case was increased by 30%. A k,/k;, value
of 0.1 was used in both cases.

The results of the simulation runs are presented in Table 7. A
50% reduction in permeability caused a 0.04 MMSTB increase in
oil production over the base case; however, this slight advantage
was offset by 1.67 MMSTB increase in water production. The
permeability reduction also extended the well life by 2 years; but,
at the same time, it caused the water to break through in the well
9 months earlier, which contributed to detrimental excessive water
production. Conversely, a 30% increase in permeability caused a
reduction in oil production, water production, and well life when
compared with the base case.

7.3 Effect of Reservoir Anisotropy (k,/k, Ratio). Two
simulated cases were performed to inspect the effects of k,/k;, on
the well performance. In the first case, the vertical permeability k,
was reduced by 50% from the original k, yielding a k,/k, ratio of
0.05. In the second case, k, was increased by 300% resulting in a
k,/ky, ratio of 0.3.

The results of the simulation runs are reported in Table 8. It is
shown in the table that the 50% reduction in k,, (k,/k,=0.05) did
not have any effect on oil recovery; however, it reduced the water
production by 0.81 MMSTB and the well life by 1 year. It also
caused a 3-month delay in the water breakthrough time. Con-
versely, the 300% increase in k, (k,/k,=0.3) did not affect the

Table 7 Effect of formation permeability on well performance

well life; however, it caused a 0.11 MMSTB reduction in oil pro-
duction, a 0.19 MMSTB increase in water production, and 6
months early water breakthrough time. Therefore, an increase in
the k,/ky ratio has adverse effects on the well performance,
whereas a decrease in the k,/ky, ratio reduces the volume of water
production.

7.4 Effect of Shale Break Between Perforation and WOC.
Two simulated cases were conducted to investigate the effects of
shale break on water coning behavior. The radial extensions of the
shale breaks were 68.96 ft and 571.9 ft for the first and second
simulated cases, respectively. In both cases, the shale layer had a
thickness of 10 ft and was located 73.5 ft below the perforations.
The results obtained from the simulation runs are illustrated in
Table 9. It is quite obvious from the presented results that the well
life is not affected by the radial extension of the shale. The long-
radius shale break increased the oil production by 0.28 MMSTB
and reduced the water production by 0.61 MMSTB when com-
pared with the base case. It also caused an 18-month delay in the
water breakthrough time when compared with the short-radius
shale. Besides, no water cone was observed in the long-radius
shale case as compared with a 40 ft high water cone observed in
the short-radius case.

The presence of shale between the deepest perforations and the
WOC improves the oil recovery, retards the water movement in
the vertical direction, delays the water breakthrough time, and
reduces the water production. The shale break diverts the water to
sweep parts of the reservoir that are away from the well; hence,
enhancing oil recovery. Usually, the short shale break is not as
affective as the long shale break in improving the well perfor-
mance since water can move around it. Yet, long shale delays
and/or may even prevent coning, but at the same time, it impedes
the pressure support of the water aquifer.

Table 8 Effect of reservoir anisotropy on well performance

Cumulative
Cumulative oil water Date cone
production production  Well life reaching
k,/kn (MMSTB) (MMSTB) (year) perforation
0.1 (base case) 6.05 9.51 17 21/02/2001
0.05 6.05 8.70 16 22/05/2001
0.30 5.94 9.70 17 23/11/2000

Table 9 Effect of shale break on well performance

Cumulative Cumulative
Cumulative oil  water ~ Date cone Shale radial Cumulative oil water Date cone
) production  production Well life reaching extension production  production Well life  reaching

Simulated cases (MMSTB)  (MMSTB)  (year) perforation (ft) (MMSTB) (MMSTB)  (year) perforation
Base case 6.05 9.51 17 21/02/2001  Base case (no shale) 6.05 9.51 17 21/02/2001
50% reduction in k; 6.09 11.18 19 27/05/2000 68.96 6.07 9.48 17 22/05/2001
30% increase in k;, 6.03 9.16 16.6  22/05/2001 571.90 6.33 8.90 16.9  13/11/2002
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Fig. 17 Cumulative oil and water production as a function of
various fluid production rates

8 Optimum Depletion Strategy

Managing active water drive reservoirs requires collaborative
efforts among production and reservoir engineers to delineate and
implement an innovative production philosophy that expands the
water-free oil production plateau, delays the water breakthrough
time, extends the economic life of the well, and increases the oil
recovery. Good depletion strategy should consider current capac-
ity and future expansion of water handling facilities; moreover,
the natural production life of the wells should be carefully as-
sessed and extended until artificial lift equipment are ready to be
installed.

Due to the complex physical phenomena existing in actual res-
ervoirs, even for homogenous and isotropic cases, analytical mod-
els are often inadequate to describe the entire well performance
behavior. Consequently, they must be used with extreme care and
diligence as general guides to obtain preliminary estimates of pro-
duction rate and water breakthrough time. Conversely, numerical
reservoir models integrate actual rock and fluid properties as well
as various parameters influencing water coning in a precise and
consistent manner and efficiently capture the well performance.
Furthermore, reservoir simulation models have the capability to
describe pre- and post-water breakthrough performance of the
wells. Several simulation runs were conducted to select the pro-
duction rate scenario that best satisfies the depletion criteria set for
Well A. Figures 17 and 18 display the results of the various rates
and their effects on Well A.

The following observations can be withdrawn from the results
reported in Table 5 and Figs. 17 and 18:

1. A production rate of 1000 STB/D yields the least amount of
cumulative water production; however, this rate does not
meet the production potential of Well A as specified in cri-
terion 1. Furthermore, the cumulative oil production ob-
tained from this rate is substantially less than those obtained
from all other rates. Thus, it does not maximize the oil re-
covery as it is required by criterion 2. Conversely, the 1000
STB/D rate extends the well life and the dry oil production
plateau more than any other rate; thus, it fulfills criteria 3
and 4.

2. Production rates of 5000 STB/D and 10,000 STB/D yield
the same amount of cumulative oil production and do not
cause any loss in reserve, which satisfy criterion 2. How-
ever, the 10,000 STB/D rate is higher than the production
potential of Well A; hence, it does not satisfy criterion 1.
Furthermore, producing the well at either 5000 STB/D or
10,000 STB/D rate does not extend the dry oil production
plateau as both rates yield large amount of water production,
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which is beyond the handling capacity of the current water
treatment facility. Thus, both rates do not meet criterion 3.
Also, the two rates do not extend the natural production life
of the well until the time when the artificial lift facilities will
be ready for installation. Hence, both rates do not fulfill
criterion 4.

3. The production rates of 2000 STB/D and 2500 STB/D al-
most yield the same amount of cumulative oil production, do
not cause any loss in oil reserve, fall within the production
potential of Well A, extend the dry liquid production plateau
more than the higher rates, and expand the natural produc-
tion life of the well beyond the time required for the artificial
lift installation (year 2010); accordingly, they satisfy criteria
1, 2, 3, and 4.

Table 10 summarizes the observations withdrawn from the vari-
ous simulated cases in terms of criterion satisfaction. It is evident
that the 2000 STB/D and the 2500 STB/D rates satisfy all the
criteria outlined for the reservoir depletion strategy. Therefore,
they can be considered as the optimum production rate for Well A.
The higher rate results in 0.17% increase in cumulative oil pro-
duction and 2% increase in cumulative water production over the
lower rate; however, the excess additional water production can be
easily handled by the existing water treatment facility. Thus, the
2500 STB/D rate is the optimum critical rate for Well A.

Dry oil production has been the mainstay of the deliberate pro-
duction strategy pursued thus far for the reservoir under investi-
gation. The numerical simulation study has illustrated that the
water-free oil production plateau from Well A can be further ex-
tended if the following activities are carefully implemented:

1. using a minimum of 40 ft standoff from the WOC
2. using two perforation intervals with a blank zone between
them

Table 10 Production
satisfaction

rate selection in light of criteria

Criterion
Production rate

(STB/D) 1 2 3 4
1000 X X v v
2000 v v v v
2500 v v v v
5000 v v X X
10,000 X v X X
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3. recompletion of a new producing zone as soon as a current
producing zone turns wet

4. producing the wells away from the water invaded areas

5. aggressive water shutoff program to reduce water cut

9 Conclusions and Recommendations

The goal of the optimum depletion strategy developed in this
study is to determine the most suitable production rate that im-
proves the oil recovery, minimizes the water production, delays
the water breakthrough time as much as possible, and extends the
economic life of the wells. The following pertinent conclusions
summarize this study:

1. Several analytical methods for critical rate calculations were
examined. None of them yielded the rate that represents the
actual well potential. Moreover, two other methods were
used to calculate the expected water breakthrough time into
Well A. The calculated times were considerably longer than
the actual water breakthrough time of the well.

2. A 3D reservoir simulation model was constructed to obtain
the optimal rate that matches the historical data, delays the
water breakthrough time, and achieves maximum cumula-
tive oil production. A production rate of 2500 STB/D was
found eligible of satisfying these requirements.

3. Using two perforation intervals with a gap between them
increases the well life and the overall oil recovery. When the
water invades the bottom interval, an isolation operation can
be conducted to eliminate the water-source perforations.

4. Water coning behavior and oil recovery are highly sensitive
to variations in formation permeability and reservoir aniso-
tropy.

5. The presence of short-radius shale break between the perfo-
rations and the WOC increases the cumulative water produc-
tion and accelerates the water breakthrough time when com-
pared with the long-radius shale break, which causes an
improvement in the oil recovery, a delay in the water break-
through time, and a reduction in the cumulative water
production.

Reservoir simulation investigation should constitute the main
endeavor of depletion strategy formulation. Continuous integra-
tion of updated field data into the simulation model is the key
element in upgrading reserve and efficiently managing and fore-
casting the dynamic behavior of bottom-water drive reservoirs.
Exhaustive well surveillance using leading-edge technology and
tools is extremely important to acquire accurate new data essential
to update the simulation model. Moreover, oil demand/supply and
prices are important dynamic factors that should be concurrently
studied to examine their impacts on the depletion strategy, selec-
tion of the optimum rate, and overall development of field pro-
cessing facilities required to handle additional water production in
case of increased demand beyond the optimum rate.

Nomenclature
B, = oil formation volume factor (RB/STB)
CFPR = critical fluid production rate (STB/D)
D = completion interval thickness, ft
F, = ratio of horizontal to vertical permeability
h, = standoff from WOC (ft)
h, = net pay zone thickness (ft)
hy, = water zone thickness (ft)
k = formation permeability (mD)
ky, = horizontal permeability (mD)
Kiagias = radial permeability (mD)
k, = vertical permeability (mD)
M = mobility ratio (dimensionless)
MMSTB = million stock tank barrels
P, = oil saturation pressure (psi)
P, = average reservoir pressure (psi)

Journal of Heat Transfer

g. = critical production rate (STB/D)

re = reservoir drainage radius (ft)
r, = wellbore radius (ft)
Sor = residual oil saturation (fraction)
Swir = irreducible water saturation (fraction)

t = water breakthrough time (year)

tp = dimensionless time
(tp)pt = dimensionless time at water breakthrough
TDT = thermal decay tool

WC = water cut (fraction)

WOC = water/oil contact
WOR = water/oil ratio

Z = dimensionless cone height

Greek Symbols
Mo = oil viscosity (cp)
my = formation water viscosity (cp)
po = oil density (gm/cc)
pw = formation water density (gm/cc)
¢ = formation porosity (fraction)

Subscripts
b = saturation pressure
bt = breakthrough
¢ = critical
e = drainage
h = horizontal
o = oil
or = residual oil
v = vertical
w = water
wir = irreducible water
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Electrothermoconvection in a
Dielectric Fluid Saturated Porous
Medium

An electroconvection in a horizontal dielectric fluid saturated with a densely packed
porous layer is investigated under the simultaneous action of vertical electric field and
vertical temperature gradient when the walls of the layer are subjected to time periodic
temperature modulation. The dielectric constant is assumed to be a linear function of
temperature. A regular perturbation method based on small amplitude of applied tem-
perature field is used to compute the critical values of Rayleigh number and wave num-
ber. The shift in the critical Rayleigh number is calculated as a function of frequency of
modulation, electric Rayleigh number, Prandtl number, and Darcy number, and their
effects on the critical Rayleigh number are discussed. The situations which are favorable
for the design of artificial organs without the side effect of hemolysis are explained.
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1 Introduction

The study of electrothermoconvection (ETC) in a porous me-
dium is of practical importance in many fields such as material
science processing, chemical engineering, geothermal activities,
oil recovery techniques, purification of ground water pollution,
and biomechanics of the design of artificial organs. The theoreti-
cal model developed here is of importance to overcome or at least
to reduce the side effects like hemolysis (the loss of hemoglobin
from red blood cell (RBC), i.e., erythrocytes) caused by artificial
organs in biomechanics manufactured by metals. Such organs will
produce either high or low stresses due to either rough or smooth
surfaces. These stresses produce a force, which drives the RBCs
in the blood to a particular region in the arteries leading to burst-
ing of RBC releasing hemoglobin. This loss of hemoglobin due to
bursting of RBC is a disease called hemolysis. The experiments of
Christopherson and Dowson [1] support this. The ETC in the pres-
ence of electric field studied in this paper will help to manufacture
artificial organs using dielectric materials like titanium, which pre-
vents the side effect of hemolysis. The physical process involved
in the manufacture of artificial organs by solidifying a dielectric
alloy having poor electric permittivity e, which is a function of
temperature, is as follows. The solidification caused by cooling
from below and heating from above produces the variation in &
with temperature, which in turn produces a dipole by shifting
bound charges from the nuclei. This dipole produces polarization.
The rate of change in polarization is the current called piezoelec-
tric current. This dipole together with charge density also pro-
duces an electric force. The piezoelectric current acts as sensing
and the electric force acts as actuation, which are the two proper-
ties that a material needs to be a smart material. Further, the so-
lidification process of dielectric fluid produces a mushy layer
called dendrites, which is a mixture of solid and fluid phases. The
solid crystals are of the nature of nanocrystals, which are uni-
formly placed, and the experiments of Sri Rammurthy and
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Arunachalam [2] supports this. The mushy layer can be regarded
as a dielectric fluid saturated porous layer. In other words, this
process of solidification produces a smart material of nanostruc-
ture, which can be used to produce efficient artificial organs with
maximum efficiency and minimum weight. In these practical ap-
plications naturally occurring phenomena are usually unsteady be-
cause of the periodicity of the principal driving forces, which find
their origin in transient heating or cooling at the boundaries. More
specifically, if heat is introduced slowly, the basic temperature
gradient is uniform and convection usually manifests in the form
of rolls, and a number of studies on this in the absence of electric
field [3-7] or in the presence of electric field [8-11] are available.
If heat is introduced rapidly, the basic temperature gradient is
nonuniform, being a function of position and time, and the con-
vection may manifest in the form of columnar rolls. The effect of
a nonuniform basic temperature gradient on the onset of convec-
tion in horizontal fluid layers [12-14] and in porous layers
[15-17] was investigated in the absence of electric field and
showed that a nonuniform temperature gradient controls (i.e., ei-
ther augments or suppresses) convection (see Refs. [18,19]).

Although Gross and co-worker [20,21] performed some pre-
liminary experiments in a horizontal dielectric fluid layer, it seems
that the mechanism of the phenomenon was not yet established
theoretically. Also, the effect of general nonuniform temperature
gradient, depending on both position and time, in the presence of
an electric field, was not given any attention in literature to our
knowledge, although it is a natural occurrence in many practical
problems cited above. In this paper we are mainly concern with
the onset of convection of an equilibrium state in a dielectric fluid
saturated porous medium because of the nature of organs like
cartilage, endothelium, and so on. This equilibrium state may be
stable or unstable to infinitesimal disturbances depending on the
behavior of the system. The basic flow is unstable if the distur-
bances grow over each modulation cycle and is stable if they
decay over each cycle. It is said to be neutrally stable if it expe-
riences neither net growth nor net decay.

A linear stability analysis of small amplitude temperature
modulation is performed by Venezian [12]. He established that the
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Fig. 1 Physical configuration

onset of convection can be delayed or advanced by the out-of-
phase or in-phase modulation, respectively, of the boundary tem-
peratures as compared with the unmodulated system. In particular,
he found that at low frequencies the equilibrium state becomes
unstable. A problem of low frequency modulation of thermal con-
vection was investigated by Rosenblat and Herbert [13]. They
obtained the asymptotic solution with arbitrary amplitude ratio
and made comparison with the known experimental results.
Rosenblat and Tanaka [22] studied the effect of thermal modula-
tion on the onset of Rayleigh-Benard convection when the tem-
perature gradient has both steady and time-periodic components.
They found that, in general, there is an enhancement of the critical
value of suitably defined Rayleigh number.

Finucane and Kelly [14] performed both theoretical and experi-
mental investigations of the thermal modulation in a horizontal
fluid layer. A convective analysis of the flow indicates that the
linear assumption is valid at low frequencies of modulation. They
also studied the nonlinear analysis using the same assumption
with free boundary conditions and verified the results by conduct-
ing an experiment. They found, both experimentally and theoreti-
cally, that at low frequencies the modulation is destabilizing while
stabilizing at high frequencies. A weak nonlinear stability analysis
of thermal modulation was performed by Roppo et al. [23]. They
also reported that at low frequencies the modulation is destabiliz-
ing and stabilizing at high frequencies. Further, Schmitt and
Lucke [24], Or and co-worker [25,26], and Li [27] also investi-
gated the effect of modulation on the thermal convection in a
horizontal fluid layer. On the other hand, the studies related to the
effect of thermal modulation on the onset of electroconvection in
a dielectric fluid saturated porous medium have not received much
attention in spite of their many applications cited above, and its
study is the main objective of this paper. In particular, we try to
investigate how the combined effect of nonuniform thermal field
and a uniform electric field would influence electrothermoconvec-
tion arising from thermal perturbations in a dielectric fluid satu-
rated porous layer.

2 Mathematical Formulation

We consider a horizontal layer of a dielectric fluid saturated
densely packed porous medium of thickness h (see Fig. 1). The
wall temperatures are externally imposed and are taken as

AT
T=7[1+,8cosﬂt] at z=0 (1)

T:_%[l—ﬁcos(ﬂt+t_p)] at z=h (2)

where B is the small amplitude of the thermal modulation, () is
the frequency, and ¢ is the phase angle. The time dependent parts
denote the modulation imposed on the adverse thermal gradient
caused by the temperatures AT/2 and —AT/2 at the lower and
upper walls, respectively. The lower wall at z=0 is embedded with
parallel electrodes having an applied uniform voltage ¢,+A¢ and
the upper wall at z=h is embedded with parallel electrodes having
an applied uniform voltage ¢,—A¢p. We assume that the dielectric
constant ¢ of the fluid is a linear function of temperature, the fluid
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is incompressible, and the porous medium is densely packed. For
simplicity, we consider the free-free isothermal boundary condi-
tions at the walls. In other words, the fluid is bounded by stress
free nondeformable surface with temperature specified at the
boundaries. With the usual assumptions and approximations made
in the convection problems in a densely packed porous medium
saturated with Boussinesq incompressible dielectric fluid, the gov-
erning equations are the conservation of mass

V.q=0 (3)
the conservation of momentum

EZ
- Ve @)

Jq p
St—+5%q-V)q=-VP+—g-
ot (@-V)q 9 200

Po
and the conservation of energy

aT
At (@ V)T =xVvT (5)

where P and A are defined in the Appendix and q is given in the
Nomenclature.

Equation (4) is the modified Lapwood [28] equation where
modification means the addition of the last term on the right hand
side of Eq. (4).

Following Roberts [8], since the fluid is dielectric, we assume
that there are no free charges. Further there are no induced and
applied magnetic fields. The relevant Maxwell equations are

VXE=0 or E=-Vg (6)
V- (¢E)=0 ()
e=ep(l+7T) (8)
p=po(l-aT) 9)

The above equations admit an equilibrium, which is the basic
solution in which

T=Toyz1), e=@2), E=EyQ),

where the quantities with suffix b represent the basic state and
they satisfy the equations

q=0, and e=g(z,1)

_yp Py By, -
VPb+ g VSb—O

(10)
Po 2py
Ty
A— = VT 11
praap Al (11)
A\ (SbEb) =0 (12)
gp = en(1+ 7Ty) (13)

The solution of Eqg. (11), subject to the boundary conditions (1)
and (2), consists of both steady and oscillating parts and is given

by

Ty = %(h -22) +& Refla(\)er" + a(- N)e ™ Me Y (14)

where
ATe®-e™ (AQhZ)W

N=———7, A=(1-i 15
a0 = 5 A= 5 (15)

and Re stands for the real part.

Also Eqg. (13) gives
AT

sbzam<l—T7]Z) (16)

Using E,=-V¢, in Eq. (12) and solving the resulting equation,
we get the solution for ¢ in the form
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200 2 7ATAg 72
=- L. ZbetAe (17
@ T e AT h L+ Ty T et Ae (17)
2A AT
Eb:T(P<1+T772) (18)

We now superimpose the infinitesimal perturbations on the basic
state of the form
P=P,+P’,

T=Ty+T', e=gyte’

(19)

q :qr - (U,,U,,W,),

e=@p+t¢', E=E,+FE’

where the primes indicate the perturbed quantities.
Substituting Eqg. (19) into Egs. (3)-(9) using the basic state
given by Egs. (10)—(16) and linearizing, we obtain

aq’

~ v ~
51— =-Vm+aT'gk- —q' +B’k 20
it mraligk= g (20)
J aT
A V2>T’=__b""' 21
( ot X a7 (21)
20pde’  pAT d¢’
V2 = = T 22
ki epgh 9z h oz 22)
e =enyl’ (23)
where
rEZ
m=p+ (24)
2pg
ATnE 2Ape’  d¢'
g = AT7 bem( s _i) 25)
poh hep, Jz

Following Roberts [8], we assume AT <<1. Accordingly, we dis-
card any term involving »AT compared with a similar terms in the
absence of that factor. For example, we neglect the last term in
Eq. (22) in comparison with the term V2¢’ on the left since their
ratio is of order »AT<1. Under this approximation Eq. (22),
using Eq. (23), becomes

2nAe T

Vip' = 26
® - (26)
and Eq. (25) becomes
27enATA@ ([ 27A de’
pr= TEn ¢ ‘P(—” ""T'—i) (27)
poh h 0z
From Eq. (27), we get
4P, AT(Ap)?
vegr = 270l 1A g or, (28)
poh
where
PP
HE et ay?

To eliminate the pressure from Eq. (20), we take curl twice from
Eqg. (20) and obtain

(l J v
—— =
Sat

Substituting Egs. (21) and (28) into Eq. (29), we obtain the fol-
lowing equation for the vertical component of velocity:

)VZ = agV,’T' + VB’ (29)
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19 J aT
(22l
st K ot 0z

bd1Pen AT(Ap)? oT
—_ 7728m 3( (P) _bVH4W, (30)
poh Jz
satisfying the boundary conditions
Pw'
w’=F=T’=0 at z=0,h (31)

Equation (30) is made dimensionless using the transformations

w' _ _ 0

wi=— t'= , w=
x’h Ah?/y X/Ah?
(32)

1
(x*y"z%) = E(x,y,Z),

and we obtain (after dropping asterisks *)

[( ! ‘9+i)(——v)v4+R V(- 1+&f)V2) |w

SA Pt D,/\at
= - Ry(-1+&f)V,‘w (33)
f = Re{[A(N)eM + A(= N)e™M]e i (34)

The boundary conditions (31) can also be made dimensionless
using the scales given by Eq. (32) and using #*w’/dz*=0. If w'
and T’ are zero, we obtain

Fw

Pw
—=—7=0 at z=0,1

= 35
9 ozt (35)

If the horizontal dependence of w in Eq. (33) is assumed to be of

the form e!®&*kyY) where k, and ky are the horizontal wave num-

bers, then w takes the following form:
W = W(z, t)el k) (36)
It follows that
V2w = - kAW

where k2=k,?2 +k and V,;? is as defined in Eq. (28).
Hence Eqs (33) and (35) respectively, become

1 i i 2 2) 2 _1,2\2
[<5A Prﬁt+D><8t (D%-K9 (O~ )

-R, K¥(D*-K*)(-1 +Ef)]W

=-R, ki(-1+eHW (37

_PWFW

(922 —I—O at z=0,1

(38)
where the dimensionless quantities are given in the Appendix. To
obtain an expression for R, in Eq. (37), we use the following
regular perturbation procedure.

3 Regular Perturbation Procedure With Small Ampli-
tude Approximation

We seek the eigenfunctions W and eigenvalues R, of Eq. (37)
for a temperature gradient JT,/dz=(-1+ Bf) that departs from the
linear temperature gradient dT,/dz=-1 in modulated system by
the quantities of the order B. It follows that the eigenfunctions and
eigenvalues of the present problem differ from those associated
with the usual Benard problem by the quantities of order B. We
therefore assume the solution of Eq. (37) in the form
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W =W+ BW, + W, + -+
Ra=Rat+ B Ral"'ﬁ2 Ragt+ -

Substituting Eq. (39) into Eq. (37) and equating the coefficients of
like powers of B, we obtain the following system of equations:

LW, =0 (40)

(39)

LW, =k? R,o(D? = kA (fWp) — k? R,y (D?—k)Wo - R, KW,
(41)

LW, =k? R,o(D?-kA)(fW,) —k? R,p(D2-k)Wo— R, KW,
~k® Ry (D? = KA)W; +k? Ry (D? = k?)(fWp) (42)

where the operator L is defined in the Appendix.

Wy, Wy, and W, have to be determined using the boundary
conditions given by Eq. (38).

The function Wy is a solution of the problem when 8=0 and
marginally stable solutions for that problem are

W{" = sin narz

The corresponding eigenvalues are given by
(n?m? + k?)2 R, k2

D, k? (272 +k?)
For a fixed value of wave number k, the least eigenvalue occurs at
n=1 and is given by

RaO(n) =

N Gt S L
0T D, K (kD)

corresponding to Wy=sin mz.
Rao assumes the minimum value R, for k=k., where k; satis-
fies the equation

(kA +272(K2)° - R, D, 72(K2)?-27K2- =0 (44)
We observe that, in the absence of electric field, i.e., when R,
=0, Eqgs. (43) and (44) yield the values Ryo.=47% and k.=,

which are the classical results of Lapwood [28] for convection in
the porous layer. Equation (41) for W, now takes the form

LW, = k? R,o(D? - K?)(f sin 71z) + Ry K3(w? + k?)sin a2
-R, k*f sin 71z (45)

The solubility condition requires that the time-independent part of
the right hand side of Eq. (45) should be orthogonal to sin wz.
Since f varies sinusoidally in time, the only steady term is
Ra1 k3(m?+k?)sin 7z so that R,; is zero. It follows that the all
odd coefficients, i.e., Ra3,Rzs5,-.., in Eq. (39) are all zero. Ex-
panding the right hand side of Eq. (45) in a Fourier series of the
form

(43)

©

eMsinmaz =, gom(N)sin Nz (46)

n=1
where
AnmaPA[1 + (= 1)
"IN+ (n-m)2a2]N2 + (n + m)2a?]
it is convenient to define

o’ (n27T2 + k2)2 + w
SA P, D,

Im(N) = (47)

L(w,n)= [—

- Rao K2(n?7?+ k%) - R, k“]

_ [(nzﬂi +k)?  (nPa + k2)3]
- lw +
D, A P,
It follows that L sin nmze “'=L(w,n)sin nmze !,

(48)
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Now, from Eq. (45), we have

LW, =-k? Re(z [Rao(n?m? + k%) + R, k?]B,(\)sin nwze““’t)

n=1
(49)
so that
W, = - k2 Re(E [Rao(n?m? +k?) + R, kz]—B”()\) sin mrze"‘“‘>
o1 L(w,n)
(50)
where
Bn(N) = AN)gni(N) + A(= N)gni(=N) (51)

Equation (42) for W, takes the form
LW, =k? R,o(D?=k?)(fW,) + Ry, k2(7 +k?)sin 7z — R, kAW,
(52)

We shall not require the solution of this equation but merely use
it to determine Ry, the first nonzero correction to R,. The solu-
bility condition requires that the steady part of the right hand side
of Eq. (52) should be orthogonal to sin 7z. Thus

R, = %fl (D? - k?)fW;, sin mrzdz
0
+ 2712R_jkkzz 1f_vvl sin 7zdz (53)
0

where the bar denotes a time average.
Using Egs. (49) and (50) in Eq. (53), we obtain
2

T 421D

Xi {Rao(n*7* + k%) + R, k2}|Bn(7\Z)\2[|—(w,n) +L"(w,n)]
n=1 |L(w,n)|

RaZ {Rao(ﬂ'2 + kz) + Re kz}

(54)

The critical value of the Rayleigh number R, is computed up to
0(8%) by evaluating R, and R, at k=k, for the cases where the
oscillating temperature field is (a) symmetric, (b) asymmetric, and
(c) when only the lower wall temperature is oscillating while the
upper wall is held at constant temperature for fixed values of R,
D,, and P,. These critical values are computed for different values
of R, and the results are depicted in Figs. 2-5.

4 Discussions

The R,, is computed using MATHEMATICA for the following
three cases:

(@)  When the oscillating temperature field is symmetric, i.e.,
the wall temperatures are modulated in phase so that ¢
=0.

(b)  When the field is asymmetric, corresponding to an out-
of-phase modulation, ¢=1r.

(c)  When only the temperature of the lower wall is modu-
lated while the upper wall being held at a fixed constant
temperature. In this case it is convenient to take the wall
temperature to be AT/2[1+ 8 cos Qt] at the lower wall
and —AT/2 at the upper wall. This can be recovered from
the equations by setting o=—i.

The variation in corrected Rayleigh number R, with frequency
modulation w is depicted in Fig. 2 when the oscillating tempera-
ture field is symmetric. From this figure, it is clear that for values
of w(=25), —R,, increases to its maximum value and then it
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Fig. 2 Variation in R,, with @ for the case of symmetric tem-
perature modulation

decreases with further increase in w. Also, it is observed that -R,»
is always positive in the absence of electric field (i.e., R,=0) but
it is positive for other values R, and w only up to 75, indicating
that the convection sets in at lower values of Rayleigh number
than those predicted for the unmodulated system.

Figure 2 also indicates that for a given value of w, —R,, in-
creases with an increase in electric Rayleigh number R, indicat-
ing that the effect of electric field on the symmetric modulated
porous layer is to suppress ETC implying reduction in moving
RBC so that accumulation of RBC in a particular region will be
prevented and hence suitable to control hemolysis. However, the
effect of R, disappears for fairly large values of  in which case
Rao—0. In particular, for =75 there is a shift in the critical
Rayleigh number implying that the effect of R, is to augment the
convection. We also observe from this figure that for small fre-
quency w, =R, increases with the Prandtl number P, resulting in
suppression of convection. Therefore, the use of large value of P,
is usually the case in synovial fluid in synovial joints. This is also
useful to control hemolysis for the reason explained above.

200 .
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Pr=10.1
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Fig. 3 Variation in R,, with w for the case of asymmetric tem-
perature modulation
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Fig. 4 Variation in Ry, with w for the case of lower wall tem-
perature modulation

Figure 3 displays the variation in the correction Rayleigh num-
ber -R,, with @ when the time-periodic boundary temperature is
asymmetric. From this figure, it is clear that there is a shift in the
critical Rayleigh number for small values of w (from 0 to 50),
—Rg, is negative for P, <1 and positive for P,>1, indicating that
the effect of modulation suppresses convection for P, <1 and aug-
ments convection for P,> 1. For large values of w, -R,, becomes
positive, indicating that the asymmetric modulation augments
convection for moderate and large values of frequency. Thus
asymmetric modulation suppresses convection for P, <1 and aug-
ments it for P,>1 for small values of frequency » while it aug-
ments convection for moderate and large values of w. It means
that small values of w are suitable to control hemolysis. This
phenomenon is also substantiated from this figure that an increase
in the value of electric Rayleigh number R, increases the magni-
tude of R,,. At small frequencies, critical Rayleigh number in-
creases P, <<1. Hence the effect of electric Rayleigh number is to
suppress the convection for P,<<1 and hence suitable to control
hemolysis.

The effect of electric Rayleigh number on the onset of convec-
tion for lower boundary temperature modulation is shown in Fig.
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Fig. 5 Variation in R,, with @ for different values of Da
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4. In this case, the effect is similar to that of the symmetric tem-
perature case. Even in this case small frequencies and P, <1 are
suitable to design artificial organs using dielectric material like
silicon because they prevent the side effect of hemolysis.

Figure 5 shows the variation in Ry, with o for different values
of Darcy number D,. This figure indicates that for small values of
w, as D, increases, R,, increases for both cases (a) and (c) but
decreases in case (b). Hence the effect of D, is to suppress the
onset of convection in cases (a) and (c) and augment the onset of
convection in case (b) in the presence of modulation. From this
we conclude that cases (a) and (c) are more suitable to design
artificial organs using dielectric material in the presence of electric
field because they control hemolysis by preventing accumulation
of RBCs in a particular region and thus prevent bursting of RBCs.

5 Conclusions
Finally we summarize the following conclusions.

1. The symmetric modulation augments convection at moder-
ate modulation frequencies while its effect disappears for
high frequencies and hence is not suitable to design the ar-
tificial organs for the reasons explained in Sec. 4.

2. For low frequencies, the asymmetric modulation suppresses
convection for P, <1 and hence suitable to design artificial
organs because they control hemolysis by preventing accu-
mulation of RBCs.

3. Symmetric modulation and lower wall temperature modula-
tion cases have similar effects; however, symmetric modu-
lation is more effective.

4. In the case of asymmetric modulation, the electric field sup-
presses convection for P, <1 and augments convection for
P,>1. That is, the effect of small P, and dielectric material
in the presence of electric field is suitable to design artificial
organs.

5. The effect of both electric Rayleigh number and Darcy num-
ber disappears for large frequencies irrespective of the type
of thermal modulation and hence not suitable to design arti-
ficial organs.

6. The effect of D, is to suppress the onset of convection in
cases (a) and (c) and augment the onset of convection in
case (b), as discussed in Sec. 4. Hence the mechanisms of
cases (a) and (c) are ideal to design artificial organs because
they prevent accumulation of RBC in a particular region,
which will not allow bursting of RBC and thus prevent
hemolysis.
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Nomenclature

= coefficient of thermal expansion

= dielectric constant (electric permittivity)
= electric potential

= electric Rayleigh number

= expansion coefficient of electric permittivity
= kinematic viscosity

= permeability of the porous medium
porosity

= Prandtl number

= Rayleigh number

= specific heat ratio

= thermal diffusivity

time

e PP Ty RexPe o8
I
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q = velocity
Appendix
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The Use of a Nano- and
Microporous Surface Layer to
Enhance Boiling in a Plate Heat
Exchanger

Presented research is an experimental study of the performance of a standard plate heat
exchanger evaporator, both with and without a novel nano- and microporous copper
structure, used to enhance the boiling heat transfer mechanism in the refrigerant channel.
Various distance frames in the refrigerant channel were also employed to study the
influence of the refrigerant mass flux on two-phase flow heat transfer. The tests were
conducted at heat fluxes ranging between 4.5 kW/m? and 17 kW/m? with 134a as re-
frigerant. Pool boiling tests of the enhancement structure, under similar conditions and
at various surface inclination angles, were also performed for reasons of comparison.
The plate heat exchanger with the enhancement structure displayed up to ten times
enhanced heat transfer coefficient in the refrigerant channel, resulting in an improvement
in the overall heat transfer coefficient with over 100%. This significant boiling enhance-
ment is in agreement with previous pool boiling experiments and confirms that the en-
hancement structure may be used to enhance the performance of plate heat exchangers.
A simple superposition model was used to evaluate the results, and it was found that,
primarily, the convective boiling mechanism was affected by the distance frames in the
standard heat exchanger. On the other hand, with the enhanced boiling structure, varia-
tions in hydraulic diameter in the refrigerant channel caused a significant change in the
nucleate boiling mechanism, which accounted for the largest effect on the heat transfer
performance. [DOI: 10.1115/1.3180702]

Keywords: enhanced boiling, flow boiling, plate heat exchanger, nanostructured,
microstructured, 134a

1 Introduction

With the prospects of energy efficiency, miniaturization, prod-
uct reliability, and the potentially large economic advantages, an
extensive research and development effort has been undertaken in
the area of enhanced boiling heat transfer over the past couple of
decades. Several informative summaries have been published on
the topic, such as Refs. [1-3], who all report on the boiling per-
formance of various microscale enhancement structures. The pri-
mary industrial usage of these microsized boiling enhancement
structures have been in so called shell and tube heat exchangers
for large refrigeration applications [4]. At the same time, over the
past 20 years, compact plate heat exchanges have replaced tradi-
tional shell-and-tube heat exchangers, since the former are more
energy and space efficient and are cheaper to produce. Despite this
trend, only a few attempts to enhance compact plate heat exchang-
ers with high performing microsized, or smaller, enhancement
structures have been reported on.

Hillis and Thomas [5], as part of an evaluation of heat exchang-
ers for a large 40 MW ocean thermal energy conversion (OTEC)
pilot plant in Hawaii, tested the performance a small-frame plate
heat exchanger with ammonia as refrigerant. The heat exchanger
plates featured a 60 deg chevron angle corrugation pattern and
were coated in Linde’s high-flux surface: a porous aluminum par-
ticle layer. Boiling heat transfer coefficients of about
30 kW/m?/K were recorded at a heat flux of 26 kW/m?, equiva-
lent to a fivefold improvement compared to an uncoated surface.

lCorresponding author.
Manuscript received September 27, 2008; final manuscript received April 15,
2009; published online July 31, 2009. Review conducted by Kambiz Vafai.
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Muiller-Steinhagen [6] vacuum plasma sprayed a 250 um thick
layer of spherically shaped Inconel 625 particles on to a plate and
frame heat exchanger surface. The particles had a diameter of
105-170 pm and enhanced the boiling heat transfer coefficient
in R134a with up to 100%.

Matsushima and Uchida [7] tested a brazed plate heat ex-
changer with a novel pyramidlike structure in R22. The structural
features were 1.5 mm in height, hence, not in the microsized
region, but the evaporation heat transfer coefficients were esti-
mated to be 1.5-2 times higher than those of regular herringbone-
type plates. Longo et al. [8] applied 50-200 wm sized, pyramid-
like surface features to a plate heat exchanger with herringbone
macroscale corrugation, resulting in a 40% increase in the boiling
heat transfer coefficient in R22. This enhancement was larger than
the increase in heat transfer area, suggesting a real improvement
in the boiling heat transfer mechanism.

Since both of these pyramidlike structures are fabricated
through mechanical deformation, the possibilities to control sub-
micron features are small. Hence, without re-entrant cavities and
large area enhancements, the boiling enhancement potential of
these aforementioned structures is rather limited. Recent develop-
ments within nano- and microtechnologies have made possible the
creation of well defined three-dimensional connected porous net-
work structures, Davis [9], which, so far, have mainly been used
in applications such as catalysis molecular sieves, fuel cells, sorp-
tion, and separation [10]. These developments have opened up
new possibilities to structure high performing boiling surfaces
with well defined micro- and submicron topology, using methods
more precise than mechanical deformation.

The importance of nanosized surface structures for the boiling
performance of a surface was convincingly shown by Honda et al.
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[11] and Vemuri and Kim [12]. But seemingly exclusively, these
newly developed enhancement structures, with controlled nano-
and microfeatures, are aimed for small scale cooling of electronics
applications.

A novel nano- and microporous structure was recently shown to
enhance pool boiling heat transfer in 134a with over one order of
magnitude compared to a plain machined copper surface [13].
Presented research is an experimental study of the performance of
a plate heat exchanger evaporator with and without this novel
enhancement structure applied to the refrigerant channel. The flow
boiling tests were conducted in 134a with heat fluxes ranging
from 4.5 kW/m? to 17 kW/m?. Various distance frames were
also used to widen the refrigerant channel in order to isolate the
influence of refrigerant mass flux and thereby gain a better under-
standing of boiling heat transfer in plate heat exchangers in gen-
eral and the enhanced surface in particular.

2 Experimental Apparatus and Procedure

The schematics of the experimental test set-up are described in
Fig. 1. The refrigerant flow rate in the system was induced by a
refrigerant pump and measured with a Coriolis flow meter. The
refrigerant inlet quality was controlled by a preheater, and the
over all pressure in the system was set by the cooling load in the
condenser, which was balanced by the heat input from an electri-
cal heater connected to the water side of the test object. The data
acquisition system consisted of data logger, HP 34970A, measur-
ing and collecting all the temperature, pressure, and flow readings
and transmitting the data to a PC for further processing and stor-
age.

Test object. As illustrated in Fig. 2, the stainless steel heat ex-
changer plates, featuring a herringbonelike macrocorrugation pat-
tern with a sinusoidal shape, were assembled between two end
frame plates and compressed by tightening bolts. Some important
characteristics of the standard stainless steel heat exchanger plates
are found in Table 1. Rubber gaskets sealed the channels and
directed the fluids into alternate channels. The main advantage of
this set-up was that the heat exchanger could easily be reconfig-
ured. Two different distance frames were also used in the refrig-
erant channel, with a thickness, &ame, 0f 5 mm and 10 mm, re-
spectively, to study the influence of the refrigerant mass flux.
Hence, six different heat exchanger configurations were tested, as
seen in Table 2.

Enhancement structure. The boiling enhancement structure was
manufactured on the surface of two herringbone patterned heat
exchanger plates, on the part of the plates in contact with the
refrigerant. The porous layer took on a red shade and covered the
complete sinusoidal shape, as seen in Figs. 3(a) and 3(b).
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Fig. 2 Plate heat exchanger with gasket seals and distance
frame

The porous surface layer comprised a porous copper wall struc-
ture that defined and separated macropores, which were intercon-
nected in the general direction normal to the surface of the sub-
strate. The diameter of the macropores gradually increased with
distance from the substrate and had an average top layer diameter
of 105 um and a top pore density of about 75/mm?, as seen in
Fig. 3(c). The thickness of the surface layer measured 250 um, as
seen in Fig. 3(d). The porous wall consisted of dendritically
shaped structures forming a large surface area and numerous cavi-
ties, in the 0.1 to 1 wm range, between its branches. The overall
porosity of the surface structure was about 95%, based on the
measured thickness and mass of the surface layer and the density
of solid copper.

The stainless steel heat exchanger plates were first precoated
with a thin copper layer before the porous structure was manufac-
tured on the surface. The porous structure was fabricated with an
electrodeposition method, wherein metallic copper nanoparticles
were dendritically connected into an ordered microporous struc-
ture using hydrogen bubble evolution as a dynamic masking tem-
plate followed by an annealing process, as further described in
Ref. [14]. The manufacturing technique has been shown to pro-
vide ample room to control both the micro- and the nanosized
features of the surface structure, hence, opening up the possibility

Table 1 Geometrical characteristics of heat exchanger plates

Macrocorrugation pattern Sinusoidal
Plate material 316 Stainless steel
Plate thermal conductivity, Npjae (W/m/K) 16.3
Fluid flow plate length, L (m) 0.357
Fluid flow plate width, W (m) 0.100
Total heat transfer area, A, (m?) 0.032
Surface enlargement factor, ¢ (A/ Apro)) 1.15
Corrugation angle, 3 (deg) 60
Corrugation pitch, P (mm) 10.0
Corrugation depth, B (mm) 2.4
Plate thickness, &yjae (MM) 0.5
Surface roughness (peak height), R, (um) 0.55

Table 2 Tested heat exchanger configurations and the abbre-
viations used

Distance frame

None 5 mm 10 mm
Standard plate STD STD+5 STD+10
Enhanced plate nuP nuP+5 nuP+10
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Fig. 3 (a) Heat exchanger plate with enhanced surface structure fabricated on the re-
frigerant side. (b) Close-up view of enhanced heat exchanger plate. (c) and (e) SEM
picture of the enhancement structure. (d) SEM side-view.

to change the geometrical dimensions of the structure to suit dif-
ferent refrigerants. The structure may also be applied to various
geometries and in fairly narrow gaps.

Test conditions. 134a was used as refrigerant for all tests at
pressures varying between 3-4 bars, depending of overall perfor-
mance of the heat exchanger and the heat flux. Tests were carried
out under oil free conditions. The flow direction of the water and
the refrigerant was countercurrent. The water side flow rate
through the test object corresponded to a temperature drop from
12°C to 7°C. The incoming vapor quality was controlled to
5-15%. Results from preliminary tests showed that difference in
inlet quality between 5% and 15% had a negligible effect on the
heat transfer coefficient on the refrigerant side. The outgoing va-
por quality was controlled with the refrigerant pump to near 100%
by decreasing the refrigerant flow until the measured superheat
was 0°C.

All the components of the experimental set-up, but the test
object itself, were insulated with 10 mm thick foam insulation.
The heat flux was varied between 4.5 kW/m? and 14 kW/m? for
the standard plates (higher heat flux could not be tested at the time
due to limited cooling capacity) and 4.5 kW/m? and 17 kW/m?
for the enhanced heat exchanger. Each reported value was calcu-
lated as an arithmetic mean from 250 data points recorded during
steady state conditions for about 15 min.

Data reduction. The overall heat transfer coefficient, U, of the
heat exchanger was defined as the ratio between the exchanged
heat flow rate, g, and the logarithmic mean temperature differ-
ence, ATy, and the nominal heat transfer area, Ay

q

U=
AtotATIn

@)

where g was calculated from a heat balance on the water side
according to

q= mwcp_w(Tw_in - Tw_out) (2)

where m,, is the water mass flow, ¢, , is the specific heat capacity
of water, and T, i, and T, o are the in- and outgoing water
temperatures, respectively. The logarithmic temperature difference
was calculated based on the saturated refrigerant temperature,
Teat out» at the outlet of the heat exchanger, according to
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(Tw in~ Tsat out) - (Tw out ~ Tsat out)
T T ®
In( w_in — 'sat out )
Tw_out - Tsat_out

The overall heat transfer coefficient may be calculated using
1

ATm =

Us———— (4)
1, G 1
hw )\plate href

where h,, and h are the water and refrigerant side heat transfer
coefficients, respectively. In order to evaluate the heat transfer
performance on the refrigerant side, the heat transfer coefficient
on the water side of the plates was first evaluated using a modified
Wilson plot method, during which the plates in the heat exchanger
were configured to form two channels. Water-to-water tests were
carried out where the heat transfer coefficient was kept constant in
one channel, while the water flow in the other channel was varied
between Reynolds numbers of 94 and 1070.

The general heat transfer correlation for the water channel was
assumed to follow the general behavior of the classical Dittus—
Boelter correlation [15]

- thh w
Ay

with the hydraulic diameter of the water channel, dy, ,, and the
Reynolds number was defined as h

Nu,, =C, Re,™ Pr,}? (5)

2B

dh_w = E (6)
Vyoud

Re, = —-—Ww_pg : ';LVVVV (7)

where V,, is the water volume flow. A best fitting procedure was
used on the experimental data, and the constants were determined
to C;=0.271 and n;=0.668, with an R-square value of 0.997. The
heat balance between the hot and the cold side during the Wilson
plot tests was within =3%.

Uncertainty estimates. An uncertainty analysis, according to
Kline and McClintock [16], of the overall heat transfer coefficient
in Eq. (1), has been made. The U-value, based on the heat transfer
plate surface area Ay, was a function of four independent vari-
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Table 3 Uncertainty contribution to the U-value from different
variables

STD nuP+10
q" (KW/m?) 5 14 5 17
U (KW/m?/K) 0.8 14 13 34
Volume flows 0.5% 0.5% 0.5% 0.5%
Property data 0.2% 0.2% 0.2% 0.2%
Temperature differences 3.6% 2.9% 4.7% 3.8%
Combined uncertainty 2.6% 2.3% 3.4% 2.7%
Estimated heat gain 5.5% 1.8% 5.6% 1.5%

ables: water volume flow (V), temperature difference between in-
coming and outgoing fluids (AT), specific heat of water (c, ),
and water density (p,,). Table 3 presents the uncertainty of each
variable and for two different test cases at low and high heat flux.
The accuracy of the temperature measurement had the major
influence on the calculated U-value. The uncertainty interval for
the temperature difference (AT) was estimated to 0.1°C (20:1
odds). Measurements of the enhanced heat exchanger at low heat
flux and high flow rates resulted in the lowest temperature differ-
ences AT and therefore come with the largest overall uncertainty
of less than 4%. Ambient heat gain to the heat exchanger during
the tests was estimated using natural convection correlations [17]
and was between 1% and 6% of the transferred heat. The results
presented in this work have not been adjusted for the heat gain.

3 Experimental Results

Overall results. As seen in Fig. 4, the enhanced surface struc-
ture in the refrigerant channel improved the overall performance
of the heat exchanger, the U-value, with 68—-108% compared to
the standard (STD) configuration. The U-value for the nuP+10
configuration was only 10-20% below the maximum limit, where
the heat transfer coefficient on the refrigerant side approaches
infinity. With Egs. (4)—(7), the heat transfer coefficient on the
refrigerant side, hs, was calculated for each test. As seen in Fig.
5, the refrigerant heat transfer coefficient in nuP+10 was as high
as 22 kW/m?/K at a heat flux of 17 kW/m?, corresponding to
an enhancement effect of up to 10 times compared to STD+10
and about 8 times compared to the STD configuration. This en-
hancement appears significantly greater than those previously re-
ported for plate heat exchangers with surface enhancements.

In the standard heat exchanger, the thermal resistances on the
water and refrigerant sides were comparable, but with the en-
hancement structure, the thermal resistance was about 4—7 times
larger on the water side compared to the refrigerant side. Hence, it

Uwim?K)
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Fig. 4 Overall U-value as a function of heat flux for standard
and enhanced heat exchangers
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Fig. 5 Heat transfer coefficient on the refrigerant side, h, as
a function of heat flux for a standard and an enhanced heat
exchanger

would be desirable to increase the Reynolds number on the water
side in a real application to fully utilize this improvement in boil-
ing heat transfer.

Standard plate heat exchanger. The isolated effect of variations
in refrigerant mass flux by the use of distance frames in a plate
heat exchanger has not been studied before. It would therefore be
worthwhile to comment on some observations regarding the stan-
dard plate heat exchanger results. The heat transfer coefficient on
the refrigerant side, h,s, for the STD configuration showed 12—
17% better performance than the refrigerant channels with the
distance frames (STD+5 and STD+10). No significant difference
was found between the configurations with the 5 and 10 mm dis-
tance frames. Even though there is no clear agreement on how to
model the heat transfer in a plate heat exchanger, the general
superposition approach, of a convective and a nucleate boiling
term, first suggested by Rohsenow [18], made widely popular by
Chen [19], and later more generalized by Zhang et al. [20], has
worked fairly well for brazed plate heat exchangers, as shown by
Palm and Thonon [21]. Considering that the refrigerant was com-
pletely evaporated in the heat exchanger, resulting in a low refrig-
erant mass flux was, ranging from 2 kg/s/m? to 22 kg/s/m?,
and that the Thonon criteria [22] suggests that the heat transfer is
nucleate boiling dominated, the effects of the convective refriger-
ant flow were expected to be small. Hence, a simplified superpo-
sition model is initially tested, without the flow suppression and
enhancement factors that are related to convective effects of the
refrigerant flow. The refrigerant side heat transfer coefficient, h,
can therefore be calculated as the sum of a convective boiling
term, hp, and nucleate boiling term, h,,, according to

href = hcb + hnb (8)

The convective boiling term, hg,, typically characterized by
conduction and convection through the liquid film near the plate
wall and vaporization at the liquid/vapor interface, can be calcu-
lated using the single phase heat transfer correlation in Eq. (5),
with the constants, C, and n,, obtained for the given plate geom-
etry. Further, the refrigerant Reynolds number, Re ¢, was between
99 and 336 during all tests, within the range of Eq. (5). The
refrigerant Reynolds number was defined as

Gerd
Reref: refYh_ref (9)
Mo_ref
where G, is the total refrigerant mass flux, calculated as
m
Gref = et
W(B + Srame)

The nucleate boiling heat transfer coefficient, h,y,, is characterized
by bubble formation, growth, and motion, taking place in a super-

(10)
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heated boundary layer and was calculated based on the Cooper
[23] correlation

o = Cy - pr #7020 P (— logyg py) M 0% (11)

A best fit iteration results in C,=5.86 and the heat flux expo-
nent ny=0.49, which is in fairly good agreement with other stud-
ies, such as Longo and Gasparella [24] and Claesson [25], who
also found that the boiling heat transfer coefficient in a brazed
plate heat exchanger was a power-law function of the heat flux
with an exponent between 0.4 and 0.6. The difference in satura-
tion pressure between data points, accounted for 5% improvement
in hs between the highest (3.3 bars at lowest heat flux) and low-
est saturation pressure (2.9 bars at highest heat flux). This is rather
insignificant compared to the heat flux contribution to h, of 95%.

Despite its simplicity, the model captures the small effect of
varying refrigerant flow rate remarkably well, as seen in Fig. 6.
The convective contribution to the refrigerant side heat transfer,
hyef, Was on average small; 17%, 8%, and 5% for the STD, STD
+5, and STD+10, respectively. On average, the absolute deviation
between the calculated and the measured refrigerant side heat
transfer coefficient, hes, was only 2.2%, with a maximum differ-
ence of 4.6%. The conclusion is thus that the convective boiling
term, hg,, was affected by the introduction of the distance frames
and accounted for the change in refrigerant heat transfer coeffi-
cient.

Enhanced plate heat exchanger. As seen in Fig. 7, the effect of
the distance frames was the opposite with the enhanced plates
compared to the standard plates, since the performance was
greatly improved with the introduction of distance frames. The
heat transfer coefficient on the refrigerant side, hs, was between
70% and 140% higher with the 10 mm distance frame (nuP
+10) than with the plates pressed together (nuP). The frictional

href

[W/m*/K)

25000 —e—nuPPB °
—a—nuP+10 /
—e—nuP+5 ° A

20000 —m—nuP A

—
15000 | —

10000 |+ /0 -
e
5000 /
q" (wim?
0 I 1

1 1
0 5000 10000 15000 20000
Fig. 7 Heat transfer coefficients on the refrigerant side, h,., as
a function of heat flux for the enhanced configurations includ-

ing results from pool boiling tests
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pressure drop in the refrigerant channel was not noticeably af-
fected by the porous structure.

Results from recent pool boiling experiments of the same nano-
and microporous structure (R134a, saturated conditions at 5 bars)
at different inclination angles, similar to those of Furberg et al.
[26], show good agreement with the nuP+10 results. The two
pool boiling measurement points, included in Fig. 7 and noted
nuP PB, were recorded with a 90 deg surface inclination angle.
The close agreement between these pool and flow boiling results
indicates that with the 10 mm distance frame, the boiling mecha-
nism is the same as in pool boiling on the enhanced surface.

As discussed more in depth in Ref. [26], the boiling enhance-
ment effect that is caused by the porous structure may be attrib-
uted to certain surface features: The pores form channels that
penetrate the whole structure and are directed normally to the
surface with increasing diameters. The high density and the shape
of these channels ensure that the vapor produced, during evapo-
ration inside the structure, can quickly be released with low resis-
tance from the dendritic structure. Also, the high porosity of the
interconnected network effectively traps vapor and facilities liquid
transport within the structure and allow for communication be-
tween active nucleation sites. Finally, the dendritically shaped
wall structure, with its large surface area, might facilitate forma-
tions of thin liquid films with high evaporation rate and long
three-phase-lines with high heat transfer rates.

As seen in Fig. 8 the increase in mass flux seemed to have had
a relatively limited impact on the standard plates, but a significant
effect on the enhanced plates. The refrigerant mass flux was
equivalent to a liquid refrigerant velocity of less than 20 mml/s,
which was notably lower than the expected bubble rise velocity of
at least 100 mm/s in an infinite pool of R134a, according to a
visualization study by Maneri and Vassallo [27]. The conditions
were therefore similar to pool boiling, especially for the cases
where the distance frames where employed. Hence, it is probable
that, for the enhanced plates, it is not the convective suppression
effect of the refrigerant liquid mass flux per se that accounted for
the decreased h, with increased G,¢, but rather the confining
effect of the plate wall.

Figure 9 has therefore been added to illustrate how the heat
transfer mechanism in the enhancement structure was positively
affected by an increase in the hydraulic diameter of the refrigerant
channel, dy . The effect is more pronounced at higher heat
fluxes. The standard plate configurations, also included in the fig-
ure, exhibited a negative relationship to an increased hydraulic
diameter, even though the absolute magnitude of the effect was
much smaller than for the enhanced plates. It may also be ob-
served from Figs. 7 and 8 how the generally positive heat flux
dependence of the refrigerant heat transfer coefficient, he, disap-
peared for the enhanced plates with the smallest refrigerant hy-
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draulic diameter, dy, ., at heat fluxes above 4.5 kW/m?2. This
indicates that the boiling mechanism was inhibited at high heat
fluxes and smaller dy, (et

This behavior of the nano- and microporous structure has been
observed previously in flow boiling experiments in a thermosy-
phon loop. In these experiments, as reported in Ref. [28], the use
of a high speed video camera showed a reduction in the number of
nucleation sites at increasing heat flux for the enhancement struc-
ture, while the nucleation site density appeared to be rather con-
stant for a smooth copper surface. Figure 10 shows how the heat
transfer coefficient changed with the heat flux for the enhanced
(nuP-evap.) and the smooth (s-evap.) evaporators in the thermo-
syphon experiments. The figure also includes pool boiling results
from a surface enhanced with the nano- and microporous structure
at a 90 deg surface inclination angle. The performance of the
enhanced evaporator (nwP evap.) started to decline rapidly with
heat fluxes above 20 W/cm?, while the heat transfer coefficient
of the smooth surface (smooth-evap.) continued to increase with
heat flux up to about 30 W/cm?. The rapid decline of the heat
transfer coefficient for the enhanced evaporator, eventually led to
a critical heat flux (CHF), which is characterized by formations of
a vapor film on the surface. CHF was about 20% lower for the
enhanced evaporator than for the smooth one. Pool boiling experi-
ments of the enhancement structure did not show this rapid de-
cline of the heat transfer coefficient at corresponding heat fluxes.
Apparently, the confinement imposed on the gas/bubble transport
by the channel walls triggered an early onset of CHF (Fig. 11).

Hence, for the plate heat exchanger case, with an outgoing va-
por quality of 100%, the large effect that the hydraulic diameter
had on the heat transfer performance of the enhanced plates could
be caused by the channel walls confining rising vapor bubbles.
These confined bubbles may disrupt the otherwise highly active
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Fig. 10 Heat transfer coefficient versus heat flux, q”, for
evaporator and pool boiling tests with the enhancement
structure
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Fig. 11 Pictures from enhanced evaporator channel (d
=2.5 mm) in a thermosyphon loop at various heat and refriger-
ant mass flux

nucleation sites in the porous layer, causing temporary dry out of
the dendritic structure. This could, locally within the dendritic
structure, be a rather similar mechanism to CHF.

With these observations in mind, it is clear that the model de-
veloped to predict the heat transfer in the standard plate heat ex-
changer can not be directly used for the enhanced configurations.
Cooper’s correlation did not satisfactory capture the nucleate boil-
ing performance of the enhanced boiling surface, hyy ,p, Which
rather looked like a logarithmic function, such as

hnb_nup = C3-IN(@") = Cy (12)
The porous enhancement structure can be expected to alter the
conduction and convection through the liquid film near the plate
wall to the extent that the correlation, obtained from single phase
tests of standard plates, Eq. (5), is no longer useful to calculate the
convective boiling term, hg,. This term, hg,, should also be very
small relative the enhanced nucleate boiling term and was there-
fore excluded in the suggested correlation for the refrigerant side
heat transfer coefficient of the enhanced structure, et ,p.
Further, a suppression multiplier, S, was introduced to incorpo-
rate the boiling suppression effect that was observed for smaller
refrigerant channel diameters, according to

href_nMP =S hnb_np,P (13)
Since the bubble confinement effect was thought to cause the
suppression of the boiling mechanism in the porous structure, the
suppression multiplier was chosen as a function of the dimension-
less confinement number Co, according to
Cs

S= Co7 (14)

where the confinement number was defined as

JEE—
_ Val(g(pi = pg))
Co=
dh_ref

Kew and Cornwell [29] introduced the dimensionless confine-
ment number, Co, and suggested that with Co>0.5, a bubble is
confined in a small channel, which could affect the dominant heat
transfer mechanism. Even though the average confinement num-
ber is less than 0.5 for the three different configurations, local
confinement effects are probably present in the channel due to the
macro corrugation pattern, particularly when no distance frame
was used.

The constants Cs, C,4, and Cs were iterated to 12,364, 96,991,
and 0.15, respectively. The suppression factor was calculated to
about 0.95 for the nuP+10 configuration and 0.46 for the nuP
heat exchanger. As seen in Fig. 12, the agreement between the
calculated and the measure heat transfer coefficient, hes, was not
as good as for the standard plates, but it captured the effects of
both the boiling enhancement and the suppression effect with an
average absolute deviation of 7.9% and a maximum error of 19%.

(15)
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4 Conclusions

The boiling heat transfer coefficient of a herringbone patterned
plate heat exchanger evaporator was enhanced up to ten times in
134a by a novel nano- and microporous copper structure. As a
result, the overall heat transfer coefficient was improved with over
100%. This significant boiling enhancement is in agreement with
previous pool boiling experiments and confirms that the enhance-
ment structure may be used to enhance the performance of plate
heat exchangers.

A simple superposition model was used to evaluate the results
and it was found that, primarily, the convective boiling mecha-
nism was affected by the distance frames in the standard heat
exchanger. On the other hand, with the enhanced boiling structure,
variations in the hydraulic diameter caused a change in the nucle-
ate boiling mechanism, which accounted for the largest effect on
the heat transfer performance.

Nomenclature
A = heat transfer area, m?
B = corrugation depth, mm
Co = confinement number, dimensionless
¢, = specific heat capacity, J/kg/K

dy, = hydraulic diameter, m
G = mass flux, W/m2/K
h = heat transfer coefficient, W/m?/K

htg = enthalpy of vaporization, J/kg
L = fluid flow plate length, m

M = molecular molar mass, g/mol
m = mass flow, kg/s
nuP = nano- and microporous structure
Nu = Nusselt number, dimensionless
g = heat flow rate, W
q” = heat flux, W/m?2

P = corrugation pitch, mm

pressure, Pa
R, = Surface roughness (peak height), um
S = suppression multiplier, dimensionless
s = smooth channel surface

STD = standard plate

Reynolds number

T = temperature, K

U = overall heat transfer coefficient, W/m?/K

V = volume flow, m3/kg

W = fluid flow plate width, m

Greek Symbols
B = corrugation angle, deg
A = difference
8 = thickness, m
N = thermal conductivity, W/m/K

Journal of Heat Transfer

m = dynamic viscosity, Pa s
p = density, kg/m?
o = surface tension, N/m
¢ = surface enlargement factor
Subscripts
cb = convective boiling
frame = distance frame
I = liquid
In = natural logarithm
nb = nucleate boiling
plate = heat exchanger plate
proj = projected
r = reduced
ref = refrigerant
sat = saturation
tot = total
v = vapor
w = water
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Therporaoustic Convection:
Modeling and Analysis of Flow,
Thermal, and Energy Fields

The problem of therporacoustic (thermal-porous-acoustic) convection near a porous me-
dium, representative of a stack in a thermoacoustic engine/refrigerator, is modeled and
analyzed in this paper. Assumptions (e.g., long wave, short stack, and small amplitude
oscillation) are made to enable simplification of the governing unsteady-compressible-
viscous forms of the continuity, momentum, and energy equations to achieve analytical
solutions for the fluctuating velocity and temperature and the complex Nusselt number.
Boundary walls are assumed to be very thin in thickness and the conduction heat transfer
inside the boundary walls are neglected in this paper. The derived analytical results are
expressed mainly in terms of the Darcy number (Da), critical temperature gradient ratio
(Ty), Swift number (S,,), Prandtl number (Pr), and modified Rott’s and Swift’s parameters
(f, and f,). The real part of the fluctuating flow complex Nusselt number approaches to
the steady result, as reported in the literature, at the zero frequency limit. While in the
high frequency limit, the real part of the complex Nusselt number matches well with the
limit obtained by other oscillating flow researchers with slight differences explained by
additional terms included in this work. A wave equation for the pressure fluctuation is
modeled by combining the continuity, momentum, and energy equations and subsequent
integrations which, in the inviscid no-stack limit, approaches the Helmholtz wave equa-
tion. Based on the derived energy flux density equation performance plots are proposed,
which give the Swift number at the maximum energy transfer (S,,q) for a given I'y and Da.

[DOI: 10.1115/1.3180705]

1 Introduction

The study of convection processes in porous media is a well-
developed field of investigation because of its importance to a
variety of situations, for example, thermal insulation, geothermal
systems, solid matrix heat exchangers, nuclear waste disposal, mi-
croelectronic heat transfer equipment, coal and grain storage, pe-
troleum industries, and chemical catalytic beds [1-3]. Heat and
mass transfer studies through saturated porous media are impor-
tant developments and a rapidly growing area in contemporary
heat transfer researches [4]. Although the mechanics of fluid flow
through porous media has preoccupied engineers and physicists
for more than a century, the study of heat transfer has reached the
status of a separate field of research during the past 3 decades [1].
The reader is directed to a growing number of articles that outline
the fundamentals of porous media fluid flow, heat transfer, and
mass transfer [2-8].

As an example of porous media heat transfer, consider elec-
tronic package cooling. The rapid development in the design of
electronic packages for modern high-speed computers has led to a
demand for new and reliable methods of chip cooling. This has
motivated several researchers to consider porous materials as ef-
fective media for electronic package heat removal. Due to the
large surface area of porous media heat transfer rates can be en-
hanced significantly. Forced, mixed, and natural convections
through porous channels or cavities were modeled with several
electronic cooling case studies available in the references given in
the previous paragraph.

Another potential application of convection processes in porous
media is found in thermoacoustic prime movers/engines and heat
pumps/refrigerators [9]. The stack is considered to be the most
important part of the thermoacoustic devices. As of today, those
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wishing to build a practical thermoacoustic prime mover or refrig-
erator have had a limited choice of stack materials, for example,
the plastic roll stack, the wire mesh stack, a metal or ceramic
honeycomb stack having square and hexagonal channel sections,
and the pin stack [9]. These stacks, while simple in concept, can
be very labor intensive or costly thus hindering low budget fabri-
cation.

Recently, Adeff et al. [10] tested the performance of porous
reticulated vitreous carbon (RVC) as a stack material in a ther-
moacoustic engine and a refrigerator. The relatively inexpensive,
lightweight, and easy to machine RVC is an open pore foam ma-
terial composed solely of vitreous carbon. In addition, RVC has
low thermal conductivity, high porosity, and high specific heat.
However, the brittleness of RVC is its major disadvantage. A loose
fitting stack can vibrate against the heat exchangers causing the
filaments to break [10].

Adeff et al. [10] did not develop a theoretical model for porous
media thermoacoustic systems either in general or for RVC as a
particular case. Swift’s [11] theories of general thermoacoustics
were used to compare with the results obtained by Adeff et al.
[10]. Swift [9,11] considered the overall stack as a porous medium
composed of multiple individual channels, these pores or channels
being of circular, rectangular, hexagonal, and cross section.
Swift’s theories were developed for an individual pore or channel
similar to Rott’s groundbreaking theories of thermoacoustics [12].
It is assumed in Swift’s and Rott’s theories that the individual
channel is filled with nothing but a nonporous (clear) fluid (for
example, air, helium, or the mixture of helium and xenon).

The primary objective of this paper is to incorporate into the
fundamental thermoacoustics theory of Swift [11] and Rott [12] a
modification that treats the fluid-gaps within a stack of a thermoa-
coustic engine/refrigerator as porous media, not simply a multi-
channel stack as pursued by Swift [9,11]. In order to develop the
theories of thermoacoustics for porous media, Mahmud and Fraser
[13-15] initially developed models for porous stacks and pre-
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sented their results in the steady-state limit. Some non-stack-like
cases are also studied [16,17] in order to capture the transient
properties of thermovibrational convection. Recent studies of Le-
ong and Jin [18,19] and Fu et al. [20] considered an oscillatory
flow and heat transfer scenario in a porous channel filled with a
porous medium. For a laminar incompressible flow, Kuznetsov
and Nield [21] modeled the flow and heat transfer in a parallel-
plate channel and in a circular tube filled with a saturated porous
medium, which follows the Brinkman model. Kuznetsov and
Nield [21] assumed a small amplitude fluctuating pressure with
nonzero mean. However, none of the existing literature considers
the hydrodynamic and thermal interactions of a small amplitude
compressible wave or sound wave with a stack filled with a po-
rous medium; this provides the primary motivation of this work to
extend the theory of thermoacoustics to porous media.

There is, of course, always an academic interest to test a rela-
tively new theory and find its potential applications. However,
Organ [22] and Swift [9] pointed out many of the shortcomings of
the current state of the art of thermoacoustic and Stirling systems.
Considering today’s shortcomings, additional approximations and
extensions of the current thermoacoustic theory are required in
order to achieve a better performance engine/refrigerator in the
near future.

2 Problem Formulation

Current analysis is carried out for an unsteady-state, compress-
ible, two-dimensional flow within a parallel-plate channel filled
with a homogeneous and isotropic porous medium. Consider a
stack of parallel plates located somewhere in a gas-filled duct or
resonator (see Fig. 1(a)). Calculations are performed in a single
(or individual) channel between a pair of plates as depicted in Fig.
1(b). The spacing between two consecutive plates is 2y,, the
length of the stack is L, and the stack width is large enough such
that the variables are assumed constant in a direction perpendicu-
lar to the page (see Fig. 1(b)). The axis perpendicular to the plate
is the y-axis. The location y=0 is chosen to be the midpoint be-
tween the two adjacent plates. The axis parallel to the plate is the
x-axis, and x=0 is chosen to be at the beginning of the stack to the
left.

The gap between two plates is assumed to be filled with a
porous material, as shown in Fig. 1(b). The porous medium is
saturated with a single phase Newtonian fluid and is assumed to
be in local thermodynamic equilibrium with the fluid. The ther-
mophysical properties of the solid matrix and of the fluid are
assumed to be constant. Although for certain porous media, such

101011-2 / Vol. 131, OCTOBER 2009

as packed beds, porosity may vary due to channeling near the
walls [23], in the present study a rigid foam or wire mesh material
is considered such that porosity and permeability are assumed to
be constant, even close to the walls. The channel walls are as-
sumed to be very small in thickness. Therefore, the conduction
heat transfer inside the channel walls is neglected.

An acoustic driver initiates the fluid oscillation inside the reso-
nant chamber as well as inside the porous medium. The oscillating
compressible fluid interacts hydrodynamically and thermally with
the porous medium and produces several thermoacoustic effects
(e.g., heat flux and work flux). In order to model the physics
behind such effects, accurate descriptions of the continuity, mo-
mentum, and energy equations are required. The derivations of
different thermoacoustic parameters are available in Secs. 2.1-2.5.
Discussions on the derivations and qualitative/quantitative varia-
tions in the derived parameters (e.g., fluctuating velocity, fluctu-
ating temperature, and heat flux) with so called thermoacoustic
variables (e.g., Swift number and critical temperature gradient ra-
tio) are provided in Sec. 3.

2.1 Analysis of the Flow Field. The equation for mass con-
servation or mass continuity, according to Nield and Bejan [1], for
a porous medium is

D(¢p)

otV (=0 M
where ¢, p, and v are the porosity of the porous medium, the
density of the fluid, and the velocity vector, respectively. In con-
trast to the mass continuity equation (Eg. (1)), the modeling of
momentum transfer in a porous medium is a complex issue. Most
available models are based on several assumptions and are mainly
empirical in nature [1]. The simplest one is the Darcy flow model
[1,24-26], which constructs a relationship between the flow ve-
locity in a certain direction to the pressure gradient in that direc-
tion, i.e.,

K
v=—(=Vp+pg) )
Md

where K, g, p, and g are the permeability of the porous medium,
dynamic viscosity of the fluid, pressure, and gravity vector, re-
spectively. The permeability K (~m?) is an empirical constant. A
list of permeabilities is available for different porous materials in
Refs. [1,5]. The Darcy flow model is valid in circumstances where
the order of magnitude of the local pore Reynolds number, based
on the local volume averaged speed (|Jv|*?) and length scale K*/2,
is smaller than 1. Darcy’s law neglects the effects of a solid
boundary or the effect of inertial forces on fluid flow and heat
transfer [27]. These neglected effects are expected to become sig-
nificant near the boundary and in high-porosity media (e.g., ther-
moacoustic stack), invalidating the Darcy model in these locations
and situations.

When a relatively high permeability and porosity porous me-
dium (e.g., rigid foam) interacts with moderate to high frequency
sound waves, it results in a local pore Reynolds number greater
than 1. Such a case may be handled by Forchheimer’s modifica-
tion [1,25,28] of Darcy’s model by adding a term —bpK/ u|v|v to
the right hand side of Eq. (2), where b is the Forchheimer coeffi-
cient [1]. Furthermore, as one is dealing with a viscous fluid flow
in a narrow channel, an additional modification, likely Brinkman’s
extension [1], is required. Brinkman’s term KV2v may be added to
the right hand side of Eqg. (2) in place of Forchheimer’s added
term. These two modifications of the Darcy flow model, the
Forchheimer model and the Brinkman model, are used by several
authors (e.g., Vafai and Tien [27] and Kaviany [29]) to study
forced convection boundary layer type flow and heat transfer situ-
ations. However, as discussed in Ref. [25], neither of the forego-
ing models account adequately for the transition from porous me-
dium flow to pure (or clear) fluid flow in the case of high
permeability (i.e., K— ). According to Bejan [25], a model that
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bridges the gap between the Darcy—Forchheimer model and the
Navier-Stokes equation was proposed by Vafai and Tien [27] and
is also available in Ref. [25]:

Dv  pbe Mg 2

— +—=|V[Vv==-Vp-@—V+pg+ u Vv 3

Por V,KII P= @l VEPg pe ®3)

where w, is the effective viscosity of fluid. Note that the ratio of
Me O pq is termed as the viscosity ratio (M) [30]. In this paper M
is considered to be unity, which means .= uq=u. Neglecting the
effect of gravity, the x-momentum equation for the current prob-
lem can be obtained from Eq. (3) as

au au gu\ pbe ,  Ip pu (ﬁzu (?Zu)

—HpUu—+po— |+ == — — U+ u| — + —

(p&t Poox pvay) VK ax kM e T ay?
(4)

In order to linearize Eq. (4) and to model the oscillating gas in the
porous channel bounded between two parallel plates, the follow-
ing assumptions are made.

» The plates are perfectly rigid.

» Afirst order expansion in amplitude is sufficient for all vari-
ables.

» All terms that are higher than the first order are neglected,
except for the energy flux, heat flux, and the work flux.

* The mean fluid velocities (uy, and vy,) are zero.

» Pressure is not a function of the y-axis.

* The acoustic wavelength (\) is much larger than the trans-
verse dimension 2y,

* The acoustic wavelength (\) is much larger than the pen-
etration depths (5, and &).

All dependent variables are expressed in terms of a mean com-
ponent and a first order fluctuating components as follows:

P=Pm* p1(X)eimt, P=pmt pl(x)eiwt: T=Ty+ Tl(XxY)eiwt
(5)

U= U+ Ui y)el®, v =vy,+oi(xy)elt

where any term with the subscript “m” represents the mean value
(usually a real number) and the term with the subscript “1” rep-
resents the fluctuating value (usually a complex expression). The
time dependency of a particular variable is represented by
exp(iot), where o represents the circular frequency and equals
27rf. The x-dependency of uy, vy, and T, comes from their depen-
dency on the pressure. By substituting variable expansions as
shown in Eqg. (5) into the axial momentum equation and after
considering all of the assumptions, Eq. (4) can be further simpli-
fied to [31]

. opr M #uy
iwppu=——— - ¢-u —
wppUy ax ‘PK 1 (7y2
In order to obtain Eq. (6) the following scales are considered: x
~N\, Yy~ &, U~Uy, and v ~v, where \ equals N/2 7. Therefore, at

steady-state, ul/X~u1/5V is obtained from the continuity equa-
tion (Eq. (1)). In turn, this yields u;>uv, since it is already as-

sumed that x> 8, After the following boundary conditions, (a) at
y=0, dJuy/dy=0and (b) at y=yy, u;=0, are applied, the so-
lution to Eq. (6) becomes
U= i 9py - cosh[(1+i)v1+Wy/5,]
L7 wpn(1+ W) ax cosh[(1 +i)V1+Wyy/5,]

(6)

¢
2i Da
In Eq. (7), 6, and Da are the viscous penetration depth [9] and the

Darcy number (K/&i) [1], respectively. Although the origin of Da
seems to be purely geometric (ratio of 2 length scales), it ex-

with V=

@)
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presses, alternatively, the degree of internal blockage experienced
by the stack after introducing the porous medium. The viscous
penetration depth &, (=\2v/ w) indicates how far the momentum
can diffuse laterally during a characteristic time interval (=2/ ).
The characteristic time interval is of the order of the period of
oscillation (7=27/w) divided by 7. For the simplicity and con-

venience of presentation in this paper, the (1+i)v‘m/ 6, term in
Eq. (7) is expressed later in this paper as ay. Now, introducing a
dimensionless transverse distance Y (=y/§,) and a nondimen-
sional Swift number S, (=yq/48,), Eq. (7) can be modified to

- i apy) . cosh[(1+i)V1+WS,Y] ®
1 wpy(1+W) ax cosh[ (1L +i)V1+WS,]

Note that the Swift number (S,,) is a measure of the narrowness

(or the wideness) of the channel. By using the integration

(Yo) 2S¥ouydy, the average velocity (uy ,,) can be calculated from
Eq. (7) as

u1,av =

i py - tanh[(1 +i)V1 +W¥S,] ©
wpp(1+ W) ox (1+i)v1+Ws,

The parameter (1+W) in Egs. (7)—(9) represents a direct influence
of the presence of the porous medium on the fluctuating velocity
and can be termed as a porous-thermoacoustic-parameter or
therporacoustic-parameter. The fluctuating velocity (u;) and av-
erage velocity (uj ,,) expressions, shown in Egs. (7)-(9), respec-
tively, are complex expressions. However, only their real parts
have physical meanings.

2.2 Analysis of the Thermal Field. Consider now the energy
equation for the flow through a porous medium. For simplicity, it
is assumed that the medium is isotropic and that radiative effects
are negligible. It is also assumed that the temperatures in the fluid
and at the adjacent solid matrix of the porous material are the
same (i.e., local thermal equilibrium [1,25,32]). Based on the local
thermal equilibrium assumption, heat conduction in the solid ma-
trix and fluid phases takes place in parallel so that there is no net
heat transfer from one phase to the other. The governing energy
equation, for such a case, can be obtained by integrating the sol-
id’s energy equation over the area occupied by the solid matrix
and integrating the fluid’s energy equation over the area occupied
by the fluid (in the pores) followed by a subsequent addition of
two area averaged equations and simplifications [1,24,32]. It
should be noted that when the assumption of local thermal equi-
librium is abandoned, account must be taken for the local heat
transfer between solid and fluid (see Ref. [25] for details).

For the current problem and assumptions, the following general
form of the energy equation [32] results to

aT _ Dp (wm pb
pCp|:0'E+(V.V)T:|—V.(kVT)+ﬂTa+(R+W|V| V.V

(10)

for modeling the temperature inside a porous medium where o, K,
C,, and S are the porous medium heat capacity ratio, the overall
thermal conductivity, the specific heat of the fluid, and the thermal
expansion coefficient, respectively. The parameters o and k can be
defined, according to Bejan [25], as

o=+ (1- QD)(psmCsm)/(PCp) (11a)

k= (1~ @)Kgn + ks (11b)

where psm, Csm, and kg, are, respectively, the density, the specific
heat, and the thermal conductivity of the solid matrix material of
the porous medium. Following similar scaling arguments as per-
formed in Sec. 2.1 and applying Rott’s thermoacoustic lineariza-
tion, the energy equation in the porous medium can be simplified
to
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Ty
ay?
In Eq. (12) the subscripts m represent the mean properties in the
porous medium. The general solution to Eq. (12) yields

(12)

. (9Tm .
iwpnCpoTy + Cme“lW =k +iwBT,p1

1+i — . 1+i —
T,=C, cosh ?vay +C, sinh Kwy

.\ Pr VT, Vp, cosh(@ay) — VT,Vp,
o Pr—-V¥-1w?p,(1+W¥)cosh(agyy) w’pno(l+P)
T
+ :3 mP1 (13)
pmCpo

where Pr and & represent the Prandtl number and the thermal
penetration depth, respectively. The thermal penetration depth in-
dicates how far the thermal energy can diffuse laterally during a
characteristic time interval (=2/w). In Eq. (13), two gradients
dTm/dx and dpy/dx are expressed as VT, and Vp,, respectively,
by using the convention of the available thermoacoustic literature
[9,11]. For simp_licity and convenience of presentation in this pa-
per, the (1+i)Vo/ § term in Eq. (13) is expressed later as by.

Applying the symmetry boundary condition, i.e., dT,/dy=0 at
y=0, results in C,=0 in Eq. (13). However, in order to evaluate
C,, it is necessary to apply an appropriate boundary condition at
the wall. One possible approximation is to assume a zero fluctu-
ating temperature at the wall, i.e., T;=0 at y=ygy. Note that for
such a thermal boundary condition, it is required to assume that
the plate has a large enough heat capacity per unit area that its
temperature will not change significantly at the acoustic frequency
[9,11]. This is a very good approximation in the thin plate limit.
However, the energy equation for the solid wall is required to be
solved if a finite wall thickness and moderate heat capacity per
unit area of the wall are considered. Finally, the fluctuating tem-
perature inside the porous medium (T,), after a very lengthy cal-
culation and rearrangement, becomes

- BTmpl _ VTm N P1
pmCpo wzpmo'(l +V)

Pro  cosh[(1+i)Vl+ \IfSWY]}

T

X

1- ‘
Proo=W¥ -1 cosh[(1+i)V1+WS,]
_ 1 ‘71_m \Y% p1
Pro-¥-1 wzpma

. ,BTmpl}cosh[(1+ i)Wo PrS,Y]

cosh[(1 +i)Vo Pr S,]
The final expression of the fluctuating temperature (T;), shown in
Eq. (14), is a complex expression. However, only the real part of
it has physical meanings. By using the integration (yo) 2 [{°T,dy, a
space averaged temperature (T;,,) can be calculated from Eq.
(14) as

Tl,av = M(l - fk)
Pmcpo'
VT Vpy| (Pro-¥-1)-Pr of , +fi(1+W¥)

(Pr o-V¥-1)(1+W)

(14)
mepO'

wzpma'
(15)
The definitions of f, and f, are given by the following equations:
o _tanh[@+ DV1+Ws,] _ tanh[(1 + o Prs,]
’ (A+i)V1+WS, (1+i)o Prs,
(16)

In the absence of a porous medium, f, and f, are reduced to Rott’s
thermoacoustic functions proposed by Swift [9]. Therefore, ex-

fi
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pressions available in Eq. (16) are modified Rott’s functions for
the porous medium.

2.3 Heat Transfer From the Wall. The heat transfer rate
from the wall is calculated in terms of the Nusselt number (Nu).
For the current problem, the following definition of Nusselt num-
ber is used:

4 aT
Nu = (—yo ) —1
T Tret dy

where T is a suitable reference temperature. For the steady-state
channel flow problems, heat transfer literature uses the bulk mean
temperature (T,) or the mixing-cup temperature [32] as T, for
calculating the Nusselt number. A definition of Ty, is given in the

following equation [32]:
T —l f T,dA ! fyo T,d
= u = u y
° u1,avA A v Uzav¥o 0 v

If Eq. (14) is substituted into Eqg. (18) and the integration is per-
formed, then the expression for T,, after a very lengthy calcula-
tion, becomes

17)

Y=Yo

(18)

T :|:BTmp1_ Vvapl :|

° mepO' wzpma'(l+\lf)
_ VTaVp Pr o (1_ 2 @)
0?pro(1+W)Pr o-¥-1 1-f, 7

| BTmPs VTnVps ( 1+¥ )
pmCpo W’ pno(Pr o=¥-1) [\Pr o-¥-1

f,-f
% ( v k)
1-f,
where @, equals 2i(1+\1f)8§,. By substituting Eq. (14) into Eq.
(17), the expression of Nusselt number becomes

(19)

4 VT,V p1 1 Pr o
Nu = > (I)va - ‘bkfk
Tw— Tret ppo Pro-v-1|1+V¥
T
_ .B mP1 chfk:| (20)
Pmcpo'

where &, equals 2ic Pr S&V. Depending on the specific thermoa-
coustic problems, different authors consider different definitions
of Tyt For example, Mahmud and Fraser [33] considered T, as
Tret for a multiplate thermoacoustic problem, Lu and Cheng [34]
considered a space averaged solid wall temperature as T, for a
thick-wall-circular-pore thermoacoustic problem, and Liu and
Garrett [35] considered a space averaged gas temperature (Ty 4 in
this paper) as T, The Nusselt number expression derived in Eq.
(20) is a complex quantity. Therefore, in the available thermoa-
coustic literature (e.g., Refs. [33,34]) it is termed the “complex
Nusselt number.”

2.4 Wave Equation. In the limit of the short plate approxi-
mation [11], a standing-wave-like pressure fluctuation can be
used. In such an approximation, it is assumed that the plate is
short enough that it does not perturb a standing-wave-like pres-
sure fluctuation appreciably so that p;=pg cos(27x/\), where A
and pg are the wavelength and fluctuating pressure amplitude,
respectively. However, for a more general case, a pressure equa-
tion (or the wave equation) needs to be modeled.

In this section an equation for the fluctuating pressure (or the
wave equation) is derived. The continuity equation (Eq. (1)) can
be expanded to yield
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M + p ﬂ_u + @ + U_p + U_p — 0
at X dy ax o ay
Following similar scaling arguments as performed in Sec. 2.1 and

applying Rott’s thermoacoustic linearization, the continuity equa-
tion can be simplified to

(21)

14 duv
+— (o) + =0 (22)

iwepy 2y

Note that the dp,,/dy term is neglected while deriving Eq. (22).
Now, differentiating Eq. (6) with respect to x and using Eq. (22),
the following equation is obtained:

—i _ s _ ; 9 ( 02u1> ;@
@ePL™ Pm ay oL+ W) ax\" ay? )  iw(l+W) ox2
(23)

With the thermodynamic relation p;=-pnBT1+(y/c)py, py can
be eliminated from Eq. (23) to yield

a( & &+ o’y . d
( &;l) &pzl (l+\1’){w Pm®BTL~ 2 pl I""pmaiyl}
=0 (24)

Equation (24) may be integrated between 0 to y, to eliminate v,
(i.e., v1(0)=0 and v(yo)=0) and to obtain a differential equation
for py as a function of x. Finally, the wave equation becomes

g apy eBVT,), oPri,
é’x{(l 0o }+ T {1 o Pr-v-1
L+Wf {dpr L+ [ o(y-D(A -1
(" 2 ~—Y(P1
o Pr-¥-1] dx ko T
=0 (25)

where Kk is the inverse of the wave number (w/c). For a nonpo-
rous medium, Da—o, ¥ —0, ¢—1, and o— 1. For a no-stack
situation, VT,,— 0. For inviscid flow, f,—0 and Pr—0. Substi-
tuting these values in Eq. (25) results in

ﬁzpl

(gm0

which is well known as the Helmholtz equation [31].

(26)

2.5 Energy Flux Density. In steady-state, for a thermoacous-
tic engine/refrigerator without lateral heat flows to the surround-

ings, the time-averaged energy flux ((E)) along the x-direction is

independent of x [11]. The magnitude of E is the amount of en-
ergy passing, in unit time, through a unit area perpendicular to the
direction of the fluid velocity [36]. The energy flux density vector

(E) is a conserved quantity for temporally periodic problems such
as thermoacoustic engines and heat pumps. The general equation

for E, according to Ref. [36], is

E=pv(}v?+h)-v.o-kgrad(T) (27)
where h and o are the enthalpy and the viscous stress tensor,
respectively. General and simplified analytical expressions of the
energy flux density vector for several multistack thermoacoustic
problems are reported in the available thermoacoustic literature

(e.g., Refs. [9,11]). Numerical calculation of E near a thermoa-
coustic couple is available in Refs. [37,38]. For the present prob-
lem, the v- o term can be neglected by considering the long-wave
approximation. The flow of kinetic energy can also be neglected
since it is proportional to the cube of the velocity. By considering
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these assumptions along with other assumptions already men-
tioned in this paper, Eq. (27) reduces to
E~pun-k2 (28)
PR ax
The functional relationship of the enthalpy with the entropy and
pressure, i.e., h=f(s,p), leads to the following [9,39]:

oh d
dh:< )ds+< )dp Tds+ 2 = C,dT + (1- T,B)—
s/ p ap p

(29)

Integrating Eq. (29) results in an expression for h in terms of s and
p. Using a linear thermoacoustic expansion, Eq. (28) can be sim-
plified further to

. T

E; = pnCp(T1Uy) + (1 = TpnB)(pauy) —k——= (30)
The thermodynamic relation s;=(C,/Ty)T1~(8/pp)py is used to
obtain Eq. (30). The subscript “2” in Eq. (30) signifies a second
order quantity. After time and space averaging, the energy flux per
unit perimeter (E,/II) along x becomes

E2 Yo_ Yo_
- pmcpf Tyupdy + (1 - ﬁTm)f pauidy — Yok V Ty,
0 0

(31)

In Eqg. (31), an overbar (—) over a quantity represents time aver-
aging. If Egs. (7) and (14) are substituted into Eqg. (31) and the
integrations are performed,

il ip, VP
Ezz%m{——'pl P la-T+

BTn (1+\I’)(f - f)

wpp(1+W) T g Pr+W+1
LVTCy  Vpi VP,
©’PnT (1+W)(1+ )
~ Pr (f,-f)-Wwf - Wf
>< (1_fv)_ 0- (V V) 14 14
o Pr-v-1 2

_ a+wa+w{,-f)
(¢ Pr=¥-1)(c Pr+W¥+1)

+(U 1)!,8Tmp1Vp1
o ) opy 1+

T
(1- )} Lyok=— (32)
where SB[ ] signifies the real part and tilde (~
plex conjugation.

The global work flux (W,) alone is estimated by integrating the
time-averaged product of the fluctuating velocity and pressure
with respect to y [9] from the channel centerline to the wall. The
resulting equation is

) denotes the com-

Yo
I 1 vVp
WZ:HJ pluldy——yo——i)‘i[lp1 ~p1(1

f)] (33)
0 2 wpn | 1+W

3 Results and Discussion

The expressions for several thermoacoustic parameters (e.g.,
the fluctuating velocity and temperature, complex Nusselt number,
fluctuating pressure, and energy flux density) are derived in Secs.
2.1-2.5. In this section, graphical results are presented along with
simplifications and interpretations of the derived expressions. To
avoid the confusion with the sign (+ or —), it is assumed that the
porous stack is placed at the quarter wavelength (0=x=\/4) of
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the sound wave. Also, it is assumed that the mean temperature
gradient (VT,,) is a positive quantity; i.e., the cold heat exchanger
is placed at the beginning of the plate (near the driver side) and
the hot heat exchanger is positioned at the end of the plate [11].
The thermophysical properties are assumed to be constant and are
calculated at the mean temperature (T,,) except for the mean den-
sity (pm), which is calculated from the mean pressure (py,). Al-
though nondimensional forms of the fluctuating velocity, tempera-
ture, Nusselt number, and energy flux density are adopted in this
section, the properties of helium at 298 K (=T,,) are used if it is
necessary as a pore fluid and a high-porosity porous medium is
considered that is consistent with a typical thermoacoustic stack.

3.1 Discussion on the Flow Field. The expression of the
fluctuating velocity (uy), given in Eq. (7) or Eq. (8), is a superpo-
sition of two components: (a) a y-independent velocity component
represented by the terms outside the curly bracket and (b) a
y-dependent transverse wave represented by the hyperbolic cosine
functions. As Swift number (S,,) represents the narrowness or the
wideness of the channel, the fluctuating velocity u; approaches its
boundary layer limit velocity fluctuation when S, approaches in-
finity. In the limit of a very large S,, the terms with the hyperbolic
cosine functions in Eq. (8) become zero, i.e.,

SWHOO (34)

cosh[(1+i)V1+ WS, Y] ( 0
cosh[(1+i)V1+WS,] -

In such a case, the expression for the fluctuating velocity reduces
to its y-independent velocity component only, i.e.,

1 i o
Upe = (—)(—ﬂ) = i (35)
oW 1+W¥/\ wpy X P

It should be noted that the second bracketed term in Eq. (35), i.e.,
i(dp1/X)/ (wpy)=ius, represents a standing wave velocity expres-
sion [11] and can be obtained in the limit of a very large Darcy
number (or the so called clear fluid limit [1]) from Eg. (35).
Therefore, Eq. (35) represents the boundary layer limit fluctuating
velocity inside the porous medium.

An expression for the nondimensional fluctuating velocity (U)
can be obtained after dividing Eq. (8) by Eq. (9) and is given by

U= (1+i)V1+WS,
(1+i)V1+W¥S,, —tanh[(1+i)V1+W¥S,]

y { 1= cosh[(1+ i)Vl +W¥S,Y] } (36)

cosh[(1 +i)V1+ WS, ]

In the limit of a large Darcy number (Da—c), the porous-
thermoacoustic-parameter (1+W) approaches to unity. In such a
case, the expression for the fluctuating velocity reduces to the
clear-fluid-limit multistack thermoacoustic velocity as reported in
the available literature (e.g., Refs. [9,11,33]).

For different values of S, U is plotted in Fig. 2 as a function of
Y when Da— . Relatively larger Swift numbers (=10,20) result
in a thin shear layer adjacent to the wall within a few &,. A large
portion of the fluid away from the wall is unaffected by the vis-
cous effect imposed by the boundary walls during a time period of
oscillation. As S,, approaches a very large value (S, — ), the
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Fig. 2 Dimensionless velocity as functions of Swift numbers
in the clear fluid limit

velocity profile becomes y-independent as discussed earlier in this
section. In contrast to larger S, as S,, decreases and approaches
relatively small values (S, =1), the velocity profile approaches a
shape similar to that seen in the plane Poiseuille flow [36].

The effect of the Darcy number on the fluctuating velocity pro-
file is discussed next. To facilitate this discussion, the dimension-
less fluctuating velocity profiles are presented in Fig. 3 as a func-
tion of the Darcy number for a constant Swift number. At
relatively higher Darcy numbers (Da=1), the porous medium’s
solid matrix induced frictional drag imposes less resistance to the
flow. Therefore, the shear effect extends from the channel wall to
the channel centerline for the considered Swift number in Fig. 3
and the velocity profiles are nearly parabolic for Da=1. In con-
trast, for relatively low Darcy numbers (Da<1), the pore length
scale becomes smaller than the viscous penetration depth, which
imposes a signification amount of solid matrix induced frictional
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Fig. 3 Dimensionless velocity as functions of Darcy numbers
at S,,=2.0
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drag on the fluctuating fluid. Velocity profiles become flatter near
the channel centerline with a thinner shear layer as the Darcy
number decreases. In the limit of a very small Darcy number
(Da—0), the velocity profile approaches a slug-flow profile [32],
as shown in Fig. 3.

3.2 Discussion on the Thermal Field. The expression for the
fluctuating temperature Ty, given in Eq. (14), is a superposition of
a y-independent temperature component represented by the terms
before the first curly bracket and a y-dependent components rep-
resented by the terms with the hyperbolic cosine functions. In the
limit of a very large Swift number, the terms with the hyperbolic
cosine functions in Eq. (14) become zero, which results in the
y-independent temperature component only, i.e.,

,BTmpl _ -
PmCpo 0’pyo(1+¥) o

VIaVpr  _ Ta

TSW =
o(1+7)

|im5wﬁm(T1) = 0

@37)

In Eq. (37), Tag (=BTwP1/ pmCy) is the fluctuating temperature due
to an adiabatic compression and expansion of the fluid in the
absence of a porous medium [9] and T, (=VT,Vp1/w?py) is
similar to a standing wave temperature amplitude. As the fluid
oscillates along the x-direction with an equivalent displacement
amplitude ug/ w (Where uy=Vp,/ wpy,), the temperature at a given
point in space oscillates by an amount VT, Uy/ @ (=Tg,), even if
the temperature of a given piece of fluid remains constant. The
appearance of o and (1+W) terms in the expression of T signifies
the influence of the porous medium on T, and Tg,. Therefore,
0 1T, and o~ 21+ W) 1T, in Eq. (37), respectively, represent an

equivalent adiabatic fluctuating temperature and a standing wave
temperature amplitude inside the porous medium.

In Eq. (37), the fluid properties, temperature gradient, flow
properties, geometry, and porous medium properties can be set in
such a way that both the terms on the right hand side of Eq. (37)
become equal, resulting in Tq=0. For such a special case, the
resulting temperature gradient is proposed to be a critical tempera-
ture gradient (VT,,) and is given by

&ﬂmez
Vp; Cp
The critical temperature gradient is important because it deter-
mines the transition between the heat pump and prime mover
functions of thermoacoustic devices [11]. Usually, VT,,> VT,
signifies a heat engine mode of operation and VT, < VT, signifies
a heat pump/refrigerator mode of operation for thermoacoustic
devices. The ratio of VT, to VT, can be termed the porous me-
dium temperature gradient ratio (I'g) or simply the temperature
gradient ratio. For the current problem I'y can be expressed as
follows:

VT = (1+Ww) (38)

P o (14W) = 181 4 p) = 51+ D)
o Yp C, VT, T Ty, o

(39)

where T'g is the inverse of an ordinary temperature gradient ratio
[33].

An expression for the nondimensional fluctuating temperature
(®) can be obtained after dividing Eq. (14) by Eq. (15) and is
given by

N _1)+[ Pr o ]cosh[(1+i)\'1+\IfSWY] _[ 14w ]cosh[(l+i)\o Prs,Y]
0 Proo-W¥-1] cosh[(1+i)V1+Ws,] LPro-¥-1 °| cosh[(1+i)\o PrS,]

Note that in the limit of a very large Darcy number (Da— ), the
expression for ® in Eq. (40) approaches the clear fluid limit ex-
pression reported in the thermoacoustic literature (e.g., Ref. [33]).

The influence of the Swift number in the clear fluid limit fluc-
tuating temperature is studied next. For different values of S, ®
is plotted in Fig. 4 as a function of Y when Da— . The tempera-
ture gradient ratio (I'p) is set equal to 2.0 because for efficient
thermoacoustic device operation I'y is suggested to be kept close
to unity [11]. At a relatively large Swift number (i.e., a very wide
channel), a considerable portion of the fluctuating fluid beyond a
few thermal penetration depths does not feel the effect from the
imposed wall thermal boundary condition during a time period of
oscillation. This results in a thin layer of transverse temperature
variation adjacent to the wall. As S,, approaches its theoretical
upper limit (S, —®), the temperature profile becomes
y-independent as expected (also discussed earlier in this section).
In contrast to a large S, as S,, decreases and approaches relatively
small values (e.g., S,,=2), the fluctuating temperature profile ap-
proaches a parabolic shape extended from the wall to the center-
line of the channel. For I'y=2, Fig. 5 shows the transverse varia-
tion in ® at S,,=0.5, 3.5, and 10 and Da=0.001, 0.01, 1, and <.
For a given S,,, the shape of the temperature profile does not
change significantly by the introduction of the solid matrix. The
results also show that the centerline temperature decreases slightly
with increases in Da. The convection process along the axial di-
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fl(l+W)-Pr of
(1_fk)ro_{1+u’

(40)
(Pr o-¥-1) J

rection of the channel is suppressed due to the dampening effect
produced by the solid matrix material of the porous medium on
the flow field. In contrast, the transverse conduction process is
enhanced due to the presence of the solid matrix material. These
combined effects result in a minor variation in the dimensionless
temperature profiles for a given time period of oscillation.

3.3 Discussion on the Complex Nusselt Number. In steady-
state channel flow, the temperature gradient at the wall
(aTl/(?y\yzyo) is in phase and proportional to the characteristic or
bulk fluid-wall temperature difference (T,,—Tp) [32]. In such a
case Nusselt number is a real number, and for a fully developed
internal channel flow Nusselt number becomes a constant [32] for
a particular geometry. In contrast, T,,— T, may not always be in
phase with aT1/5y|y:y0 in the case of an oscillating flow (see Figs.
4 and 5). For example, Fig. 5 clearly indicates that the near wall
temperature (i.e., the thin layer with a transverse variation) leads
(in-phase) the nearly constant centerline temperature for S,,=3.5
and 10.0. The transverse variation in temperature extends within a
few thermal penetration depths (&), which depends on the several
fluid and flow parameters. The thinner the thermal penetration
depth, the greater the temperature gradient. Therefore, the
formidable-looking complex Nusselt number expression, pre-
sented in Eqg. (20), always poses interpretation difficulties due to
the complicated appearance of the different terms in it. Instead,
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bers in the clear fluid limit

Eq. (20) will be simplified next using some reasonable assump-
tions in order to interpret some limiting thermoacoustic oscillation
cases.

First, an inviscid limit or more precisely a Darcy limit of the
complex Nusselt number is considered with a negligible longitu-
dinal mean temperature gradient (i.e., VT,,—0 and I'y—<0). In
the inviscid limit, the viscous penetration depth, the first Rott
function, and the Prandtl number all approach zero (i.e., §,—0,
f,—0, and Pr—0). Considering these simplifications, the expres-
sion for the complex Nusselt number reduces to

- f
Nug = 8i sz<—k>
Ug oo, 1—fk
in the Darcy limit. In Eq. (41), §W (=yo/ 8 is the modified Swift
number. In deriving Eq. (41), Ty 4, is considered to be Ty It is
observed from Eq. (41) that Nug is independent of Da. However,
it depends on the thermal boundary layer thickness because both

§W and f, are functions of the thermal penetration depth. The real

(41)

0 025 05

Fig. 5 Dimensionless temperature as functions of Swift num-
bers and Darcy numbers
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Fig. 6 Darcy limit of the complex Nusselt number at different
Swift numbers

and imaginary parts of Nug are plotted in Fig. 6 as a function of
S, It is observed from Fig. 6 that the real part of Nugq is larger in
magnitude than the imaginary part at lower S,,. That means the
bulk fluid-wall temperature difference is in phase with the tem-
perature gradient at the wall when the thermal penetration depth is
larger than the channel width (i.e., S,,<1). This is also supported
by the temperature profiles seen at lower Swift numbers, as shown
in Figs. 4 and 5. Because of the nearly invariant wall temperature
gradients at lower Swift numbers, Nuy is nearly constant (the nar-
row channel limit of Nuy). However, at higher Swift numbers, the
thermal penetration depth is much smaller than the channel width,
which leads Nuy to its boundary layer limit. The hyperbolic tan-
gent function in the expression of fy (see Eq. (16)) approaches 1

when S,, is large in magnitude (S,,>2) (also graphically shown in

Fig. 6). In such a case, f, reduces to (1—i)/(2€?8w) and the
expression for Nuy (Eq. (41)) simplifies to

8i0'§§/

Nug=——""—7—
(1+i)VoS, -1

(42)

If Eq. (42) is expanded as a Taylor series with respect to gwﬂw
and the leading order term is selected from that series, Eq. (42)

further reduces to 4(1+i)v’EW. The boundary layer limit of Nug,
i.e., 4(1+i)VoS,, is also plotted in Fig. 6 for larger values of S,,.

It is observed from Fig. 6 that 4(1+i)v“gW underpredicts the
original profiles of Nuy a little because of several simplifying

assumptions. However, both Nuy and 4(1+i)€£w show similar

trends at higher S,,.

Next, consider a situation where viscous penetration depth (5,)
is no longer zero. Therefore, previous neglected parameters in the
Darcy limit (e.g., Pr and f,) are nonzero in this case. However, the
axial mean temperature gradient (VT,,) is assumed in this case to
be a fair bit larger than the critical temperature gradient (VT,).
Such an assumption makes the last term of Eq. (20) smaller than
the other terms. In this approximation, the complex Nusselt num-
ber reduces to the following form:
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Fig. 7 Profiles of complex Nusselt numbers (Eq. (43)) at dif-
ferent Swift and Darcy numbers

f, -
Nu* = 8i(1 + W)Pr ¢S2 L
P oS o T 1) —Pr of + (1)

(43)

Equation (43) depends on the Darcy number and both the thermal
and viscous penetration depths. The real part of Nu* is plotted in
Fig. 7 as a function of S, at six selected Da. The profiles of Nu*
in Fig. 7 follow similar trends to that seen in Fig. 6 for Nug. For a
given Da, variation in Nu* with S, is insignificant as long as S, is
small in magnitude (a narrow channel limit). For a higher S, Nu*
approaches the boundary layer limit for all considered Da. In the
limit of a very large Darcy number (Da— ), Eq. (43) reduces,
after some rearrangements, to the following form:

1-f)a-P)
L-f-Pri-f) 1] (44)

A similar equation is obtained by Liu and Garrett [35] for a single
pore geometry. ﬂote that Liu and Garrett [35] used the Lautrec
number (Lc,=VPr S,,) [40] and a pore radius instead of the Swift

number and a hydraulic radius, respectively, in their Nusselt num-
ber expression.

NU|pa_.e =4 X 20 Pr S,

3.4 Discussion on the Energy Flux Density. By using I'y
from Eqg. (39), a nondimensional global energy flux equation can
be expressed as follows:
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where Ej is a reference global energy flux given by
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Fig. 8 Distribution of normalized E} as functions of Da and éw
for I';=10 (conduction energy flux is neglected in this figure)

In the limit of a very large Darcy number (Da— ), Eq. (45)
reduces to the energy flux equations obtained by Swift [11] and
Mahmud and Fraser [33] for a multiplate thermoacoustic system
in its thin plate limit. In Eq. (45), T'¢ong is the ratio of the axial
conduction term (the last term in Eq. (32)) to E,. The formidable-
looking energy flux equation (Eq. (32) or Eq. (45)) poses interpre-
tation difficulties due to its complicated functional relationship
with different parameters. Therefore, a simplified energy flux
equation, using the boundary layer approximation, as discussed
before, is investigated first in order to understand how energy flux
changes with changes in the different thermoacoustic parameters
(e.g., Da and S,,). In the inviscid boundary layer approximation,
Eq. (32) (or Eqg. (45)) reduces to
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The conduction term (the last square bracketed term in Eq. (47))
imposes a negative effect on the energy flow and efficiency of
thermoacoustic devices so it is best if the x component of the
thermal conductivity is as small as possible. Now, nonzero ther-
mal conductivity in the y-direction is essential for device opera-
tion. The y component of the thermal conductivity appears in §;
if it were zero, there would be no thermoacoustic effects at all.
Therefore, a nonisotropic conductivity is most desirable being
very small in the x-direction and large in the y-direction. Ej is

proportional to the area §I1 (=yoI1/S,,); therefore, if S, =1 (i.e.,
Yo= &), then essentially the entire cross-sectional area of the fluid
in the porous medium is effective in carrying energy. E; depends
on BT,, for liquids near their critical points and for most gases
BT~ 1. Ej is proportional to the product psus and so approaches
and may equal to zero if a short porous stack is placed near a
pressure node or a velocity node of the standing wave oscillation.
In order to understand the Da dependency of Ej, E; is normalized
by §I18T,p°u® and plotted in Fig. 8 as a function of Da (0.001

=Da=10) at different S, for [';=10. The conduction energy flux
is assumed negligible in Fig. 8. For a vanishingly small Darcy
number (i.e., Da—0), the pore length scale becomes negligible
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when compared with the thermal penetration depth. In such a
case, the porous channel acts as if it is nearly a solid block. There-
fore, in the Da—0 limit, E5 (Eq. (47)) reduces to the expected
conduction energy flux, and then E; further reduces to zero for a
negligible conduction energy flux. Therefore, it is observed in Fig.
8 that all nondimensional energy flux profiles approach to zero at
very small Darcy numbers. As Da increases from its lowest pos-
sible value, |E5/Eg| increases in magnitude and approaches a

maximum near Da=1 for S, =1 where the penetration depth and
pore scale are comparable. For a very high Darcy number (i.e.,
Da—), Eq. (47) reduces to an expression obtained and dis-
cussed by Swift [11] and this reduced expression is as follows:

e Lol
EZ,SWlft 4 (BTmp u ) FS 1 HYOk X cond (48)
For the I'y considered in Fig. 8, the Swift limit (Eq. (48)) is 0.225.
As seen in Fig. 8 the nondimensional energy flux profiles ap-
proach the Swift limit at relatively high Darcy numbers.

Figure 8 is a very insightful result. Its behavior was explained
in the previous paragraph; however, Fig. 8 also holds significant
physical meaning for a designer of thermoacoustic devices. More
insightful, Fig. 8 reveals via the large dip in E5/E, that there is
much potential to improve thermoacoustic refrigerator efficiencies
by operating in the Da range 0.1-1.0 using a channel width char-
acterized by S,=2. Furthermore, for the designer, the Da—0
where E5/Eq—[E5/Egleong IS the no fluid, and it is a solid, slug-
flow, conduction only, no porosity limit for the stack, while the
Da— o where E5/Eg—[Ej/Eglswir (i-€., the Swift limit case, Eq.
(48)) is understood to be the fluid or gas only, no porous material,
infinite porosity limit for the stack. That is, Da— 0 is a solid stack
with no holes, Da— is the typical stack composed of plates
with, say, air or helium between, and if a porous medium is used
much more efficient thermoacoustic engine designs are possible in
the Da range 0.1-1.0.

For porous media thermoacoustic systems, o and Da are two
important parameters because their magnitudes strictly reflect a
combination of the thermophysical properties and porosities of the
porous medium and thermophysical properties of the working
fluid. If the term I'y,q can be dropped from Eq. (45), an upper
limit to energy transfer and efficiency results. Nevertheless, this
upper limit of energy transfer is a function of Da, S,,, and I'y. For
a selected porous medium and working fluid, S,, is varied from a
small value (S,,=0.1) to a large value (S,,=10) in order to identify
a maximum value of E,/E, from Eq. (45) for a particular combi-
nation of Da and I'g. The S,, corresponding to the maximum
E,/E, is expressed as S,,q. For selected ranges of Da and I'y, Sy
is calculated and presented as a function of Da and I'y in Figs. 9
and 10 for ¢=10, and in Figs. 11 and 12 for ¢=279. The mesh
plots (Figs. 9 and 11) are helpful for understanding the pattern of
variation in S,,o with Da and I"y, while the contour plots (Figs. 10
and 12) may be used as performance plots describing stack-plate
spacing at the maximum energy transfer.

Most of the results presented in this paper are applicable to any
stack material including aluminum foams; however, some results
are stack shape dependent and may not fit perfectly into the model
presented. Specifically, Figs. 9-12 include some stack shape de-
pendence. Investigating the degree of impact stack shape has on
the results of this paper is left for future work.

4 Conclusions

The general thermoacoustic theories available in the existing
literature are modified to consider a thermoacoustic stack where
the fluid-gaps are filled with a porous medium. A porous medium
filled stack has a larger heat transfer area in comparison to a
conventional gas-only filled stack. By using a linear perturbation
analysis, the governing momentum and energy equations are lin-
earized and solved in order to obtain the fluctuating velocity and
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Fig. 9 Mesh-contour plot showing that the Swift number dis-
tribution corresponds to the maximum energy transfer as a
function of Darcy number (Da) and temperature gradient ratio
(I'p) for =10 (note: log,(x(0.5)=-0.3 and log;y(5)==0.7)

temperature, fluctuating pressure, complex Nusselt number, and
energy flux inside the porous medium in terms of several dimen-
sionless parameters, e.g., Darcy number, Swift number, tempera-
ture gradient ratio, and Rott’s functions. Both fluctuating velocity
and temperature have a y-dependent part and a y-independent
part. For a very wide channel limit (S,,— ), both velocity and
temperature approach their y-independent parts and these
y-independent expressions are identified as the boundary layer
limit velocity and temperature fluctuations, respectively. Darcy
number (Da), a ratio of the permeability of porous medium to the
viscous penetration depth squared, is an important parameter in
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Fig. 10 Performance plot corresponds to Fig. 9 showing the
magnitude of the Swift number at maximum energy transfer as
a function of Darcy number and T
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Fig. 11 Mesh-contour plot showing that the Swift number dis-
tribution corresponds to the maximum energy transfer as a
function of Darcy number (Da) and temperature gradient ratio
(I'y) for ERG AL 40 in helium (o=279)

studying porous media thermoacoustics; it expresses the degree of
internal blockage experienced by stack after introducing the po-
rous medium.

In the limit of small Darcy number (Da—0), the velocity pro-
file approaches a slug-flow profile. In contrast, in the limit of a
large Darcy number (Da—0), the velocity profile approaches a
plane Poiseuille flow profile. At very wide and very narrow chan-
nel limits, a change in the Darcy number causes an insignificant
change in the temperature profile.

The complex Nusselt number for the inviscid oscillating flow in
the Darcy limit (Nugy) with negligible axial temperature gradient
and the complex Nusselt number for viscous oscillating flow for

T

Fig. 12 Performance plot corresponds to Fig. 11 showing the
magnitude of the Swift number at maximum energy transfer as
a function of Darcy number and I'y for ERG AL 40 [41] in helium
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relatively small temperature gradient ratio (Nu*) are calculated.
Both Nug and Nu* are nearly constant when the channel is narrow.
In the case of a wide channel, both Nuy and Nu* increase with
increases in the Swift number. A wave equation is developed from
simplified continuity, momentum, and energy equations. In the
inviscid limit of the fluid fluctuation in a nonporous medium with-
out any longitudinal temperature gradient, this wave equation re-
duces as expected to the well known Helmholtz equation.

An energy flux density expression derived in the present study
matches quantitatively with the expression derived by Swift [11]
for a nonporous medium in the inviscid boundary layer limit.

Further work is required to extend the current problem to con-
sider a full conjugate heat transfer problem and subsequent opti-
mization based on entropy generation minimization. Numerical
and experimental works are also left for future work.

Nomenclature

ap = complex parameter, =(1+i)V1+W¥/§,
by = complex parameter, =(1+i)\Vo/ &
b = Forchheimer’s coefficient

¢ = velocity of sound, m s™*
C, = specific heat of the fluid at constant pressure,
JkgtK™?
Darcy number, =K/ &
reference global energy flux, W

E = energy flux density vector, W m™2

E, = second order energy flux density, W m™2
global energy flux, W
f = frequency of oscillation, Hz

f, = first Rott’s or Swift’s function of thermoacous-
tics, =tanh(agyo)/ (agyo)

f, = complex conjugate of f,

f, = second Rott’s or Swift’s function of thermoa-
coustics, =tanh(bgyg)/ (bgyo)

fx = complex conjugate of fy
i = complex number, =y-1
h = enthalpy, J kg™*
K = permeability of the porous medium, m?
k = thermal conductivity, W m~ K1
ko = inverse of the wave number, =w/c
L = length of the stack, m

Lc, = Lautrec number, =\Pr S,

Nu = Nusselt number
Nug = Darcy limit of the Nusselt number, see Eq.
(41)
p = pressure, N m=

pS = standing wave pressure [11]

Pr = Prandtl number of the fluid, =%/ &
Re = Reynolds number
s = entropy, J kg™t K™!
Sw = Swift number, =yo/ 6,
Sy = modified Swift number, =yq/ &

W

t = time, s

T = temperature of the fluid, °C

reference temperature, °C

Tag = fluctuating temperature due to an adiabatic os-
cillation, =T, 8p1/ pnCp

T, = bulk mean or the mixing-cup temperature of
the fluid, °C
Ty = standing wave temperature oscillation,
=VT0Vp1/ pme?

T, = wall temperature or the solid-fluid interface
temperature, °C

axial component of the fluctuating velocity
inside the channel, m s™*
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U = dimensionless axial velocity, see Eq. (36)
Up = reference velocity, =Vp;/ wpy
u® = standing wave velocity, =i(dp;/dX)/(wpm)
= standing wave velocity in porous medium,
=us/(1+W)
v = transverse velocity, m s™*
V, v = velocity vector, m s
W, = total work flux, W
X = axial distance, m
y = transverse distance in fluid, m
Y = dimensionless transverse distance in the porous
medium, =y/y,
Yo = half width of a channel, m

Greek Symbols

a = thermal diffusivity, m? s™!

B = thermal expansion coefficient, K™*

v = isobaric to isochoric specific heat ratio,
=C,/C,

Iy = inverse of an ordinary temperature gradient
ratio, =Toq/ Tsw

I'y = temperature gradient ratio in the presence of a
porous medium, =(Tyq/Tgy)(1+¥)

3, = viscous penetration depth, =\2v/w
& = thermal penetration depth, =2/ @
VT, = mean temperature gradient, =dT,,/ dx
Vp; = pressure gradient, =dpy/dx
VT, = critical temperature gradient, °C m™t
u = dynamic viscosity of the fluid, Nm=—2s
v = kinematic viscosity, m? st
o = viscous stress tensor, N m™2
o = heat capacity ratio, =¢+(1-¢)(psmCsm)/ (pCp)
o = circular frequency, rad s™!
p = density of the fluid, kg m™3
T = time period, =27/ w
¥ = dimensionless parameter, =¢(2i Da)™*
N = wavelength, m
N = modified wavelength, =\/27
IT = width of the plate, m
¢ = porosity of the porous medium, =void volume/
total volume
@, = dimensionless parameter, =y3a5=2i(1+¥)SZ
@, = dimensionless parameter, =ysb3=2ia Pr S

Subscripts and Superscripts
0 = reference value
1 = first order variable
av = average value
f = properties of the fluid
m = mean value
sm = properties of the solid matrix material in the
porous medium
w = value at wall

Symbols
R[] = real part of an expression
I3[ 1 = complex part of an expression
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Dual-Permeability Modeling of
Capillary Diversion and Drift
Shadow Effects in Unsaturated
Fractured Rock

The drift-shadow effect describes capillary diversion of water flow around a drift or
cavity in porous or fractured rock, resulting in lower water flux directly beneath the
cavity. This paper presents computational simulations of drift-shadow experiments using
dual-permeability models, similar to the models used for performance assessment analy-
ses of flow and seepage in unsaturated fractured tuff at Yucca Mountain. Comparisons
were made between the simulations and experimental data from small-scale drift-shadow
tests. Results showed that the dual-permeability models captured the salient trends and
behavior observed in the experiments, but constitutive relations (e.g., fracture capillary-
pressure curves) can significantly affect the simulated results. Lower water flux beneath
the drift was observed in both the simulations and tests, and fingerlike flow patterns were
seen to exist with lower simulated capillary pressures. The dual-permeability models used
in this analysis were capable of simulating these processes. However, features such as
irregularities along the top of the drift (e.g., from roof collapse) and heterogeneities in
the fracture network may reduce the impact of capillary diversion and drift shadow. An
evaluation of different meshes showed that at the grid refinement used, a comparison

between orthogonal and unstructured meshes did not result in large differences.
[DOI: 10.1115/1.3180700]

Keywords: dual permeability, unsaturated flow, capillary diversion, drift shadow

1 Introduction

Performance assessment analyses of the proposed high-level
radioactive waste repository at Yucca Mountain, NV, do not in-
clude the potential development of a “drift shadow,” a region of
reduced water flux beneath the tunnels (drifts) that will contain the
waste. A region of reduced water flux directly beneath the drift
may impact the flow and transport of contaminants toward the
water table. However, until recently, very little data have existed
regarding the possibility of drift-shadow development beneath a
drift or cavity in unsaturated fractured rock.

Recent tests using X-ray absorption imaging have provided
quantitative and visual evidence of the drift-shadow effect in un-
saturated fractured tuff [1]. This paper presents simulations of
these tests using dual-permeability models, similar to the models
used for performance assessment analyses of flow and seepage in
unsaturated fractured tuff at Yucca Mountain. Previous analytical
solutions have been developed to predict the drift-shadow effect in
porous media [2], and Houseworth et al. [3] developed a dual-
permeability model of flow diversion around a simulated drift at
Yucca Mountain in unsaturated fractured tuff. However, no ex-
perimental or field data were available for comparison to the the-
oretical results in those studies.

The purpose of this study is to present an evaluation of flow
diversion and drift-shadow effects observed in experiments per-
formed by Altman et al. [1] using a dual-permeability model. Al-
ternative model parameters and modeling methods are investi-
gated to determine the potential impact on simulated results.

Manuscript received September 29, 2008; final manuscript received April 1, 2009;
published online July 31, 2009. Review conducted by Kambiz Vafai. Paper presented
at the 2008 International High-Level Radioactive Waste Management.
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2 Experimental Summary

In the experiments performed by Altman et al. [1], two ma-
chined slabs of Topopah Spring welded tuff were separated by
thin wires to represent desired fracture apertures. An ~8 cm di-
ameter circular hole cut through the slabs represented an open
drift in the tuff. The slabs were held in place with an aluminum
frame and encased with epoxy and Plexiglass. Water was intro-
duced at prescribed flow rates through inflow ports at four loca-
tions along the top of the fracture aperture. The flow was allowed
to reach steady-state, and the outflow was collected in five bins
along the bottom of the apparatus to determine the flux distribu-
tion pattern below the drift. X-ray imaging was used to visualize
solute (potassium iodide) flow paths through the fracture and tuff
matrix during the experiment. Figure 1 shows a schematic of the
tuff samples and test cell. Additional details of the experimental
apparatus and test procedure can be found in Altman et al. [1].

Figure 2 shows some results from the 500 wm aperture experi-
ments using X-ray imaging. The solute flow paths are distinct and
appear to follow discrete “fingers” through the fracture aperture.
In addition, the solute appears to be diverted around the drift
opening. Heterogeneities in the tuff slabs (higher porosity pumice
fragments) appear to increase the diffusion or imbibition of the
solute into the tuff matrix. Locations with pumice fragments show
up as “hot spots” in the X-ray images. However, it is unclear if
these heterogeneities in the matrix affected the distribution of flow
in the fracture aperture. The distribution of outflow beneath the
drift cavity is discussed along with a comparison to the models in
Secs. 3 and 4.

3 Computational Approach

The dual-permeability model has been used to model flow and
transport within fractured rock at Yucca Mountain [4]. In this
conceptual model, flow and transport can occur through both the

Copyright © 2009 by American Institute of Ph@d©BER 2009, Vol. 131 / 101012-1
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Fig. 1 Schematic of (a) tuff slabs and (b) test cell used in Ref. [1] (with permission from Elsevier)

fracture and matrix continua, as well as between the fracture and
matrix continua [5]. Although a single-continuum fracture model
would probably suffice for the test conditions implemented in Ref.
[1] in which a single planar fracture was created between nearly
saturated slabs of tuff, dual-permeability models of the experi-
ments were developed because it was desired to replicate the mod-
els used on the Yucca Mountain project. In addition, drying of the
tuff matrix (e.g., caused by heating) or pervasive fracturing
through the tuff matrix may increase imbibitions and fracture/
matrix interactions, and the dual-permeability model would be
necessary.

Both ToucH2 [6] and FEHM [7] were used in the numerical
simulations of the drift-shadow experiments, and both codes have
been used to simulate flow and transport for the Yucca Mountain
project. TOUGH2 has also been used to simulate seepage into drifts

and mountain-scale drift-shadow effects on flow and transport [3].

The equations governing variably saturated flow of liquid in
dual-permeability media can be written as follows (shown in one
dimension for brevity) [8]:

14 plkmkml<(9pml ) (?(qusmsml) PiKpKm &
2| PRt ol _ g ) | = TX gkt (P
az[ Ml 7z P9 at + w d fmK1 (P
—Pi) = Qmi (1)
4 Plkfkf|<3pf| ) Ap1hSn)  piKnKmi &
L\ eEa gl = - X mkr(P
az[ i 92 P9 ot w d fmK1(Pri
-Pa)-Qq 2)

where Eq. (1) describes the flow of liquid (subscript 1) in the

Fig. 2 X-ray absorption images of the 500 um aperture test cell taken (a) before and (b) 5 h after the start of
experiment at 0.01 ml/min, and (c) 1 h, (d) 2 h, (e) 3 h, and (f) 5 h after start of experiment with 0.23 ml/min flow
rate. Image of cell without tracer (a) shows porous pumice fragments as darker areas. From Ref. [1] (with permis-
sion from Elsevier).
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Fig. 3 Computational meshes used in the simulations. (a) Orthogonal mesh used in TOUGH2 simulations and (b) unstruc-

tured Voronoi mesh used in FEHM simulations.

matrix continuum (subscript m) and Eq. (2) describes the flow of
liquid in the fracture continuum (subscript f), and kj, is the rela-
tive permeability to the liquid phase, k; is the intrinsic permeabil-
ity (m?), w, is the dynamic viscosity of the liquid (Pas), Pji is the
liquid pressure (Pa), Q; is the external source of liquid mass, (+)
injection and (—) extraction (kg/m? s), ¢y, is the porosity, p; is the
density of the liquid (kg/m®), o is the specific surface of the
interface between the fracture and matrix continua (m1), d is the
characteristic half width of the matrix continuum between frac-
tures (m), Xy is the reduction factor for the interface area be-
tween the fracture and matrix continua, and z is the depth taken to
be positive upward (m) with j=m,f.

In Egs. (1) and (2), the second term on the right-hand size
represents the exchange of liquid between the fracture and matrix.
The reduction factor, X¢,, represents a reduction in the hydraulic
conductance between the two continua because of small-scale fea-
tures and processes such as fingering, channeling, and fracture
coatings that reduce the available wetted area for fracture/matrix
exchange. In the current analysis, the impact of fluid exchange
between the fracture and matrix continua is not significant (most
of the flow and transport is in the fracture continuum), and the
reduction factor is set equal to one. Liquid pressure in the matrix
and fracture continua are related to air and capillary pressure by
the following relationships:

Pji=Pjg— Pjc 3)

where Pjq and Pj. denote air and capillary pressure in the jth
continuum (j=m,f). In this study, the van Genuchten/Mualem
capillary pressure and relative permeability relationships are given
as follows [9]:

1
ch - _[Sj—el/mj _ 1:|1—mJ (4)
@

Kji=Sj2(1 - (1- sjle’mi)mj)z (5)

where m; and «; are fitting parameters for the jth continuum. The
effective liquid saturation is
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where S;;, represents the residual liquid-phase saturation in the jth
continuum.

3.1 Computational Domain. The domain of the drift-shadow
experiment was represented in TOUGH2 with a uniform orthogonal
mesh consisting of 3220 fracture elements and 3220 matrix ele-
ments, all interconnected (Fig. 3(a)). The resolution of the mesh
was sufficient to capture capillary diversion and drift-shadow ef-
fects at the scale of the experiments. The benefits of using an
orthogonal mesh include minimizing the numerical dispersion
when the elements are aligned in the direction of flow and im-
proved computational convergence. However, for nonorthogonal
features, such as the circular drift, the use of orthogonal elements
creates a stair-stepped interface that may artificially increase the
capillary pressure required to divert water around the drift. There-
fore, an alternative mesh was generated in FEHM using an unstruc-
tured Voronoi grid with 3201 primary elements (Fig. 3(b)). The
impact of the grids on the flow distribution around the drift is
investigated in Sec. 4.2.

3.2 Hydraulic Properties. Hydraulic properties of the frac-
ture and matrix continua simulated in the dual-permeability mod-
els are summarized in Table 1. The matrix properties were based
on values published by Flint [10] for samples of Topopah Spring
Tuff in the lithophysal zone. The matrix van Genuchten « and n
parameters were obtained using these matrix properties together
with regressions from Ref. [11].

The bulk fracture porosity, ¢;, permeability, k;, and van Genu-
chten «s parameter were calculated as follows:

¢r=b/D (7
b2
ki= E¢’f (8)
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Table 1 Summary of hydraulic properties used in dual-
permeability models

Parameter Value Ref.
Matrix porosity 0.154 [10]
Matrix permeability (m?) 8.9x 10718 [10]
Matrix van Genuchten a(Pa™') 1.82x107® [11]

Matrix van Genuchten n 1.6
Fracture porosity, 100 wm aperture 0.004 Eq. (7)
Fracture bulk permeability,

100 um aperture (m?)

Fracture van Genuchten «,

100 um aperture (Pa™)

Fracture porosity, 250 wm aperture
Fracture bulk permeability,

250 wm aperture (m?)

Fracture van Genuchten «,

250 wm aperture (Pa™t)

Fracture porosity, 500 wm aperture
Fracture bulk permeability,

500 wm aperture (m?)

Fracture van Genuchten «,

500 wm aperture (Pa™)

332x102  Eq. (8)

6.94x10%  Eq. (9)
0.0099 Eq. (7)

5.16x 107 Eqg. (8)

1.73x 107 Eq. (9)
0.0196 Eq. (7)

408x107°  Eq. (8)

347x10°  Eq. (9)

Fracture van Genuchten n, all apertures 3.0 [11]
b
az—29 9)
20 cos 6

where b is the fracture aperture (m), D is the fracture spacing
(0.025 m), p is the liquid density (998 kg/m?) at 20°C, g is the
gravitational constant (9.81 m/s?), o is the surface tension of
liquid water (0.072 N/m at 20°C), and @ is the contact angle
(assumed to be zero). Eq. (7) assumes one-dimensional planar
fractures, Eq. (8) assumes laminar, fully developed, incompress-
ible flow between two parallel planes, and Eq. (9) is derived from
capillary pressure and force balance considerations at a liquid/air
interface (Young-Laplace equation).

3.3 Boundary Conditions. Three different fracture apertures
were prescribed for the tests: 100 wm, 250 wm, and 500 wm.
For each of the prescribed apertures, different flow rates were
introduced at four locations along the top of the fracture aperture
through a needle (see Fig. 1). Table 2 summarizes the different
injection rates for the different apertures. Only the low and high
injection rates used in the experiments were simulated.

The lateral and top boundaries of the domain were no-flow
boundary conditions. The elements located within the drift were
simulated as seepage boundaries with zero capillary pressure (i.e.,
the liquid and gas pressure is always maintained at atmospheric
pressure.). Therefore, until enough pressure head builds up above
the drift, it will serve as a capillary barrier to liquid flow.

The bottom boundary was specified as gravity-drainage flow
(i.e., no capillary-pressure gradient). In TOuGH2 v. 1.6, this bound-
ary condition is applied by specifying the name of the material for
the bottom boundary as “drain.” The simulated outflow at the
bottom of the domain was divided into five bins corresponding to
the five collection bins used in the experiments. The flow in each
bin was normalized to the total amount of flow that would have
been collected if the flow were uniform (i.e., total inflow/5).

Table 2 Summary of injection rates for simulations

Aperture Low injection rate per port High injection rate per port
(em) (ml/min) (ml/min)

100 0.01 0.12

250 0.01 0.24

500 0.01 0.23
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4 Results and Discussion

4.1 Impact of Capillary Pressure Curves. Figure 4 shows
the simulated fracture saturation distribution resulting from the
use of different capillary-pressure curves. The use of the un-
bounded (porous-media-based) capillary-pressure curves yields
saturations that are too uniform compared with the fingerlike dis-
tributions observed in the test. The use of a linear capillary-
pressure curve with an arbitrarily small maximum capillary pres-
sure of 30 Pa yields too much seepage into the drift relative to the
tests. The use of a linear capillary-pressure curve with a maximum
capillary pressure of 200 Pa (which is close to the maximum
capillary pressure determined by the Young-Laplace equation for
an aperture bounded by parallel plates) yields a saturation distri-
bution that is qualitatively similar to the fingerlike patterns ob-
served in the tests (Fig. 2).

These results show that the constitutive relations for porous
media that yield unbounded capillary pressures may not be appro-
priate for modeling capillary diversion within individual fractures.
These porous-media-based capillary-pressure curves are intended
to represent a broad distribution of pore sizes rather than a single
fracture aperture. However, if a continuum of fractures is being
modeled with a distribution of fracture apertures, the use of
porous-media-based capillary-pressure curves may be appropriate.

Figure 5 shows that the measured and simulated normalized
outflow at the bottom of the domain. The trend in the spatial
distribution of outflow beneath the drift is generally captured us-
ing a maximum capillary pressure of 200 Pa in the model. The
observed outflow in the experiments is greater in Bins 2, 3, and 4,
and less in Bins 1 (under the drift) and 5 (furthest away from the
drift). The match between experimental and simulated results is
especially good for the 0.23 ml/min case.

In all simulations, the contribution to the outflow from the ma-
trix was negligible, and nearly all of the outflow and diversion
occurred within the fracture continuum. The simulated saturation
was nearly uniform throughout the matrix continuum at a value
close to one.

4.2 Impact of Mesh. The impact of the mesh on the outflow
distribution was investigated using both the orthogonal mesh from
the previous simulations and an unstructured mesh shown in Fig.
3. The outflow distribution resulting from the different meshes for
the 250 um aperture fracture with a maximum linear capillary
pressure of 200 Pa were similar at 0.01 and 0.24 ml/min. We
originally hypothesized that differences in the seepage and out-
flow distribution could occur because of the different representa-
tions of the curved interface along the drift. The orthogonal mesh
represents the drift interface as a stair-stepped connection of ele-
ments, whereas the unstructured mesh produces a smooth curved
transition between elements (see Fig. 3). The impact of this dif-
ference will likely depend on the resolution of the mesh. However,
for this comparison, the mesh size was sufficiently refined such
that no significant differences in the general outflow distribution
between these two meshes were observed. Seepage into the drift
was negligible in both the orthogonal and unstructured mesh.

4.3 Impact of Heterogeneities and Drift Collapse. In actual
subsurface applications, heterogeneities in the fractures may cause
additional flow diversions that were not considered in this study.
Therefore, the actual distribution of flow beneath a subsurface
cavity may be highly irregular. In addition, irregularities along the
top surface of the cavity (e.g., drift collapse) will also impact the
amount of water that diverts around the cavity or drift. An irregu-
lar interface between the cavity and the intersecting fracture may
increase the amount of seepage and decrease the capillary diver-
sion, which will reduce the impact of drift shadow.

5 Conclusions
Simulations of drift-shadow experiments have been performed

to evaluate the impacts of hydrologic properties and mesh design
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on simulated results. Comparisons with experimental data show
that the phenomena of capillary diversion and drift shadow can be
represented by the dual-permeability models, although the exact
distribution of flux beneath the drift depends on the magnitude of

25
500 micron aperture OData - 0.01 ml/min
Pe,max =200 Pa B Data - 0.23 ml/min
2 EDKM - 0.01 ml/min
3 B DKM - 0.23 ml/min
[=]
g 15
o
[0
N
g 1
o
=
05
0 H —_—

Under Drift Bin
Fig. 5 Distribution of normalized outflow below the drift for a
fracture aperture of 500 um, using a linear fracture capillary-
pressure curve with a maximum capillary pressure of 200 Pa
(DKM=dual-permeability model)

Journal of Heat Transfer

the fracture capillary pressure. Van Genuchten capillary-pressure
curves with an unbounded maximum capillary pressure yielded
more uniform fluxes as compared with the fingerlike patterns ob-
served in the experiments. Linear capillary-pressure curves with a
smaller maximum capillary pressure of 200 Pa yielded better
matches to the observed data. However, if the maximum capillary
pressure was lowered to 30 Pa, the simulated seepage into the drift
was much greater than that observed in the experiments. There-
fore, for models of capillary diversion within individual fractures,
an improvement may be to use a maximum capillary pressure
defined by the Young-Laplace equation, which represents the
maximum capillary pressure of a single fracture aperture bounded
by two planes better than porous-media-based constitutive rela-
tions (which represent a distribution of pore sizes). Comparisons
between the orthogonal and unstructured meshes yielded similar
results for the outflow distribution.
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A porous media approach was proposed to investigate the characteristics of the bifurcat-
ing airflow and mass transfer within a lung. The theory of porous media was introduced
in order to deal with a large number of bifurcations and a vast scale difference resulting
from bifurcations. Upon introducing a two-medium treatment for the air convection and
the diffusion in its surrounding wall tissue, the oxygen mass transfer between the inhaling
air and the tissue was considered along with the effects of the blood perfusion on the
mass transfer within the tissue. The overall mass transfer resistance between the inlet of
the trachea and the blood in the capillaries was obtained on the basis of the porous
media approach. The analysis reveals that there exists the optimal number of the bifur-
cation levels, namely, 23, that yields the minimum overall mass transfer resistance for the
mass transport from the external air to the red blood cells. The finding is consistent with
Bejan’s constructal law, namely, that for a flow system to persist in time, it must evolve in
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1 Introduction

The human respiratory system is a fluid tree, which starts at the
trachea and bifurcates 23 times to reach the alveolar sacs. The
total area of the alveolar sacs is as large as 150 m?, a little smaller
than that of the tennis court, which enables us to exchange gases
effectively within the sacs. Upon inhalation, the external air is
carried through the fluid tree by convection to the alveolar sacs, as
illustrated in Fig. 1. As the air passes through the fluid tree, a
small portion of oxygen diffuses through the surrounding wall
tissue. Subsequently, the blood perfusion within the tissue takes
the diffusing oxygen into the blood. It is within the alveolar sacs
that substantial oxygenation of the blood is carried out. The oxy-
genation takes place with a concomitant removal of carbon diox-
ide by diffusion between the gaseous environment and the blood
in the pulmonary capillaries through the alveolar “tissue region,”
which consists of the alveolus membrane, interstitial fluid region,
and capillary membrane. At this point, the pulmonary blood is
oxygen rich, and the lungs are holding carbon dioxide. Exhalation
follows, thereby ridding the body of the carbon dioxide and com-
pleting the cycle of respiration. Normal resting respirations are
about 12 breaths per minute.

Substantial amount of work was carried out to investigate the
characteristics of the airflow and gas exchanges within a lung
[1-6] and the structure of bronchial tree in the respiratory system
[7-9]. However, the reason why we have a bronchial tree with 23
levels of bifurcation has not been fully explained in the literature.
By no means has this special flow structure developed by chance.
Thus, in this paper, we shall focus on the flow structure in view of
mass transfer, which will then guide us to find out the reason.
Some [10] appealed to Bejan’s [11] constructal law to explain this
particular flow architecture. Others [1] were certainly successful
to some extent in relating the number of the bifurcation levels to
the best oxygen access to the alveolar sacs. However, one had to
introduce miscellaneous assumptions such as isothermal and adia-
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batic flows with all species having the same chemical potential.
Moreover, certain mass diffusion models introduced for an alveo-
lar sac are often questionable since they require specific geometri-
cal information on the sac, which is not readily accessible to us.

In this study, we shall revisit this problem, introducing a simple
and yet rational model for the respiratory system. This quasisteady
one-dimensional mass transfer model is similar to the one origi-
nally proposed by Nakayama et al. [12] for the mass diffusion in
alveolar sacs without taking account of blood perfusion. Contrary
to their model, the present model describes the entire mass trans-
fer between the airway inlet and the red blood cell interior. In the
model, a porous media approach [13,14] is introduced for the first
time to account for the convective mass transfer in the airway and
its surrounding wall tissue. The oxygen mass transfer between the
inhaling gas and the tissue is considered along with the effects of
blood perfusion on the mass transfer within the tissue. The overall
mass transfer resistance between the inlet of the trachea and the
blood in the capillaries is obtained on the basis of the porous
media approach. It reveals that there exists the optimal number of
the bifurcation levels, namely, 23, that yields the minimum overall
mass transfer resistance for the mass transport from the external
air to the red blood cells.

2 Pressure Drop in Bifurcating Flows

The air flow through the fluid tree is periodic. It repeats inhal-
ing and exhaling every 5 s. This periodic fully developed flow
may be approximated by a steady gas flow with its flow rate m
(kg/s), going from the trachea to the sacs and coming back from
the sacs to the trachea. Since the Reynolds number based on the
diameter of the trachea and the inlet velocity never exceeds 1000,
the flow stays laminar throughout the fluid tree. In order to esti-
mate the flow rate for a given pressure 10ss Apy between the
inlet of the trachea and the alveolar sacs, we may assume that
fully-developed laminar flow prevails within the fluid tree. Thus,
the pressure drop at the nth bifurcation level is given by
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128uL,( n
Ap, = [ n<m

5) for n=0,1,2,...,N (1)
where d and L are the duct diameter and length, respectively. The
subscript n refers to the duct of the nth bifurcation level, i.e., n
=0 corresponds to the trachea such that dy and L, denote the
diameter and length of the trachea, respectively. It is easy to show
[11] that the minimum flow resistance at a bifurcation for a fixed
total volume (i.e., L, 4d,_,?+2L,d.2=const) is achieved when the
ratio between consecutive duct diameters follows Murray’s [15]
law:

B p7Tdn4

dy/dyq =273 3]

Furthermore, we expect the same pressure drop sequence for in-
halation and exhalation. Therefore, the pressure drop at each level
of bifurcation should be equal, which gives us the ratio between
consecutive duct lengths:

Ly/Lyg=2713 )
The pressure losses at bifurcation points are only minor and can
be neglected. Hence, we obtain the mass flow rate and total pres-
sure drop relationship
n=N

128u(Ly2™™3) [ 128ul, .
Mpou= 2~ e =N )T 20 @)

s pw(dOZ_n/3)4 on p O4

The maximum space which could be allocated to the lung may be
estimated by the total length corresponding to the infinite number
of bifurcations:

ELn:

n=0

———1,=485L, (5)

Thus, the space remaining for the sacs to occupy may be esti-
mated in terms of the diameter of the alveolar sacs dg, as

N

depe = 4.85Lg— >, L, =4.85L—
n=0

1- 2—(N+1)/3
1- 2—1/3

485
07~ 5(N+1)3 -0

(6)

3  Two-Medium Treatment for Mass Transfer in Air-
way Walls

The inhaling air carries oxygen from the trachea inlet to the
sacs and returns with carbon dioxide from there to the trachea
inlet. Nakayama et al. [12] proposed a one-dimensional mass
transfer model, as illustrated in Fig. 2. In their model, convection
is the main driving force for the oxygen and dioxide flow through
the pulmonary airflow tree, while it is the mass diffusion that

101013-2 / Vol. 131, OCTOBER 2009

takes place between the sac surface and the blood in the pulmo-
nary capillaries through the alveolar tissue region. However, the
mass diffusion does take place also along the airflow tree in which
the oxygen diffuses through the surrounding tissue walls. Within
the tissue, the blood perfusion is responsible for taking the oxygen
into the blood. Therefore, in this study, we shall introduce a two-
medium treatment to account for such effects on the mass transfer
between the inhaling air and the blood in the capillaries. Na-
kayama and Kuwahara [16] introduced a porous media approach
and applied volume averaging to obtain a set of bioheat equations
between blood vessels and tissues. We may use a two-medium
treatment similar to their volume averaging to find a set of mac-
roscopic mass transfer equations. Upon referring to Nakayama
and Kuwahara [16] and Fig. 3, we may integrate the mass transfer
equations for the air and the surrounding tissue to obtain two
macroscopic oxygen transfer equations in the cylindrical coordi-
nate system, one for each of the air and the surrounding tissue
phases.

Sac Tissue

H\ﬂf.mc o
-+

Cad } {<T,
Cox o To—e @
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Blood

od H

XI Caﬂbf
o =
Convection Diffusion

Fig. 2 One-dimensional mass transfer model

&

Fig. 3 Airway and its surrounding tissue
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For the air flow,

M d(Cpy aC d
M dCo0 =270 L Doy  —= O=r==2 (7
pi dn or r=d,/2 2
For the mass diffusion in the surrounding tissue,
d d{(C.,)°
a(r ox sd—:_x - I'wbl(<cox>s ~Cox o) =0

2 2

where the intrinsic averages of the oxygen concentration C,, over
an elementary control volume Vi ¢ are defined by

oL
<c0x> - Vv fv Coxdv (9)

v

and

1
<Cox>S: V_J CoxdV (10)
S \/S

The sub- and superscripts f and s stand for the air (fluid) and the
tissue (solid), respectively. The subscript ox denotes oxygen,
while trac, sac, and bl refer to as trachea, sac, and blood, respec-
tively. Doy is the effective diffusivity and ps is the density of the
air. Moreover, wy, (1/s) is the perfusion rate within the tissue. The
boundary and compatibility conditions are given by

9Cox d(Co0®
Dox 1 . (11)
R PP G P
and
d(Co0®
— =0 (12)
¥ dr r=(d,+2t,)12

Upon integrating Eq. (8) for d,,/2=r=(d,+2t,)/2 and using the
foregoing conditions, we have

dCoy d(Cyp)*
D = —_— =—t C.¥-C
o ar r=d,/2 %S dr =d,/2 n@p1({Cox) ox bi)
(13)
Substitution of the foregoing relation into Eq. (7) yields
M d(Cop)
— 2 = - 2" Lt @0 ({Cox)® = Cox b)) (14)
pr dn

where the axial diffusion is neglected as usually done in the tube
flow. We further note t,ocd, assuming the geometrical similarity
and {Coy)f=(Coy)® such that
d({Cox' = Cox b1) __ moloto
(<C0x>f - Cox bl) .

Hence, we obtain the oxygen concentration at the last bifurcation
n=N,

propdn (15)

7rdgLot
<Cox>fN ~ Cox b1 = (Cox trac ~ Cox bI)EXp<_ ?n 0 0pf“’bI(N + 1)>

(16)

4 Quasisteady Mass Transfer Model

As the inhaling air carries oxygen from the trachea inlet to the
last level of bifurcation at n=N, a part of the oxygen diffuses
through the tissue along the airway wall so that the oxygen con-
centration in the air decreases from (Co)'=Cox trac 10 (Cox)

:(C0X>fN, just before entering the sacs. Within the sacs, the oxy-
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gen diffusion takes place between the sac surface and the blood in
the pulmonary capillaries through the alveolar tissue region, as
illustrated in Fig. 2. Therefore, we have the following mass bal-
ance relationship for the oxygen supply rate to the blood m,:

. m m
Mox = ;(Cox trac — <Cox>fN) + ;(<Cox>fN - <Cox>fsac) (17)
f f

where

m
_(Cox trac <Cox>fN)
Pt

m adoLot
= —(Cox trac ~ Cox bl)(l - eXP(‘ O g Opfwb|(N + 1)))
Pt m
(18)
According to Eq. (16) and

m(<Co><>fN - <Cox>fsac)
Pt

2V md, D Coo'n-C
— Tlsac Pox s(<cox>fsac_ Cox bl) — ( ox> N ox_bl
g pr,__ 0
m 2Nﬂ'dsaczDox s
C -C doLot
- - ox_trac 60)( bl exp(— T O 0 Owab|(N + 1)) (19)
f

—_— + —
. N 2
M 2%mdg Doy

the total sac area is 2Nd,, 2 such that the mass transfer resistance
between the sac surface and the blood is given by
8/2N7d, Doy 5 Then, substituting Egs. (18) and (19) into Eq.
(17), we finally have

1+ P Ta— 1-exp|- - prwp (N + 1)
2 stac Dox 5Pt m

P o
e T
m 2 stac DOX S

X (Cox trac ~ Cox bl)

Moy =

(20)

The blood perfusion rate wy, within the tissue of the airway wall is
sufficiently small so that we may have the following approximate
expression:

&L gtowy
2NdSaCZD0X S
By
m 2 stac DOX S

1+ (N+1)

rhox = (Cox wac ~ Cox bl) (21)

Furthermore, assuming the thickness of the alveolar tissue to be
6=0.2d,. as in Ref. [12] and substituting Egs. (4) and (6) into Eq.
(21), we obtain the oxygen supply rate to the blood as follows:

02(N + 1) dotoa)m
" (4,852 %)

r'n = DOX S
o (N+1) 128ul, 0.2
7l AP 2Vm(4.85Ly/2NVR)D,,
><(Cox trac Cox bl) :0Xygen (22)

A similar procedure can be taken to get the carbon dioxide re-
moval rate from the blood as follows:
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Fig. 4 Overall mass transfer resistance as a function of the
number of bifurcations

. 02N+1) (dotowb.>
2N(4.852N 3\ D
128ul, 0.2

0o AP | 2V (4852 DB)D

X (Ccd bl =~ Ceg trac) (23)

Both Egs. (22) and (23) give the same total mass transfer resis-
tance R for the species concentration difference between the inlet
of trachea and the blood in the capillaries:

128ul, 0.2
7y o 2"7(4.85L52V3)D,,

. 0.2(N+1) <d0towb|)
2N(4.852N 3\ D

where Dy, s=D¢q s is assumed. Thus, the oxygen supply rate to
the blood may be given by mg,=(Cyx trac=Cox b1)/ R, Whereas the
carbon dioxide removal rate from the blood is given by mg
=(Ccq b1~ Cecd trac)/R. The convective part of the resistance (i.e.,
the first term in the numerator) increases with the number of bi-
furcations N since the flow rate m decreases. On the other hand,
its diffusive part (i.e., the second term in the numerator) decreases
as N increases since the active diffusion area of the sacs grows
exponentially. The dimensionless number (dotgwy/Doy ) in the
denominator accounts for the blood perfusion responsible for the
diffusion through the tissue wall of the airway, which works to
decrease the total mass transfer resistance.

It is clearly seen from the foregoing equation that there will be
the number of N, which yields the minimum resistance, leading to
the most effective oxygenation of the blood and the concomitant
removal of the carbon dioxide. Typical values for the trachea are
Ly=0.11 m and dy=0.017 m. Furthermore, we have w=1.7
X107 Pas for the air, Apyy=13 Pa, and Dy=2.45
% 107° m?/s [4,17]. Upon substituting these values into Eq. (24),
the variations in the dimensionless mass transfer resistance
(Rdo“Aptma,/,uLo) with respect to the number of bifurcations N are
shown in Fig. 4 for the cases of the dimensionless blood perfusion
rate (dotowy/Deyx s)=0 and 10. It is seen that the effect of the
blood perfusion on the mass transfer resistance is so minor that
the following expression for the case of zero perfusion rate may
be used to estimate the value of N, which gives the minimum
mass transfer resistance:

Meg =

(N+1)

:carbon dioxide

(N+1)

(24)

dO4A2ptotal > (25)
#Lo" Doy

The physiological values listed above are substituted into the fore-
going equation (25), which readily gives N=22.9. Since N is an
integer, the total number of bifurcations must be N=23, which
agrees with the physiology literature. Possible uncertainties in val-
ues of the numerical parameters may best be illustrated by apply-

N=2.16 In(1.88 x 107

101013-4 / Vol. 131, OCTOBER 2009

ing the law of propagation of errors to Eq. (25), which yields the
relative error in N:

oN 2.16(5_§+ &y OAPwar _ O _ %_%)

Apiotal M Lo Dox

N N

4
g do

(26)

Since 2.16/N=0.1, none of the numerical parameters is influen-
tial enough to change the value of N drastically from 23 estimated
above. In fact, any reasonable set of the values may be chosen to
estimate N, which is after all fairly insensitive to the chosen val-
ues because of the logarithmic nature of Eq. (25). The finding in
this study is consistent with Bejan’s constructal law, namely, that
for a flow system to persist in time, it must evolve in such a way
that it provides easier access to its currents.

5 Conclusions

In this study, a porous media approach was proposed to inves-
tigate the characteristics of the bifurcating airflow and mass trans-
fer within a lung. The blood perfusion responsible for the mass
transfer through the tissue of the airway wall was considered for
the first time, introducing a two-medium treatment for the air
convection and the diffusion in its surrounding tissue wall. How-
ever, its effects on the total mass transfer resistance are found to
be only marginal, and thus, the formula obtained for the case of
zero blood perfusion rate may well be used to find the optimum
number of bifurcations. The proposed mass transfer model based
on a porous media approach reveals that the bronchial tree is
constructed such that it promotes the easiest access to the external
air. Naturally, there exists the optimal number of the bifurcation
levels, namely, 23, that yields the minimum overall mass transfer
resistance for the mass transport from the external air to the red
blood cells.

Nomenclature

= diffusion coefficient

= concentration

= tube diameter

= tube length

= mass flow rate

= number of levels of bifurcation
number of bifurcations
pressure

cylindrical coordinate

= overall mass transfer resistance
thickness of tissue
representative elementary volume
density

= viscosity

= perfusion rate

CErT v < ~TM=T Z53rranO0
Il

Subscripts and Superscripts
bl = blood
cd = carbon dioxide
f = fluid (air)
n = number of levels of bifurcation
OX = OXxygen
s = solid (tissue)
sac = alveolar sacs

Special Symbols
O™ = intrinsic average
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A Robust Asymptotically Based
Modeling Approach for
Two-Phase Flow in Porous Media

A simple semitheoretical method for calculating the two-phase frictional pressure gradi-
ent in porous media using asymptotic analysis is presented. The two-phase frictional
pressure gradient is expressed in terms of the asymptotic single-phase frictional pressure
gradients for liquid and gas flowing alone. In the present model, the two-phase frictional
pressure gradient for x =0 is nearly identical to the single-phase liquid frictional pres-
sure gradient. Also, the two-phase frictional pressure gradient for x =1 is nearly identi-
cal to the single-phase gas frictional pressure gradient. The proposed model can be
transformed into either a two-phase frictional multiplier for liquid flowing alone (¢,2) or
a two-phase frictional multiplier for gas flowing alone (qs;) as a function of the
Lockhart—Martinelli parameter X. The advantage of the new model is that it has only one
fitting parameter (p), while the other existing correlations, such as the correlation of
Larkins et al., Sato et al., and Goto and Gaspillo, have three constants. Therefore,
calibration of the new model to the experimental data is greatly simplified. The new
model is able to model the existing multiparameter correlations by fitting the single
parameter p. Specifically, p =1/3.25 for the correlation of Midoux et al., p =1/3.25 for
the correlation of Rao et al., p=1/3.5 for the Tosun correlation, p=1/3.25 for the
correlation of Larkins et al., p=1/3.75 for the correlation of Sato et al., and p=1/3.5
for the Goto and Gaspillo correlation. [DOI: 10.1115/1.3180808]

Keywords: asymptotic, two-phase, pressure drop, porous media

1 Introduction

Two-phase flow in porous media can be found in many engi-
neering fields such as agricultural, biomedical, chemical, me-
chanical, petroleum, and nuclear engineering. Classical research
of petroleum engineering dealing with porous media includes oil
reservoir engineering. It is necessary to predict design parameters
like friction factors, pressure drops, bubble sizes, gas holdups,
heat and mass transfer coefficients to determine the desired oper-
ating conditions, and the size of the equipment required for the
specific purposes. For example, the pressure drop in the two-phase
flow through porous media constitutes an important parameter be-
cause pumping costs could be a significant portion of the total
operating cost. As a result, expressions are needed to predict the
pressure drop in the two-phase flow through porous media accu-
rately.

In the present study, new two-phase flow modeling in porous
media is proposed based on an asymptotic modeling method. The
two-phase frictional pressure gradient is expressed in terms of the
asymptotic single-phase frictional pressure gradients for liquid
and gas flowing alone. Asymptotes appear in many engineering
problems, such as steady and unsteady internal and external con-
duction, free and forced internal and external convection, fluid
flow, and mass transfer. Often, there exists a smooth transition
between two asymptotic solutions [1-4]. This smooth transition
indicates that there is no sudden change in slope and no disconti-
nuity within the transition region.

The asymptotic analysis method was first introduced by
Churchill and Usagi [1] in 1972. After this time, this method of
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combining asymptotic solutions proved quite successful in devel-
oping models in many applications like predicting forced convec-
tion for a wide range of Prandtl numbers from flat plates [5,6], in
circular ducts [5,6], and from a rotating disk [7], natural convec-
tion [8], and a two-phase flow in circular pipes, minichannels, and
microchannels [9].

2 Literature Review

Brownell and Katz [10] enlarged the general correlation devel-
oped in Part I [11] for a single-phase flow through porous media
to cover simultaneous flow of two fluid phases. The basic concept
in their work was that all the variables that affected the flow
should be included in the friction factor and Reynolds number.
This concept permitted the Reynolds number-friction factor plot
for the flow of single phases to be used for the simultaneous flow
of two homogeneous fluid phases through porous media. They
treated each fluid as a single phase with modifications for the
effect of one fluid on the other. They considered the wetting fluid
as flowing through the same porous media as would a single
phase, but a velocity correction should be applied to account for
the proportion of the wetting fluid that was replaced by the other
fluid. They considered the nonwetting fluid as flowing through a
porous bed that had a sphericity change and a porosity reduction
due to the layer of the other fluid. Also, they developed an addi-
tional correlation to predict the quantity of fluid held in a porous
bed by capillary forces. They corrected the saturation for capillary
forces that held a portion of the wetting fluid in interstices of the
porous media. In their work, they calculated both countercurrent
and parallel flows of the two phases by the use of the general flow
equation.

Schwarz [12] presented another approach to the problem of the
flow of two phases through porous media. This approach was by
means of model studies. By using dimensional or inspectional
analysis, the variables that governed a two-phase flow could be
combined to dimensionless groups with the aid of which process

OCTOBER 2009, Vol. 131 / 101014-1



could be defined. Then, laboratory tests could be designed with
the purpose of determining the functional relationship between the
groups. The results were also, in principle, generally applicable to
many natural oil-bearing rocks; the dimensions of which were
some orders of magnitude larger than the laboratory models. The
results of such model studies were important to the technique of
recovering petroleum because crude oil occurred in underground
porous formations from which it was displaced by water and/or
gas.

Larkins [13] studied a two-phase cocurrent flow in packed beds.
He showed that the two-phase pressure drop could be related to
the single-phase gas pressure drop as a function of gas holdup as
follows:

AP
ft AP gH m (1)
L L
Hy=1-H, )

Ford [14] studied the fluid kinetics of cocurrent flow through a
fixed bed of particles in the turbulent regime. The container had a
diameter (d)=1.75 in. (44.75 mm) and a length (L)=14 in.
(355.6 mm). The container was packed with 1 mm glass spheres
to a porosity of 36%. The liquid phase and gas phase could be
supplied to the porous mass at rates of 10 gal/min (630.9 cm®/s)
and 4 gal/min (252.36 cm?®/s), respectively. The liquids used
were water, industrial methylated spirits, sugar solutions, and a
saturated solution of pine oil. The gas used was air. The viscosities
of liquids varied from 1.24x107° kg/ms to 7.8
%1072 kg/m's. The surface tensions of liquids varied from 31
X 1072 N/m for fine oil to 75X 1073 N/m for water. The ranges
of Reynolds numbers for liquids and gas were 5.24-140 and 15—
1000, respectively. The range of the pressure drop measured was
10-110 psi(gauge). The researcher measured experimentally the
degree of liquid saturation of the porous mass using a radiation
absorption technique with a Thulim®7 source. The range of liquid
saturation was 25-85%. The experimental solution of the dimen-
sional equation showed that the driving force should be expressed
in the form of a product of only three dimensionless numbers.
These three dimensionless numbers were the liquid Reynolds
number (Re,), the gas Reynolds number (Reg), and the ratio of
liquid viscosity and gas viscosity (w/ ug). The indices of dimen-
sionless numbers have either of the two values depending on the
respective range of saturation as follows.

Below the transition saturation

AP 0.28
T“ =0.0407 X 1412.17p, Re}* Reg-57<ﬂ) ()
Mg

Above the transition saturation

0.8
ﬂ) (4)
Mg

Ford [14] found that the value of the degree of saturation, at
which the transition from one to the other of the above equation
occurs, was constant at 43% for all the liquids used.

In Ford’s correlation, the units of AP, L, and p, are psi, ft, and
Ib,,/ ft3, respectively. To convert the units of AP,, L, and p, to SI
units in the Nomenclature, the conversion factor of 1412.17 is
used.

Larkins et al. [15] studied pressure drop and liquid saturation
accompanying two-phase concurrent flow different packings (dj,
=0.125-0.375 in. (3.175-9.525 mm) and £=0.357-0.52) and
with gas-liquid systems having a wide range of fluid properties
(Uy=0-26.4 ft/s (0-8.047 m/s), U;=0-0.87 ft/s (0-0.265 m/s),
ug=12X107°-19%x 107 kg/ms,  and  =329x107°-41
><10‘3 kg/ms). Two basic flow patterns with nonfoaming sys-
tems were observed. Correlations of pressure drop and liquid-
saturation data were obtained in terms of the single-phase friction
losses for the liquid phase and the gas phase when each phase

AP
T“ =0.0485 X 1412.17p, Re>®’ Reg-3<
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flows alone in the bed at the same temperature and pressure as the
two-phase case. The researchers used the Ergun equation [16] to
calculate the single-phase friction losses for the liquid phase and
the gas phase, respectively. Their pressure drop correlation was

AP /L #; 0.416
logl ——————— | =log 5| = .
APy /L +AP; /L 1+X (log X)“ +0.666
(5)
AP /L2
- (—“ ) (6)
AP /L
AP, 150(1-¢)? 1.75(1-¢)
= U+ U 7
L S T TR, P @)
AP;,  150(1-¢)? 1.75(1-¢)
4 = U 8
L e3d§ Hg¥g s3dp Pg™g (8)

It is clear that Eqg. (5) is symmetrical about X=1 in the loga-
rithmic scale. Thus, this equation implies that the influence of the
liquid flow superimposed on gas single-phase flow and the influ-
ence of gas flow superimposed on liquid single-phase flow are the
same with respect to the two-phase pressure drop.

In addition, Larkins et al. [15] discussed the deviations from the
correlation with foaming systems and illustrated with sample data.

Turpin and Huntington [17] investigated the two-phase, gas-
liquid concurrent flow in packed beds with the use of an air-water
system and 2 in., 4 in., and 6 in. (50.8 mm, 101.6 mm, and 152.4
mm) diameter columns packed with tabular alumina particles of
0.025 ft and 0.027 ft (7.62 mm and 8.2296 mm) in diameter. The
range of gas mass flux (Gy) was 0.02-6.5 kg/m? s, while the
range of liquid mass flux (G)) was 6.26-54.4 kg/m?s. The re-
searchers measured the total pressure drop, column operating
pressure, and liquid saturation as functions of the gas flow rate,
fluid temperatures, and flow direction at several constant liquid
flow rates for each column. The correlation of the frictional pres-
sure loss was achieved in terms of a defined two-phase friction
factor (f;) and a second correlating parameter (Z) that was a func-
tion of the liquid and gas Reynolds numbers. This correlation for
upward flow data was

In f,=8.0 - 1.12(In Z) + 0.0769(In Z)2 + 0.0152(In Z)3,

0.3=Z=500 9)
1.167
ReO 767

This correlation for downward flow data was

In f,=7.96 - 1.34(In Z) + 0.0021(In Z)? + 0.0078(In 2)3,

0.2=Z7Z=500 (12)

where the Turpin and Huntington parameter (Z) is defined by Eq.
(10).

Turpin and Huntington [17] found that a viscosity correction
factor was required to extend the friction factor correlation to
include liquid viscosities that are widely divergent from that of
water in terms of the ratio of mass flow rates of the respective
phases.

Sato et al. [18] studied pressure loss and liquid holdup in a
packed bed reactor with cocurrent gas-liquid down flow. The re-
searchers obtained new experimental data for air-water flow in
65.8 mm and 122 mm inside diameter (i.d.) columns packed with
glass spheres of six different sizes between d,=2.59 mm and 24.3
mm. A similar expression to that of Larkins et al. [15] was ob-
tained with different constants. Their pressure drop correlation
was
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AP /L # 0.70
log ' =log 2]~ 2
AP L+ AP /L 1+X%)  (log(X/1.2))?+1.0
(12)
AP /L )2
=| —— 13
(Apf,g/l_ (3
AP;, 150(1-¢)? 175(1-¢)
== + u 14
L o3 mU, &, Y (14)
AP;, 150(1-¢)? 1.75(1 - ¢)
—fa - 7 + ) U2 15
L ssds Mgy e3dp Pgyg (15)

It is clear that Eq. (12) is symmetrical about X=1.2 in the
logarithmic scale.

Saada [19] studied the fluid mechanics of the cocurrent flow of
gas and liquid mixtures through packed beds of glass spheres. In
his study, he found two regimes of flow inside the pores. These
regimes were interpreted on the basis of two flow configurations;
one where the pores were predominant in single-phase flow below
the transition saturation, and the other where they were predomi-
nant in two-phase flow above the transition saturation. These re-
gimes were identified on beds with other packings and checked
the interpretation by means of liquid holdup measurements using
a gamma-radiation absorption technique. Based on dimensional
analysis, correlations were given for the pressure drop for each of
the two regimes as follows.

Below the transition saturation

AP dp )
—Lf’t=0.024p|g Re}® Reg-”(—dﬁ) (16)
Above the transition saturation
AP d -1.15
Lf'l:0.027p|g Rel Reg'51<aﬂ) (17)

Saada [19] reported an equation that could be used to predict
which of the two regimes was prevailing based on the assumption
that at the transition point, the driving force was the same in both
regimes of flow. This equation was

. ) d 0.38
Re;=0.44 Rej (jl) (18)

Midoux et al. [20] studied flow patterns, pressure loss, and
liquid holdup for gas-liquid concurrent downflow in glass beds
and in cylindrical and spherical CoMo Al,O5 catalyst packings
with foaming and nonfoaming liquids. The researchers gathered
the different flow patterns encountered in this study in a flow
pattern diagram. Correlations of the pressure loss and the liquid
holdup were proposed in terms of the single-phase friction loss or
frictional energy for the liquid and the gas when each flowed
along the bed. The types of correlation were dependent on the
tendency of the fluid to foam or not. The researchers correlated
their data from seven nonfoaming systems, two column diameters
(5 cm and 10 cm), and three particle sizes in exactly the same
manner of the Lockhart—Martinelli type. Their best-fit curve for
pressure drop was given by

¢,=1+%+W, 0.1<X<80 (19)

Midoux et al. [20] also presented a comparison of the flow
diagram and the pressure drop and holdup correlation of this work
with those of other published studies.

Specchia and Baldi [21] correlated the pressure drop and the
liquid holdup for the two-phase concurrent downward flow in
packed beds for different types of packings by taking into account
two hydrodynamic regimes: a poor and a high gas-liquid interac-

tion regime. In their experiments, the gas used was air while the
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liquids used were water, 9% glycerol, 29% glycerol, and 8 ppm
and 16 ppm surfactants. The range of gas mass flux (Gg) was
0.12-1.31 kg/m? s while the range of liquid mass flux (G,) was
1-29.7 kg/m?s. The packing shapes used were spheres and cyl-
inders. They considered foaming and nonfoaming systems in their
study. In the poor interaction regime, the researchers calculated
the pressure drop as due to the gas flowing in a bed restricted by
the presence of the liquid. They proposed and used a correlation
valid for a free liquid trickling, modified to consider the effect of
the pressure drop, to correlate liquid holdup in the presence of a
concurrent gas flow. In the high interaction regime, empirical cor-
relations were proposed for both foaming and nonfoaming sys-
tems. Their model was derived from the one proposed by Turpin
and Huntington [17]. They expressed the pressure drop in terms of
a two-phase friction factor (f,) that was assumed to be a function
of the dimensionless number (Z). The pressure drop was depen-
dent on the physical properties of the fluids also through the pa-
rameter () previously introduced by Charpentier and Favier [22].
Their correlation was

z Z\|?
Inf,=7.82-1.30 In(F> +0.0573|:|H(W>:| (20)
Rel167
Z= Rel0.767 (21)

2 (13
T
T L Mw \ P

Specchia and Baldi [21] claimed that all the employed correla-
tions fitted experimental results from several authors better than
those proposed in the literature.

Clements and Schmidt [23] studied a two-phase pressure drop
in cocurrent downflow in packed beds. The gas used was air while
the liquid used was silicone oil. The range of gas mass flux (Gg)
was 0.05-0.55 kg/m? s while the range of liquid mass flux (G))
was 0.6—25 kg/m?s. The packing shapes used were spheres and
extrudate. The researchers related the two-phase pressure drop to
the single-phase gas pressure drop in an empirical correlation as

follows:
(AP“/L & )3<We91 Reg>'°'°33
l1-¢ Re|
(23)

AP g/L

In Clements and Schmidt’s correlation, the units of w, and d,
are Iby,/ft h and ft, respectively. To convert the units of , and d;,
to Sl units like in the Nomenclature, the conversion factor of
7936.45 is used.

Rao et al. [24] studied pressure drop and liquid saturation in
cocurrent downflow through packed beds. A macroscopic model
was formulated based on momentum balance for the condition of
no radial pressure gradients. The researchers included the effect of
bubble formation on the pressure drop and holdup in their model.
They compared the results of their study with the experimental
data of the earlier investigators. The model provided a functional
form for correlating pressure drop and liquid saturation, but some
parameters had to be determined by fitting the experimental data.

Rao et al. [25] determined experimentally the two-phase pres-
sure drop and the dynamic and the total liquid saturation for the
air-water system under cocurrent downflow through packed beds
using packing differing widely in geometry like spheres, cylin-
ders, Raschig rings, and Berl saddles. A new correlation of the
Lockhart—-Martinelli type was proposed for the pressure drop.
Their pressure drop correlation was

) =190 x 7936.45,u,|dp<

14009, 114
=14+ 2%
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Also, Rao et al. [25] correlated satisfactorily the experimental
data of their study as well as that available in literature in terms of
the Reynolds numbers defined for the respective phases and the
bed porosity, taking into account the flow behavior of the phases
through the packed bed.

Tosun [26] reviewed the past work in the literature of gas-liquid
cocurrent downflow packed bed reactors. He examined the most
significant correlations against measurements from his work on
six nonfoaming gas-liquid systems with a glass column of 5.1 cm
inside diameter packed with spherical glass beads of 1.9 mm di-
ameter to a height of 85 cm. The experiments set used covered
gases and liquids of different nature (air-water, He-50% glycerin
in water, He-(32%glycerin+30%ethanol+38%water), He-80%
methanol in water, air-80% methanol in water, and air-28% glyc-
erin in water). The range of gas mass flux (Gg) was
0.0005-1.0 kg/m? s, while the range of liquid mass flux (G,) was
3-30 kg/m?s. He proposed a new correlation of the Lockhart—
Martinelli type. His correlation was

1 1424
AL
Tosun’s correlation agreed well with two similar correlations in
the literature. Pinna et al. [27] mentioned that the best literature
pressure drop model was the one presented by Tosun [26]. Yet,
amidst the tested literature correlations, the Tosun [26] model was
the only one that led to accurate predictions of pressure drop for
all the packings examined in the work of Pinna et al. [27].

Sai and Varma [28] measured experimentally pressure drop in
cocurrent gas-liquid downflow through packed beds for nonfoam-
ing, foaming Newtonian, and non-Newtonian liquids. The re-
searchers conducted experiments in two different columns cover-
ing a wide range of variables. The following parameters were
included in their study: the column diameter, packing size and
shape, liquid and gas flow rates, and their physical properties. In
their experiments, the gas used was air while the liquids used were
water, glycerine, kerosene, n-hexane, and carboxymethyl cellulose
(CMC). The ranges of gas mass flux (Gg) were
0.18-1.54 kg/m?s and 0.17-2.32 kg/m?s for column | and
column 11, respectively, while the ranges of liquid mass flux (G))
were 4.3-50 kg/m? s and 3-58.8 kg/m? s for column | and col-
umn |1, respectively. The packing shapes used were Raschig rings,
spheres, and cylinder particles. For the data of their study as well
as the data available in the literature, unified correlations were
presented in terms of flow variables, packing characteristics, and
the Lockhart—Martinelli parameter (X). Also, they modeled the
data using a dynamic interaction model.

Goto and Gaspillo [29] measured pressure drops and liquid
holdups for gas/air-liquid (aqueous solution) upflow and down-
flow modes in small packing diameters of 0.46 mm, 0.92 mm, and
1.83 mm, respectively. The gas flow rates were changed while the
liquid flow rate was kept constant in their experiments. The vis-
cosities of liquid were varied by adding propylene glycol in water.
The researchers found multiple hydrodynamic states for both the
upflow and the downflow. Some correlations were derived from
experimental results. The modified Ergun equation [30] was used
to calculate the single-phase friction losses for the liquid phase
and the gas phase, respectively. Their pressure drop correlation
was

(25)

AP /L A 0.55
logl| ———— | =log 5= P
AP /L + AP /L 1+X2/ " (log(X/1.2))? +0.666
(26)
AP /L \?
x:(—f*' ) (27)
APy gL

101014-4 / Vol. 131, OCTOBER 2009

1.8(1-¢)
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3.2
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pU7 (28)

AP;, 180(1-¢)? 1.8(1-e)
L a2 FT T,

It is clear that Eq. (26) is symmetrical about X=1.2 in the
logarithmic scale.

Khan et al. [31] studied flow regime identification and pressure
drop in cocurrent upflow of air and water through a bed of ce-
ramic spheres. The identified flow regimes in their study were
bubble flow, pulse flow, and spray flow. The researchers presented
the criteria for transition from one regime to another. They mea-
sured experimentally pressure drop for the two-phase flow. The
two-phase friction factor (f;) was correlated for the different flow
regimes. For bubble flow, their correlation was

pUg (29

d 15
f,=3x 10" ReJ*® Rel‘1~7<aﬂ) (30)
For pulse flow, their correlation was
d 15
f,=2.36 X 10" Rej* Re,‘1~7<—dﬂ) (31)
For spray flow, their correlation was
d 15
f=3.91 X 10° Re;™ Re[1'82<ae> (32)

Fourar and Lenormand [32] presented a new model for describ-
ing the two-phase flow at high velocities in porous media and
fractures. The researchers based their model on the generalization
of the single-phase Forchheimer’s equation [33] by introducing a
function F as a multiplier factor of the superficial velocity during
the two-phase flow. They assumed that this function was depen-
dent on the saturation and fluid properties but not on the flow
regime (or Reynolds number). The function F could be derived
from experiments performed at a given flow rate or from a theo-
retical model of the relative permeability Kr in the viscous flow
regime. For use in petroleum engineering, their model was pre-
sented in terms of Kr as follows:

Kr = m (33)
Krg= m (34)
For F Re<1, Egs. (33) and (34) reduce to
Fi= Kir, (35)
Fy= Kirg (36)

As a result, the relative permeability for flows with both vis-
cous and inertial effects could be easily derived from the Kr mea-
sured in the viscous regime (but with negligible capillary forces).

For use in chemical engineering, Fourar and Lenormand [32]
presented their model in terms of the Lockhart and Martinelli
parameter (X) as follows:

, Fi(1+F Re)

H (1+Re) @7
,_ Fg(1+F4 Rey)
T Re,) (38)
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For the viscous flow regimes (Re<1), Egs. (37)—(39) reduce to

& =\F (40)
by = \Fy (41)
U
X=+/25L F Re<1 (42)
MgUg

For the purely inertial flow regime (F Re>1), Egs. (37)-(39)
reduce to

d=F (43)

gbg = Fg (44)

x:\/zﬁ, F Re>1 (45)
PgUq

Fourar and Lenormand [32] validated their model using experi-
mental results obtained at high flow rates of air and water in an
artificial rough fracture.

Jamialahmadi et al. [34] studied pressure drop, bubble size, gas
holdup, and convective heat transfer experimentally and theoreti-
cally at constant wall heat flux for the single and two-phase flows
through unconsolidated porous media. The researchers measured
the single-phase pressure drop and heat transfer coefficients over a
wide range of particle sizes, heat fluxes, and liquid flow rates.
They used the conservation equations and the Kozeny—Carman
equation [35] to describe the single-phase flow pressure drop and
convective heat transfer through the porous media. The measured
pressure drop was used to evaluate the validity of the predictive
expressions available in the literature. Mathematical models were
developed for the prediction of temperature profiles and single-
phase heat transfer coefficients that predicted the experimental
data with good accuracy. They presented a large number of new
experimental data two-phase pressure drop, bubble size, gas
holdup, and heat transfer coefficients for cocurrent upward gas/
liquid flow through beds of different particle sizes under constant
wall heat flux. The experimental data suggested the existence of
two distinct regimes, i.e., homogeneous and heterogeneous flows.
The researchers compared the experimental data on two-phase
pressure drops and gas holdups with the prediction of published
correlations. A correlation for the prediction of the two-phase
pressure drop through porous media was presented using analo-
gies to the single-phase flow. Their correlation was

AP fi6(1-¢)
L 2 dped

Jamialahmadi et al. [34] found that the two-phase friction factor

(fy) was a function of the gas phase Reynolds number (Reg) and

the liquid phase Reynolds number (Re;) and could be determined

from experimental data. For this purpose, the researchers com-

piled a data bank containing a large number of data points over a

wide range of operating conditions. They used these data to de-
velop the following correlation:

f (Re,“l)
—=04 5| t44
2 Reg

Using Egs. (46) and (47), the absolute mean average error be-
tween measured and predicted values was about 5.6%. This value
demonstrated the applicability of the suggested model.

Jagadeesh Babu et al. [36] studied the prediction of two-phase
pressure drops and liquid holdups in cocurrent gas-liquid down-
flow of air-Newtonian systems through packed beds. The re-
searchers analyzed the dependency of pressure drop and liquid

(46)

(47)

Journal of Heat Transfer

holdup on phase velocities, geometry of the column, and packing
materials, as well as on the physical properties of gas and liquid.
In their work, the gas used was air while the liquids used were
water, 25% glycerol, 56% glycerol, and ethylene glycol. In their
work, the packing materials were spherical and Berl saddles. The
particle diameter range was 10.25-16.05 mm. The porosity range
was 0.373-0.618. They used their experimental data (825 data
points obtained using four liquid systems and 3 different particles)
along with those of the available literature (776 data points from 5
different sources) for the analysis. They evaluated the applicabil-
ity and the limitations of the literature correlations using the avail-
able data. Based on the analysis, new correlations were developed
for the estimation of pressure drops and liquid holdups, valid for
low and high interaction regimes using the available data, with a
wide range of variables. They determined the criteria for discrimi-
nating between the low and high interaction regions using the
relation (G,GJ*)/(£2d}®) where values <350 indicate the low in-
teraction region and values >350 indicate the high interaction
region, as suggested by Venkataratnam and Varma [37]. In order
to develop these correlations, they considered comprehensively
the effect of different parameters on the pressure drop and liquid
holdup such as the gas Reynolds number (Reg), the liquid Rey-
nolds number (Re)), the Morton number for the liquid phase
(Mo), the bed porosity (&), and the equivalent diameter (d,). They
considered the following variable range for their study: 2.73
<Re<<1899.4, 2.88<Re;<2267.56, 0.0026<d./d<0.126,
0.508<[e/(1-¢)]<3.545, and 1.377x107'<Mo,<1.366
%1075, The pressure drop correlations were as follows.
For the low interaction regime,

APy _ 001 029 _€ 074 d\ 08 0.09
L =0.48pg Re/ ™" Rey e E Mo

(48)

e )—0.67<%)—0.59M0?.14
l-¢ d

(49)

Jagadeesh Babu et al. [36] claimed that their proposed correla-
tions matched their experimental data as well as the literature
data, covering a wide range of experimental conditions satisfacto-
rily. Statistical analysis of their correlations for low (Eg. (48)) and
high (Eq. (49)) interaction regions showed arithmetic average
relative deviations (AARDs) of 19% and 17% with biases of
1.023 and 1.052, respectively. The applicability of their correla-
tions for highly viscous and non-Newtonian solutions still had to
be verified with more experiments.

Jagadeesh Babu et al. [38] studied the pressure drop and liquid
holdup in cocurrent gas-liquid downflow of air-CMC solutions
through packed beds. The researchers analyzed the dependency of
pressure drops and liquid holdups on system variables. In their
work, the gas used was air, while the liquids used were water and
CMC solutions (0.2%, 0.5%, 0.8%, and 1% by weight). The CMC
solution was a power law model liquid (pseudoplastic fluid) and
had a thixotropic nature. As a result, they evaluated the flow con-
sistency index (k) and the flow behavior index (n) using the power
law model. In their experiments, they obtained 863 data points
(low interaction regime (128) and high interaction regime (735))
on pressure drop and 735 data points on liquid holdup. They used
the modified Reynolds number and Morton’s number involving
flow consistency index (k) and flow behavior index (n) along with
other variables for the development of unified correlations to rep-
resent the available data. The pressure drop correlations were as
follows.

For the low interaction regime,

For the high interaction regime,

AP
Lf’t=0.39ptg Ref: Reg-35(
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(50)
For the high interaction regime,

AP -0.72 d -2.22
=—'=4410"pg Ref? Reg-“Q(—lfs) He Mo2?®

L
(51)

Table 1 gives a summary of earlier studies on the two-phase
frictional pressure gradient correlations.

3 Proposed Methodology

In the asymptotic model, the dependent parameter y has two
asymptotes. The first asymptote is y,, which corresponds to a very
small value of the independent parameter z. The second asymptote
is y.., which corresponds to a very large value of the independent
parameter z. The two asymptotes y, and y., can be expressed as
follows [1-4]:

=c,Z, z—0 (52)
Yo ="Co

Yoo = CZ), (53)

The two asymptotes y, and y., are based on the analytical so-
lution. They consist of a constant, which has a positive real value.
The two constants are called ¢y as z—0 and ¢, as z—c. The
values of the two exponents i and j are often 0,1,1/2,1/4,1/3 [1-4].

From analytical, experimental, or numerical methods, it is
known that y frequently transitions in a smooth manner between
the two asymptotes y, and ...

For the case of the two-phase frictional pressure gradient in
porous media, the two asymptotes y, and y., increase with increas-
ing values of z, and the solution y is concave upward. This trend
is also found in the case of external free and forced convection
from single isothermal convex bodies.

Z— ©

3.1 Superposition of Asymptotes. Since yo>V.. as z—0, the
solution y is concave upward, and the two asymptotes yq and y.,
can be combined in the following method [1-4]:

y=[yg+yolrP (54)

The parameter p is a fitting or “blending” parameter whose
value can be determined in a simple method. The effect of the
parameter p in Eq. (54) is only important in the transition region.
The results for small and large values of the independent param-
eter z remain unchanged with changing the parameter p.

To determine a value of p, there are a number of methods as
discussed by Churchill and Usagi [1]. For example, we can select
an intermediate value of z=z;,,; corresponding or near the intersec-
tion of the two asymptotes for which y(z;,,) is known from ana-
Iytical, experimental, or numerical methods. Using Egs. (52)—(54),
we can write for the intermediate value of 2=z,

Y (Zind) = [(C02=nt)p + (szgnt)p]l/p (55)

Although the fitting or blending parameter p is unknown, it can
be calculated by numerical methods for solving a nonlinear equa-
tion or by means of computer algebra systems like MAPLE™ soft-
ware [39].

In another method, p is chosen as the value, which minimizes
the root mean square (rms) error e, between the model predic-
tions and the available data. The fractional error (e) in applying
the model to each available data point is defined as follows:

oz predicted — available (56)
- available

For groups of data, the rms error e, is defined as follows:
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€rms = _2 eﬁ (57)
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If p is a weak function of different parameters, a single value
may be chosen, which best represents all of the available data for
the two-phase frictional pressure gradient.

The approximate solution y is often presented in a form, which
is based on one of the two asymptotes y, and y... For example, if
the approximate solution y is presented in terms of the asymptote
Yo, then the model can be expressed as follows [1-4]:

p|ip
l: |:1+ (y—m> :|
Yo Yo

On the other hand, if the approximate solution y is presented in
terms of the asymptote y.., then the model can be expressed as

follows [1-4]:
pup
l = |:1 + <&> :|
Yeo Yoo

3.2 Asymptotic Methods in Two-Phase Flow. Using the
asymptotic analysis method, the two-phase frictional pressure gra-
dient (dp/dz)s can be expressed in terms of the single-phase fric-
tional pressure gradient for liquid flowing alone (dp/dz)¢, and
single-phase frictional pressure gradient for gas flowing alone
(dp/dz)s 4 as follows:

)2 (2

Equation (60) reduces to (dp/dz)s and (dp/dz); 4 as x=0 and
1, respectively.

If the two-phase frictional pressure gradient (dp/dz); is pre-
sented in terms of the single-phase frictional pressure gradient for
liquid flowing alone (dp/dz)y, then the model can be expressed
using the Lockhart—-Martinelli parameter (X) as follows:

(3‘5>f: ((:’_Df,.[l ; (%)P]vp

Equation (61) can be expressed in terms of a two-phase fric-
tional multiplier for liquid flowing alone (¢,2) as follows:

a=loe ("

On the other hand, if the two-phase frictional pressure gradient
(dp/dz); is presented in terms of the single-phase frictional pres-
sure gradient for gas flowing alone (dp/dz); 4, then the model can
be expressed using the Lockhart-Martinelli parameter (X) as fol-

lows:
(), =(%), frroam

Equation (63) can be expressed in terms of a two-phase fric-
tional multiplier for gas flowing alone (qb;) as follows:
¢y =[1+ PP (64)
One of the principal types of correlations given in the literature
to correlate the two-phase pressure drop uses the dimensionless
parameters ¢ and ¢y versus the Lockhart-Martinelli parameter
(X) originally used by Lockhart and Martinelli [40] for the two-
phase flow in horizontal pipes. The correlations relating ¢ and ¢,
versus the Lockhart—Martinelli parameter (X) were successfully
adopted by Larkins et al. [15], Sato et al. [18], Midoux et al. [20],
Rao et al. [25], Tosun [26], Sai and Varma [28], and Goto and
Gaspillo [29]. As shown in Egs. (62) and (64), the advantage of
the new model is that it has only one fitting parameter (p), while
the other existing correlations, such as those of Larkins et al. [15],

(58)

(59)

(60)

(61)

(62)

(63)
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Table 1 Summary of earlier studies on two-phase frictional pressure gradient correlations

Author Dimensions Fluids Range of variables Techniques, basis, observations
Ford [14] d=44.75 mm Air-water Glass spheres (e=36%) Frictional pressure gradients correlation as a function of p;, Re;,
L=355.6 mm Air-industrial 07=31x1073-75X 10" N/m Reg, and (w/ pg) for below the transition saturation (43%) and
dp=1 mm methylated spirits Re;=5.24-140 above the transition saturation
Air-sugar solutions Rey=15-1 000

Larkins et al. [15]

Turpin and Huntington
[17]

Sato et al. [18]

Saada [19]

Midoux et al. [20]

Specchia and Baldi [21]

Clements and Schmidt [23]

Rao et al. [25]

d,=3.175-9.525 mm

d=50.8 mm, 101.6 mm, and 152.4 mm
dp=7.62 mm and 8.2296 mm

d=65.8 mm and 122 mm

dp,=2.59 mm and 24.3 mm

d=45.2 mm

L=400 mm

dp=0.514 mm, 0.974 mm and 2.064 mm
d=50 mm and 100 mm

d,=3 mm, 1.8x6 mm? and 1.4x5 mm?

d=80 mm
Air-9% glycerol
dp=6 mm, 54 mm, and 2.7 mm

d=55 mm
L=1500 mm

d=92.4 mm

L=1835 mm

d,=6.72 mm, 4 mm, 13.07 X 13.97 mm?, 8.18 X 7.91 mm?,
3.14 mm, and 4.08 mm

Air-saturated solution of pine oil
Air-water

Air-water

Air-water

Air-water

Air-water

Air-cyclohexane
N,-cyclohexane
CO,-gasoline

N,-gasoline

He-gasoline

N,-petroleum ether
CO,-petroleum ether
Air-kerosene |
N,-kerosene 11
CO,-desulfurized gas oil
Air-desulfurized gas oil
He-desulfurized gas oil
CO,-nondesulfurized gas oil
Air-nondesulfurized gas oil
He-nondesulfurized gas oil
Air-water

0.12<Gy<1.31 kg/m?s
Air-29% glycerol

Air-8 and 16 ppm surfactant
Air-silicone oil

Air-water

Air-20% glycerol

Air-n-hexane

Liquid saturation=25-85%
Rasching ring and spheres (¢=0.357-0.52)
Uy=0-8.047 m/s

U,;=0-0.265 m/s
Hg=12x107°-19Xx 107 kg/m s
=329%x1070-41x 1073 kg/m s
0.05<X<30

Tabular alumina particles
0.02<Gy<6.5 kg/m?s
6.26<G,;<54.4 kg/m?s
0.3=Z=500 for upward flow
0.2=Z =500 for downward flow
Glass spheres

0.1<X<20

Glass spheres (&=34.6%)
Re=2-200

Re,=8-900

Glass beads (£=0.385)

1=650-1000 kg/m3
w=0.31X107°-5x10" kg/ms
=19x107-75x 107 N/m

0.5<G,;<40 kg/m?s
0.1<X<80

Spheres and cylinders
1<G;<29.7 kg/m? s

Spheres and extrudate
0.05<Gy<0.55 kg/m?s
0.6<G;<25 kg/m?s

Spheres, cylinders, Raschig rings, and Berl saddles

0.16<Gy<3.2 kg/m?s
413<G;<99.1 kg/m?s

Two-phase frictional multiplier correlation as a function of the
Lockhart-Martinelli parameter (X)
Symmetrical about X=1 in the logarithmic scale

Two-phase friction factor correlation as a function of the Turpin
and Huntington parameter (Z) for upward flow and downward
flow

Two-phase frictional multiplier correlation as a function of the
Lockhart-Martinelli parameter (X) Symmetrical about X=1.2 in
the logarithmic scale

Frictional pressure gradients correlation as a function of pj, g,
Re), Reg, and (u/ ug) for below the transition saturation and
above the transition saturation

Two-phase frictional multiplier correlation as a function of the
Lockhart—Martinelli parameter (X)

Two-phase friction factor correlation as a function of the Turpin
and Huntington parameter (Z) and the Charpentier and Favier
parameter (i)

Related two-phase frictional pressure gradients to single-phase
gas frictional pressure gradients in an empirical correlation as a
function of w, dy, (e/1-¢), and (Re; Wey/Re))

Two-phase frictional multiplier correlation as a function of the
Lockhart—Martinelli parameter (X) Correlated satisfactorily the
experimental data in terms of the Charpentier and Favier
parameter (i) for gas continuous flow, pulse flow, and dispersed
bubble flow
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Table 1  (Continued.)
Author Dimensions Fluids Range of variables Techniques, basis, observations
Tosun [26] d=51 mm Air-water Spherical glass beads Two-phase frictional multiplier correlation as a function of the
dp=1.9 mm He-50% glycerin in water Lockhart—Martinelli parameter (X) The only correlation that led
L=850 mm He-(32%glycerin+30%ethanol ~ 3<G,<30 kg/m?s to accurate predictions of pressure drop for all the packings

Sai and Varma [28]

Goto and Gaspillo [29]

Khan et al. [31]

Fourar and Lenormand

[32]

Jamialahmadi et al. [34]

Jagadeesh Babu et al. [36]

Jagadeesh Babu et al. [38]

d=92.4 mm for column |

d=25 mm for column Il

dp=3.14 mm, 11.72 mm, 6.72 mm, and 8.18 X7.91 mm?
for column |

d,=1.59 mm, 4.32 mm, 2.39 mm, and 5.08 X5.71 mm? for
column 11

dp=0.46 mm, 0.92 mm, and 1.83 mm

d=91 mm
L=1000 mm
dp=6 mm

d=32 mm

L=580 mm

dp=3 mm, 1.5 mm, 1 mm, 0.4-0.6 mm, 0.18-0.25 mm,
and 0.25-0.425 mm

d=115 mm

dp=12.74 mm, 16.05 mm, and 10.25 mm

1.377 X 10711 < Mo, < 1.366 x 107
d=92 mm

dp=11.72 mm, 8.09 mm and 3.14 mm

+38%water)

He-80% methanol in water
Air-80% methanol in water
Air-28% glycerin in water

Air-water

Air-glycerine

Air-kerosene

Air-n-hexane
Air-carboxymethyl cellulose
(CMC)

Air-water

Air-11.5% propylene glycol in
water

Air-20% propylene glycol in
water

Air-water

Air-water

Air-water

Air-25% glycerol
Air-56% glycerol
Air-ethylene glycol

Air-0.2%CMC solution
Air-0.5%CMC solution
Air-0.8%CMC solution
Air-1%CMC solution

Raschig ring, spheres, and cylinders particle
0.18<<Gy<1.54 kg/m?s for column |

0.17<Gy<2.32 kg/m?s for column II
4.3<G;<50 kg/m?s for column |
3<G,<58.8 kg/m? s for column Il
p=998-1016 kg/m®
m=1%x10"°-2x10"% kg/m's

1=55X%1073-72,6 X107 N/m
Ceramic spheres

Glass beads and mineral sand
U,=0.004-0.7 cm/s

Ug=0-30 cm/s

Spherical and Berl saddles (£=0.373, 0.386 and

0.618)

2.73<Re;<1899.4
2.88<Rey<2267.56
0.0026 <d,/d<0.126
0.508<[e/(1-¢)]<3.545

Spherical, cylindrical, and Raschig ring (¢=0.373,

0.337 and 0.707)
p=996-1009 kg/m?
k=0.027-1.083 kg/m~ts"2
n=0.641-0.82

0=70X107% N/m

examined in the work of Pinna et al. [27]

Modeled the data using a dynamic interaction model for gas
continuous flow, pulse flow, and dispersed bubble flow

Two-phase frictional multiplier correlation as a function of the
Lockhart—Martinelli parameter (X) Symmetrical about X=1.2 in
the logarithmic scale

Two-phase friction factor correlation as a function of Reg, Rey,
and (d,/d) for bubble flow, pulse flow, and spray flow

Introducing a function F and relating it to the relative
permeability Kr for use in petroleum engineering

Two-phase frictional multiplier correlation as a function of the
Lockhart—Martinelli parameter (X) for use in chemical
engineering

Frictional pressure gradients correlation with introducing
two-phase friction as a function of Re; and Re,

Frictional pressure gradients correlation as a function of p, g,
Re), Reyg, (e/1-¢), (de/d), and Moy for the low interaction
regime and the high interaction regime

Frictional pressure gradients correlation as a function of p, g,
Reym, Rey, (e/1-¢), (de/d), and Moy, for the low interaction
regime and the high interaction regime
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Fig. 1 Comparison of the present asymptotic model with Lar-
kins’s [13] data on 0.375 in. (9.525 mm) Raschig rings

Sato et al. [18], and Goto and Gaspillo [29], have three constants.
As a result, the calibration of the new model to the experimental
data is greatly simplified.

4 Results and Discussion

Examples of the two-phase frictional pressure gradient in po-
rous media for published data of different working fluids at dif-
ferent packing shapes with different diameters are presented to
show the features of the asymptotes, asymptotic analysis, and the
development of simple compact models. Also, asymptotic forms
for ¢, versus Lockhart—Martinelli parameter (X) correlations, such
as those of Midoux et al. [20], Rao et al. [25], and Tosun [26], are
presented using one fitting parameter only. Moreover, asymptotic
forms for ¢, versus Lockhart-Martinelli parameter (X) correla-
tions, such as the correlation of Larkins et al. [15], the correlation
of Sato et al. [18], and the Goto and Gaspillo correlation [29], are
presented using one fitting parameter only instead of three con-
stants.

4.1 Comparison of the Present Asymptotic Model With
Data. Figure 1 shows a comparison of the present asymptotic
model with Larkins’s [13] data for the two-phase cocurrent pres-
sure drop on 0.375 in. (9.525 mm) Raschig rings in terms of ¢
versus the Lockhart—Martinelli parameter (X). The used working
fluids are air-water, air-2.5% methocel, and air-ethylene glycol.
The open points represent the homogeneous zone, the half filled
points represent the transition zone, while the solid points repre-
sent the slugging zone. Equation (64) represents the present
asymptotic model. It can be seen that the present model with
fitting parameter p=1/3.25 represents Larkins’s [13] data in a
successful manner. The rms error e, is equal to 12.42%. From
Fig. 1, it seems that most of the error comes from the data for
X< 1. For the data points in the region of X<<1, the rms error e
is equal to 13.62%.

Figure 2 shows a comparison of the present asymptotic model
with Larkins’s [13] data for the two-phase cocurrent pressure drop
on 0.375 in. (9.525 mm) spheres in terms of ¢, versus the
Lockhart-Martinelli parameter (X). The used working fluids are
air-water and air-ethylene glycol. The open points represent the
homogeneous zone, the half filled points represent the transition
zone, while the solid points represent the slugging zone. Equation
(64) represents the present asymptotic model. It can be seen that
the present model with fitting parameter p=1/3.25 represents Lar-
kins’s [13] data in a successful manner. The rms error e, is equal
to 13.62%. From Fig. 2, it seems that most of the error comes
from the data for X<<1. For the data points in the region of X
<1, the rms error e,y is equal to 19.00%.

Figure 3 shows a comparison of the present asymptotic model
with Larkins’s [13] data for the two-phase cocurrent pressure drop
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Fig. 2 Comparison of the present asymptotic model with Lar-
kins’s [13] data on 0.375 in. (9.525 mm) spheres

for hydrocarbon systems on 3 mm glass beads in terms of ¢,
versus the Lockhart—Martinelli parameter (X). The data of hydro-
carbon systems include natural gas lube, CO,-lube oil, and plant
data taken from the laboratories and facilities of the Humble oil,
TX, and refining company. Equation (64) represents the present
asymptotic model. It can be seen that the present model with
fitting parameter p=1/3.25 represents Larkins’s [13] data in a
successful manner. The rms error e, is equal to 15.99%.

On the basis of the experimental data shown in Figs. 1-3, it is
clear that the experimental points set in the form ¢y;—1 as X
—0 and ¢y—c as X—o in line with the expected asymptotic
behavior of the Lockhart and Martinelli [40] correlation.

4.2 Asymptotic Forms for ¢ and ¢, Versus Lockhart-
Martinelli Parameter (X) Correlations in Porous Media. Fig-
ures 4—6 show ¢, versus the Lockhart—Martinelli parameter (X) in
porous media using the different correlations available in the lit-
erature such as the correlation of Midoux et al. [20] (Eqg. (19)) in
Fig. 4, the correlation of Rao et al. [25] (Eq. (24)) in Fig. 5, and
the Tosun correlation [26] (Eqg. (25)) in Fig. 6 with the present
asymptotic model. Equation (62) represents the present model
with fitting parameter p=1/3.25, 1/3.25 and 1/3.5, respectively.

From Figs. 4-6, it can be seen that the present model represents
the different correlations available in the literature in a successful
manner.

0.1 1 10 100
1000 T T T T T T T T —T T Ty 1000
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- ° COQ-Iube oil =

4
100 v plant data 100

asymptotic, p =1/3.25

dg
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1 Illlllll 1 llllllll L1 1111l
0.01 0.1 1 10 100
X
Fig. 3 Comparison of the present asymptotic model with Lar-
kins’s [13] data for hydrocarbon systems on 3 mm glass beads

OCTOBER 2009, Vol. 131 / 101014-9



0.1 1 10
IIIII|| T IIIIIIII T T

TTTT

Midoux et al. [20]

— —— asymptotic, p = 1/3.25
10

IIIIIII 1 |

1 1 | | I[ 1 1
0.1 1 10
X
Fig. 4 Comparison of the present asymptotic model with the
correlation of Midoux et al. [20]

L1110y

Figures 7-9 show ¢y versus the Lockhart-Martinelli parameter
(X) in porous media using the different correlations available in
the literature such as the correlation of Larkins et al. [15] (Eq. (5))
in Fig. 7, the correlation of Sato et al. [18] (Eq. (12)) in Fig. 8, and
the Goto and Gaspillo [29] correlation (Eq. (26)) in Fig. 9 with the
present asymptotic model. Equation (64) represents the present
model with fitting parameter p=1/3.25, 1/3.75, and 1/3.5,
respectively.
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Rao et al. [25]
— = ic, p=1/3.
10 asymptotic, p 325 10
<
1 Lol Lol L 11Tl
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Fig. 5 Comparison of the present asymptotic model with the
correlation of Rao et al. [25]
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X

Fig. 6 Comparison of the present asymptotic model with To-
sun’s [26] correlation
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Fig. 7 Comparison of the present asymptotic model with the
correlation of Larkins et al. [15]

From Figs. 7-9, it can be seen that the present model represents
the different correlations available in the literature in a successful
manner.

Table 2 shows fitting parameter (p) values of asymptotic forms
for ¢ and ¢ versus Lockhart-Martinelli parameter (X) correla-
tions in porous media.

5 Summary and Conclusions

A new two-phase flow modeling in porous media is proposed
based on an asymptotic modeling method. The main advantage of
the asymptotic modeling method in a two-phase flow takes into

0.01 0.1 1 10 100
1000 T T T T T TTTT] T T T Ty 1000
= —  Satoetal.[18] ]
I~ —— —— asymptotic,p=1/3.75
100 = 4 100
& C 7
S C ]
10 == = 10
1 vl s vl el
0.01 0.1 1 10 100

X

Fig. 8 Comparison of the present asymptotic model with the
correlation of Sato et al. [18]
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X

Fig. 9 Comparison of the present asymptotic model with Goto
and Gaspillo’s [29] correlation
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Table 2 Fitting parameter (p) values of asymptotic forms for
¢ and ¢y versus X

Correlation p

Midoux et al. [20] 1/3.25
Rao et al. [25] 1/3.25
Tosun [26] 1/3.5
Larkins et al. [15] 1/3.25
Sato et al. [18] 1/3.75
Goto and Gaspillo [29] 1/3.5

account the important frictional interactions that occur at the in-
terface between liquid and gas because the liquid and gas phases
are assumed to flow dependently of each other. The only unknown
parameter in the asymptotic modeling method in a two-phase flow
is the fitting parameter (p). The value of the fitting parameter (p)
corresponds to the minimum rms error e, for any data set. Spe-
cifically, p=1/3.25 for the correlation of Midoux et al. [20], p
=1/3.25 for the correlation of Rao et al. [25], p=1/3.5 for the
Tosun correlation [26], p=1/3.25 for the correlation of Larkins et
al. [15], p=1/3.75 for the correlation of Sato et al. [18], and p
=1/3.5 for the Goto and Gaspillo [29] correlation. The advantage
of the new model is that it has only one fitting parameter, while
the other existing correlations such as the correlation of Larkins et
al. [15], the correlation of Sato et al. [18], and the Goto and
Gaspillo [29] correlation have three constants. Therefore, the cali-
bration of the new model to experimental data is greatly simpli-
fied.
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Nomenclature
¢ = constant in asymptotic solution
d = column diameter, m

de = equivalent diameter=(3®.d,e)/(3(1-¢)), m
dp, = particle diameter, m
e = error
F = function in the Fourar and Lenormand model
G = mass flux, kg/m s?
H = holdup
i = exponent in asymptotic solution for z— 0
j = exponent in asymptotic solution for z— oo
K = index for summation
k = flow consistency index, kg/m™ s"~2
Kr = relative permeability
L = height of testing section for pressure drop, m
m = exponent
Mo = Morton number=g3"~2k*/ p? "g"*2
Mo, = modified Morton number=g®"-2k#/ p? "o"*?
N = number of data points
n = flow behavior index
p = fitting parameter

dp/dz = pressure gradient, Pa/m
Re = Reynolds number=(d,Up)/
Re; = gas Reynolds number at which transition
occurs
Re|, = modified liquid Reynolds

number = (djU; ™"py)/k

Journal of Heat Transfer

= velocity, m/s

= Lockhart-Martinelli parameter

mass quality

= dependent parameter

= Turpin and Huntington
parameter =Re;®/Ref "’

independent parameter

N< x X C
Il

Z =

Greek Symbols
& = porosity
p = density, kg/m?3
g = sphericity
¢: = two-phase frictional multiplier for gas alone
flow
¢,2 = two-phase frictional multiplier for liquid alone
flow
u = dynamic viscosity, kg/m s
o = surface tension, N/m
¢ = Charpentier and Favier parameter

Subscripts
0 = corresponding to a very small value
o = corresponding to a very large value
f = frictional
g = gas
int = intermediate value
I = liquid
rms = root mean square
t = two-phase
w = water
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The Modeling of Form Drag in a
Porous Medium Saturated by a Power-
Law Fluid
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The alternative ways of modeling form drag in a porous medium
saturated by a power-law fluid in current usage are discussed. It
is argued that the best alternative is to use the same expression as
that used in the case of a Newtonian fluid, but with a modified
Forchheimer coefficient. [DOI: 10.1115/1.3180809]

Keywords: porous medium, form drag, power-law fluid, Forchhe-
imer coefficient

1 Introduction and Discussion

In the experience of the author as a reviewer, there is currently
a considerable amount of uncertainty about how the Forchheimer
form drag term should be modeled in the case where a porous
medium is saturated by a power-law fluid. Whereas many authors
[1-6] used a term in u?, where u denotes the velocity, some au-
thors [7,8] used a term in u?", where n is the index that appears in
the Darcy drag term as u”. This note is an attempt to reduce the
amount of that uncertainty.

A popular form of the momentum equation, as expressed by
Chen and Hadim [9], who cited Shenoy and co-worker [3,4], is

* C
B[ Y) == wp- oy - Xy
€ € K* VK

* . (n-1)/2
+'“—V[ nl_l(ﬂ> /A] (1)

e & 2

where p is the fluid density, e is the porosity, v is the Darcy
velocity, p is the pressure, u* is the consistency index, K* is the
modified permeability, K is the permeability, Cr is a Forchheimer
drag coefficient, and A is the rate of deformation tensor. Here, we
are concerned about the third term on the right hand side of Eq.
(1). The authors who use such an expression typically then adopt
the Ergun formula

oz 1.75 )
F V150&%2

This formula was originally derived for a packed bed of spheres.
In their numerical simulation, Inoue and Nakayama [6] obtained a
similar result but with the coefficient 1.75 replaced with a value of
about 0.5. These authors commented that Ergun’s functional form
should hold, whether or not the fluid is Newtonian. Shenoy [5],
who was cited in Ref. [10], made a similar remark. He wrote that
the Forchheimer term should be left unchanged because it is in-
dependent of the viscosity.

In principle one should be able to decide between the alterna-
tives by performing some averaging over a representative elemen-
tary volume, but in practice, there is difficulty. The surface inte-
grals that arise in this procedure need to be found, or estimated
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somehow, in order to achieve closure. In their investigation,
Hayes et al. [11] achieved the closure by assuming that the Forch-
heimer expression took the same form for a power-law fluid as for
a Newtonian fluid. Thus, they did not provide any independent
information on which one can decide between alternative formu-
lations.

The argument used by Shenoy and his colleagues is very plau-
sible. If the nonlinear drag is indeed the form drag, as Joseph et al.
[12,13] argued, and if the expression for the form drag is indeed
independent of the viscosity, then it immediately follows on di-
mensional grounds that the expression must be quadratic in the
velocity. However, the situation is not as clear cut as it seems at
first sight.

It was pointed out by Nield [14] that, because the viscosity acts
throughout the fluid and not just at the solid boundaries, viscous
dissipation is a process that occurs throughout the space occupied
by fluid. As a result, the total drag is influenced by what happens
throughout the fluid. Although the Forchheimer form drag term
does not explicitly involve the viscosity as a factor in the expres-
sion, it does arise from the action of the viscosity, mediated by the
inertial effects affecting the distribution of pressure that also con-
tributes to the stress at the solid boundaries. On this argument one
should thus expect that the non-Newtonian aspects of the fluid
(dilatancy or pseudoplasticity) would affect the form drag. The
question now becomes: What is the best way of modeling the
non-Newtonian effects?

The author suggests that the following stepwise approach is
useful. One can retain the form of the expression for the form drag
but allow the Forchheimer coefficient C¢ to become a function of
the power-law index n. A further option is to go another step and
suppose that Cg is a weak function of the velocity u. If one takes
that option, then a reasonable additional hypothesis is that Cg is of
the form

Cr = Cro(1+ 8u”™Y) (3)
where & is a constant small in comparison with unity, so that then
C[:U2 = C|:0U2 + &Fouzn (4)

Thus the net effect is that the expression for the form drag is now
the sum of two terms: the first as used in Refs. [1-6] and the
second as used in Refs. [7,8]. The results from Ref. [6] (indicating
a reduction in the value of the coefficient in Cr from 1.75 to about
0.5) suggest that the sign of & will be negative.

It is clear that further progress on this problem is dependent on
more experimental work being carried out. Until that is done, the
author recommends that the simple quadratic expression for the
form drag be used as the default option in theoretical work on
convection in porous media, with the understanding that the coef-
ficient is not necessarily given by the Ergun formula.

Nomenclature

Cg = Forchheimer coefficient

K = permeability

K* = modified permeability

p = pressure

u = magnitude of the Darcy velocity
v = Darcy velocity

Greek Symbols

A = rate of deformation tensor
& = constant defined in Eq. (3)
& = porosity
p = fluid viscosity
u* = consistency index
p = fluid density
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